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UPON A THEORY OF INFINITE SYSTEMS OF NON-LINEAR 
IMPLICIT AND DIFFERENTIAL EQUATIONS. 


By AUREL WINTNER. 


Introduction. There has arisen, in recent years, a large literature upon 
infinite systems of non-linear implicit and differential equations.. The 
methods which are employed have become class:cal in the treatment of finite 
systems. However these methods (employed in the treatment of finite sys- 
tems) may be extended only to infinite systems of very special type, restricted 
by inequalities, which for many reasons are not fulfilled in possible applica- 
tions of the method of infinitely many variables to various classical problems 
in analysis. Thus the theorems which have been proved by me a few years 
ago* are the only ones to my knowledge which have found an application 
to concrete problems, in particular to the problems of Celestial Mechanics 
or the Calculus of Variations. I shall give here a comprehensive review 
of these questions without giving any essential extensions of my results as set 
forth in my previous papers and without assuming any previous knowledge 
of the theory of infinitely many variables. The applications will be excluded 
and the reader referred in this connection to some earlier papers appearing 
in the Mathematische Annalen and in the Mathematische Zeitschrift. A 
characteristic application can be found in the paper of Martin appearing in 
this number of the Journal.* 

The infinite system which I shall treat is composed exclusively of power 
series (and not of more general functions) of the infinite sequence of variables 
(as is indeed always the case in concrete applications). 

My problem was to introduce a method of treatment in which the power 
series are not subjected to inequalities which would not be fulfilled in concrete 
applications but which would be necessary in the classical modes of treatment. 
On page 252 there will be given a number of examples, of most important 
character, which will serve to illustrate why the usual methods mus¢ fail. 

Inasmuch as the nature of the problems appears most clearly in its 
application to the complex space of Hilbert, the present paper will be re- 
stricted in its treatment to this space. It is of course possible by using the 
principles of General Analysis * to further extend the methods here set forth. 
There is no difficulty in using other spaces® than that of Hilbert. In the 
articles cited above also spaces other than that of Hilbert are treated; cf. the 


above mentioned paper of Martin. 
241 
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The systems to which the existence theorems of this paper apply are 
simply the direct generalizations of the most general bounded (beschrankt) 
systems of linear equations of Hilbert, or the corresponding linear differential 
systems, to non-linear systems. The notion of a regular power series in 
infinitely many variables, which enters in the existence theorems treated in 
this paper, will be so defined that, in the special cases of linear and quadratic 
forms, the regular power series are nothing other than the bounded linear 
and quadratic forms of Hilbert (the coefficients of which are not necessarily 
real) .® 

1. Regular power series. By a power series in infinitely many variables 
Z1, Z2,° * * Will be understood formally an expression 


co 
(1) ®(2:1, 225° iy = p> &™ (z,, Z2,° , +, 
n=0 
in which 
co co oo 
(2) p(n) (21, Z25 “er = 2 _ ee XO v¥5 ee Zv,2V, ~~ * Zvn9 
V4= Vo= Vn= 


that is ®™ is a form of degree n. It is clear that any such form (in which 
the coefficients and variables may be complex) can, without loss of generality, 


be written so that 
(3) o™ yy, ee c™ yy, . iy SS oe. i ile 


and this will accordingly, in the following, always be assumed to have been 


done. 
We now define what is meant by the convergence of the power series 


CoO 3 fo, @) 
(4) ®(21, 225 aaa 2m, Zm+15 Zm+25 es j= b> >> = en eo >, of yy, op ie ZV12V5 ae Vn 
n=0 V4=1 Vo=1 Vn=1 


[and therefore also in the special case of a form (2)]. We put all the 
variables, with the exception of the first m, equal to zero and obtain a power 


series in the m variables 2;, 22,° - * 2m, namely 
(5m) Dimy (21; 225° * 2m )=® (21, Zoy° * *,%m,0,0,° * *) 
co ™m m ™ 
=. = z= = ae > C™ y ve. - oii Zv,2V. s © Zn 
n=0 Vy=1 Vo=1 Vn=1 


This power series, arising from (4), will be called the m-th section (Abschnitt) 
of (4). We say that the power series (4) converges at a point 


(6) 215 22,° * * 


of the space of infinitely many dimensions if first: At the point (6) every 
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section (5m) converges (in the usual sense of the theory of m-fold series) 
for m =1,2,--- (such a restriction is obviously by its very nature fulfilled 
in the case of forms or polynomials in infinitely many variables) and if 
secondly: At the point (6) the limit 

(7) lim ®pmj (21, 22," * * Zm) 


m-—0oO 
exists. The sum of the series (4) at the point (6) is defined as the value of 
this limit. 
The power series 


8 


oo 
. a oe = | C™ y v5 ee | Zv,2V_ a a Zn 
Vn= 


*) > > v 


2 


which arises from (4) when its coefficients are replaced by their absolute 
values, we shall call the best majorant of (4) and will be designated by ©. 


If the series (4’) converges at the point 





(6’) [ai |, |ze|,-°°; 
the series (4) is said to be absolutely convergent at the point (6). 


With respect to a given sequence of numbers 


(8) 240, 29+ + « 
the symbol 
(9) or {ze } 


will be understood to designate the following domain of the infinitely many 


independent variables (6) : 


2< 9, 





Me 


| i seen: 2° 


(10) 


> 
i} 


1 


Accordingly (9) is the interior of the complex Hilbert sphere, with radius r, 
taken about the point (8) as center. 
In particular we shall write briefly 


(11) or =o,{0}, 

so that 
co 

(12) Ce: > | «|?#< 7. 
k=1 


We say” that the power series (4) is regular in the domain (12) if the 
following three conditions are fulfilled: First, the m-th section (5m) of (4) 
shall, for any fixed m, in the sense of the theory of analytic functions of m 
variables be regular in the m-th “ section ” of o,, that is, in the domain 
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3 


(13m) | me |? < 2. 
k=l 


Second, there exists at every point of (12) the limit defined by (7); the 
series (4) is then, according to the above definition, convergent. Third, 
there exists for every positive number e a positive number M,_. which is in- 
dependent of m and such that the absolute value of the power series (5m) in 


the domain 


m 


(13m’) 2 | zx |2 <<(r—e)?2 


is not greater than M,_.; in other words the absolute values of the function 
(4) in the domain o;-, is not greater than M,-.. It follows from the first 
assumption that the power series (5m) converges absolutely in the domain 
(13m) and uniformly in the domain (13m’). It is clear that the second 
assumption is not a consequence of the first. In the special cases where the 
power series (4) is a linear or a quadratic form Hellinger and Toeplitz * have 
shown that the third assumption is a consequence of the first two. However 
it is easy to show that for the general power series which contain terms of 
infinite degree the third assumption is independent of the first two. The 
power series (4) will be said to be an integral function if it is regular in a 
oy with arbitrarily large r. ; 

The upper bound of | ®(z;, 22,- - -) | in the domain op will be designated 
by [®]p. In the domain 0 Sp < r the upper bound [®]p is a positive mono- 
tone function of p which, while it is bounded in the interval 0 =p < r—e 
for any given value of «, can become infinite if e— 0 (® being regular in o;). 
The function ® can be an integral function and nevertheless the series (4) 
not be uniformly convergent in any domain os (with arbitrarily small 8). 
The simplest example of an integral function of this kind is 


foe) 
(14) © == > Zn". 


Moreover it is possible that ©, for example even in the special case of the 


quadratic form 
CoO © 
(15) = > Cij2i2j, 


i=1 


~, 
_ 


is an integral function and nevertheless the series (4) is not absolutely con- 
vergent in a domain os regardless of how small 8 be chosen. We shall return 
to this point later (cf. page 248). In particular (4) can accordingly be 
an integral function without the necessary existence of a domain os in which 
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the best majorant is regular. If now not only ® but also ® is regular in a 
domain oy we shall say ® is absolutely regular in o,. A regular function 
which is a form is, because of its homogeneity, obviously an integral function. 
Inasmuch as the sum of a finite number of power series, regular in oy, is a 
power series regular in oy, we may say more generally that the sum of a finite 
number of regular forms, i.e. a regular polynomial, is likewise an integral 
function. 

For a given function ® regular in o; it is possible in the neighborhood 
of a given point (8) of o, to order formally the function according to in- 
creasing powers of the arguments z; — z,°°’. One thus obtains a power series 
in the arguments 2 — z‘° which in the domain 


= ee) 
(10’) > | ze— ze [2 <r, 2? =r? — > | ze [2 


is ® regular and for corresponding points possesses the same sum as ®. This 
theorem will be called the neighborhood theorem and implies among other 
things that in the concept of neighborhood associated with the metric 


(> | wi —v; |") there exists no isolated regular point. Nevertheless (be- 
cause of the nature of the topology of 2 | zi |? <8) it can not be expected 


that there exist, in the theory of fants of infinitely many variables, far 
reaching analogies with the theory of analytic functions of a finite number 
of variables. As an example, the theorem of Poincaré-Volterra, based on the 
theorem of Heine-Borel, is no longer true, for Hilbert gives the example ? 
—$ $1 (4) ~_ 3 = 
v=0 i=1 _ - i=1 
of an obviously regular (also in our sense) function for which the set of 
branches has the power of the continuum. 
Given the sequence of points {2%°°}, {ze}, {z°?},- + + im the domain 
or in which the function ® is defined. The function ® will be said to be 
continuous at the point {z,°°} if for every sequence in which 


(16) lim 2, =z, lim 2° =z, --lim 23°” <= z,, 


> 


v->0o v->0o ¥=PO0 
we always have 


(17) lim ©(2,, Zo”), 23°”), ° . j= @(2,, Zo, z,, - . -). 
vo 


There exist regular, and indeed integral functions, which are continuous 
at no point. The simplest example is the afore-mentioned function’ (14). 
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To be sure it may be shown’ that if ® is regular in o, and (8) is a point 
of o, then (17) is valid provided that the sequence (16) converges strongly 
to {z,}, that is if not (16), but also 





fo ¢) 
(18) lim > | a” —a |? =0 
yoo k=1 
is supposed. 

If we designate by ©2,(2:,22,: °°) the power series arising from 
®(21, 22,° - *) by term by term partial differentiation with respect to z, it can 
be shown ** that if ® is regular in o;, then also ®,, is regular in o;. Moreover 
we have 

© | I@ ee ],-< \2 
(19) >> 0 (245 225 ) = ( Lele ) = const. in Cr-¢ (e > 0). 
k=1 Ozx o—€ 





This inequality will be designated as the gradient inequality. 


2. The bounded forms of Hilbert considered as regular power series. 
We introduce now a new complex manifold E 


oo 
(20) E: 2 |&)?—1 
in the independent variables £;. The linear form 
co 
(21) > Aili 


is bounded in the sense of Hilbert if and only if the series ® 


Ive 


" 
_ 


(22) | a: |? 


4 


converges. It follows from the inequality of Schwarz that the absolute value 
of (21) is not greater than the square root of the expression (22). That the 
expression (21) actually attains its maximum in E follows readily if we 
place in (21) 


(23) i= 


ai 


oo ; ‘ 
(> | % |?)* 
k=1 





Accordingly the linear form 


oO 
(24) De Cizi 
i=1 


is then and only then bounded in the sense of Hilbert if, considered as a power 
series in infinitely many variables, it is a regular function (and accordingly 
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an integral function) in our sense. Accordingly if (24) is a regular function 
in op we have (with the use of the notation introduced on page 244) 


(25) [S cutilo—o( > | ox |2)%. 
For brevity we write 
(26) [{cx}] = (& | oe 2)%. 


Since the convergence of the series (26) represents the necessary and suffi- 
cient condition for the regularity of (24) it follows that (24) and 


(24) > losl as 


are simultaneously regular. Or more concisely, a regular linear form is 
always absolutely regular. 

The matrix || ai; ||, which may be complex and need not fulfill any sym- 
metry conditions, is then and only then bounded in the sense of Hilbert ° if 


each of the linear forms > aii (i 1,2,-- +) is bounded in the sense of 


Hilbert and if in addition “thee exists a positive number K so that in each 
point of E 


(27) 


In order that a matrix be bounded in the sense of Hilbert it is necessary ** 
that there exist a constant Z independent of m so that 


‘Me 


°. 
i} 
a 


j 


“M8 


aij; |? SK. 


(28) | oa nisits | SL 
4=1 j=1 
in every point of 
(28') S| be P= 1. 
k=1 


(29) SS anki 


converge in every point of E. The sum of the series is then, from (28), 
obviously = Z in absolute value. The exact upper limit = Kk” of 


(27’) (31 Bases [294 


in the domain E will be designated by [ || ai; ||]. If || ai; |] is bounded in 
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the sense of Hilbert it is known that the transposed matrix is also bounded 
in the sense of Hilbert and that [|| ai; ||] = [|| asi |]. 

We now assume that the matrix || ai; || is symmetric (ai; = a;;) without 
necessarily being real. Hellinger and Toeplitz *® have shown that in this case 
the existence of a positive number LZ, independent of m, so that (28) is valid 
in every point of the domain (28’) is not only necessary, but also sufficient 
in order that the matrix || ai; || should be bounded in the sense of Hilbert. 
Since we have agreed (3) to write every quadratic form in the symmetric form 

co oO 
(30) DD C5212; (ciy = C43) 
i=1 j=1 
(in which the coefficients may be complex) it follows from the foregoing that 
every form (30), that is, a not necessarily real, but symmetric matrix | ci; || 
is bounded in the sense of Hilbert if and only if the form (30), regarded as 
a power series in infinitely many variables, is a regular function (and there- 
fore an integral function). It follows from the definitions (cf. page 244 
and page 247) and from the inequality of Schwarz that 


(Mea 
Me 


i} 
_ 


C152:2; |p S p* [ || ci; | J. 


[ 


i} 
— 


v J 
Toeplitz ** has shown that there exist symmetric forms (30) which are bounded 
in the sense of Hilbert, although the best majorant form 

CO CO 
(30) > D | css | 22; 

i=1 j=1 
is not bounded in the sense of Hilbert. The justification of the remarks 
made in connection. with (15) accordingly follows from the above theorem 
of Hellinger and Toeplitz [the example given by Toeplitz is moreover real 
and not only bounded but also in the sense of Hilbert “completely con- 
tinuous ” (vollstetig), i.e. in the sense of the definition given in connection 
with (16), (17) continuous in every point of the Hilbert space]. 


3. Bounded sequences and bounded matrices of regular power series. 


We will say that the vector {®;(z1, 2,°.- -)} with infinitely many (not 
necessarily real) components 
(31) ®,, ®2, ®;, errr 


is bounded in o; if the following three conditions are satisfied : 
(a) The power series 


(32) D; = 9; (21, 22,° + *); (t= 1,2,-* ) 


are regular, in the sense defined above, in the domain o,. 
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(b) If {2} is any arbitrarily chosen fixed point of o, then the linear form 


(33) > Oi(e tag” * “Oy 


is bounded in the sense of Hilbert, i.e. the number (cf. page 244) 





(34) [{®i (41, 425° * *)}] = Ve ®; (21, Z2,° * *) 3 


which depends upon {z} is < + o for any point in o,. 
(c) The expression (34) is a bounded function of {zz} in the domain o, 
i.e. there exists a constant M so that for every point {zx} of the domain o, 


(34’) L{®i (a, 2° ° )} J SM. 

The smallest M i.e. the upper limit of (34) in the domain o, will be desig- 
nated by 

(35) [{#i}]. 


In the special case when the vector components (31) are constants the 
above definition of a bounded vector is equivalent to Hilbert’s definition of 
the boundedness of the linear form 


(33") ¥ 8;(0,0,° - -)&. 
i=1 


In an analogous manner we shall generalize the concept of boundedness, 
in the sense of Hilbert, for a matrix with constant elements, to a matrix whose 


elements are power series, as follows: 
We shall say that the matrix 


(36) | 9; ; (21, Z2,° ° " | 
(which need neither be real nor satisfy any symmetry conditions whatsoever) 
is bounded in o, if the following three conditions are fulfilled: 
(a) Each of the power series 
(37) Dj; (21, Zes* * *)5 (t,j7 = 1, aos 
is regular in or. 
(b) The matrix (36) is bounded in every point {%} of o,, i. e. the number 


(38) [ll ij (21, 22," * *) II], 


defined on page 247, which depends upon {z} remains finite for any point 


in or. 


(c) There exists a constant M so that (38) [in every point of o,] is not 








I TT 
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greater than M; the smallest M [i.e. the upper limit of (38) in the domain o,] 
will be designated by 
(39) [| Bis Il] 


The following consistency theorems are now valid: 


I. If the power series (4) is regular in o, and if e designates an arbi- 
trarily small positive number, the vector with components 


(40) D; = 0,, = 00/02; 
is bounded in the domain oy-¢ and satisfies the inequality 
(41) [{®z,}]reS eles for every « > 0. 
—e 

II. If (31) is a bounded vector in the domain o, then the Jacobian 
matrix 
(42) || 0D; /0zx || 
is, for arbitrarily small « > 0, a bounded matrix in the domain oy-. 

III. If (4) is a regular power series in the domain o, the Hessian matrix 
(43) || 0°@/0z,0z; || 
is, for arbitrarily small « > 0, a bounded matrix in the domain oy. 

I follows immediately from the gradient inequality (19). II follows 
from I if we put ® = > (2, 22,° - -)& in I. III is a trivial consequence 

k=1 


of I and II. 

The multiplication theorems (Hilbertsche Faltungssiitze) and related 
theorems of Hilbert upon matrices with constant elements can, by the usual 
proofs,® be extended to our more general case so that I shall not enter any 
further in these matters. However the following trivial theorem, which will 
be needed later, will now be formulated: 


IV. Any vector (31), bounded in o;, is transformed by a matrix || ai; || 
into a vector 
oO 
(44) Wasa 5 Wi Be aijj (ta, 22,” * *) 
j= 


which is likewise bounded in or. 
In addition the following, easily proven, theorems are valid.*® 


V. If (31) is a bounded vector in o, [or if (36) is a bounded matrix 
in oy] and (8) is an arbitrarily chosen fixed point of o, and if one orders 
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every power series ®; of the vector (31) [or every power series ®;; of the 
matrix (36)] in the neighborhood of the point (8) formally according 
to increasing powers of the arguments z— 2“, one obtains a vector (or a 
matrix) which is bounded in the domain (10’) (cf. page 245) of the new 


variables z,— 2,. 


VI. The sum of two vectors (or matrices) bounded in o; is a vector (or 
matrix) bounded in oy. 
This follows immediately with the use of the inequality of Schwarz. 


4. The existence theorems. In the proof of existence theorems on in- 
finite systems, the above consistency theorems permit us to take as a starting 
point in the proof a conveniently normalized form of the infinite system 
under consideration. 

The fundamental existence theorem of the theory is the following: 


EXISTENCE THEOREM I.'° Jf the vector (31) is bounded in oy the system 


(45) dzi/dt = ©; (21, 22° * *) 5 (i—1,2,- - -) 
possesses in the circle 
t 
46 ti < gran 
rr 
a holomorphic solution 
(47) z= 2i(t) 5 (t—=1,2,-- *), 


satisfying the initial conditions 
(48) 2i(0)= 0; (t=1,2,---), 
and this solution (47) lies in the domain oy if t lies in the domain (46). 


[The uniqueness of the solution (47), which is more interesting than in the 
case of a finite number of variables is treated loc. cit.2, III, p. 466-467]. 

It follows from the Consistency Theorem V that the normalization (48) 
can be effected without loss of generality. In addition there is no loss in 
generality in assuming that the functions ® of (45) do not contain the 
independent variable ¢ explicitly, inasmuch as one can in this case adjoin 
to (45) the differential equation 


(45’) dzo/dt =1 [20(0)== 0], 


without thereby destroying the boundedness of the vector whose components 
are the right hand members of (45). 

For the special case of a linear system of differential equations Hart *’ 
has demonstrated this existence theorem by a method which cannot be ex- 
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tended to the non-linear case.’* The existence domain found by Hart in the 
special case of the linear systems is larger than that given in (46), valid for 
the above more general case. In fact the existence domain ** found by Hart 
can be derived as a corollary from Existence Theorem I simply by analytical 
continuation in which one need only use the divergence of the harmonic 
series.?° 

Mention has been made, in the introduction, of the failure of the usual 
existence proofs under our general assumptions. We intend now to discuss 
this matter in greater detail. First of all, the method of Arzela and related 
methods,”! in which only the continuity [or even less restrictive assumptions **] 
of the ®; is assumed, are not applicable. This appears immediately from the 
known fact that the Hilbert sphere is neither separable nor compact. The 
methods employed under the condition of Lipschitz are also not applicable, 
as is readily perceived from the integral function (14) which is neither con- 
tinuous nor satisfies the condition of Lipschitz. That the majorant method 
of Cauchy, which assumes the existence of a single majorant equation 
(49) dz/dt = $(z), 
must also fail follows from the example 
(50) ®; = 21; (i—1, 2, : *}, 
The vector (31) is, in the case of (50), bounded in any o,. The best common 
majorant, with one variable, of the infinitely many power series (50) is 


however 


(Ma 


" 
— 


oo 
(50’) z2=2> 1, 
i i=1 

a divergent series, so that the best common majorant (49) does not exist. 
This type of infinite differential system, in which the variable z; dominates 
the function #;, is moreover a typically occurring case in the applications. 

The method of Cauchy is a special majorant method, as it is based on 
the existence of a single (common) majorant differential equation. It will 
now be shown that the proof of Existence Theorem I lies beyond the capa- 
bilities of the majorant method even if one replaces each of the infinitely 
many differential equations by its best majorant, i.e. even if one works with 
an infinite majorant system. The best majorant system of (45) is [cf. (4’)] 


(51) dzi/dt = ©; (21, Z,° * *). 


One can now so choose the ®; that on one hand the vector (31) is bounded 








he 
or 


al 
ic 
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in every domain o;, and consequently the system (45), according to Existence 
Theorem I possesses a holomorphic solution, satisfying the initial condition 
(48), while on the other hand the best majorant vector 
(52) | 6,, 5,,- + - 
is not only not bounded in a sufficiently small domain o, but the best majorant 
system (51) of (45) cannot possess a holomorphic solution satisfying the 
initial conditions (48). [In what follows, for the sake of brevity, we shall 
demonstrate only the non-existence of a holomorphic solution of (51) satis- 
fying (48)]. We infer accordingly that the best majorant of a solution is 
not to be confused with the solution of the best majorant system. 

In order to give an example of a differential system (45) which fulfills 
the conditions of Existence Theorem I but which does not yield to the devices 
of any majorant method we put in (45) at first 


fo 8) 
(53) &=ai+ Dd diner 
k=1 
where the form 
fo @) co ; 
DX D| Gix | ziz 


is not bounded in the sense of Hilbert. The two bounded linear forms 


co 
> xXx, > UXy 


k=2 k=2 
can be so chosen that § 
ee) fo @) 
> | Qvpdiv4p | = -+ o. 
v=2 g-2 
If we now assume that 
fo. @) oOo 
> QikZi2k 
i=2 k=2 


is symmetrical and bounded in the sense of Hilbert (which contains no contra- 
diction **) and if we place 


a, = 0, ais = 0; (i=—1,2,:-°:), 


the premises of the Existence Theorem I are fulfilled since the two forms 


ao oe 
z Qjizi; Z 
i=1 


i=1 


M2 


DikZi2k% 


= 


1 


are obviously bounded in the sense of Hilbert; while the best majorant system 
(51) of (45), (53), namely the system 
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| 


oo 
dzi/dt = | a; | + 2 | ais | 255 (t= 1, 2,-* +) 


possesses no holomorphic solution 
oo 
z(t) =D yat™ 
k=1 
since the recursion formulas for such a holomorphic solution yield 
oO oo 
3!yis—= Z| aw| S| om | | an | 
y=1 u=1 


and accordingly y13—= + o (cf. loc. cit.?, IL). 

From Existence Theorem I and the above consistency theorems there 
follows, since our concepts are the non-linear generalizations of the concepts 
of Hilbert, the following: 


Existence Theorem II.** Jf (31) is bounded in ory the implicit system 
(54) Zi = t Bj (%1, 22, ° , *}s (t—=1, 2,° : ‘) 


possesses in the circle |t | << «, where « is a suitably chosen constant, a holo- 
morphic solution 

(55) 24 = 2i(t) 

and this solution (55) lies in oy if t lies in the circle |t| <a. 

The assumption that the ®; are independent of ¢, is no restriction on 
the generality of system (54) as we can adjoin to (54) the equation 
Zo == t®, where ® —1. 

If one chooses in (54) the #; linear functions of z,,22,- - - namely 


fe 8) 
(56) =a; + Dd aijz;; (s==1, 2,- + -) 
j= 


then the vector (31) is then and only then bounded if the matrix || ai; || and 
the linear form (21) are both bounded in the sense of Hilbert and (54) 


becomes 


co 
(54’) 4 Bethy tes; (t= 1,2,- + -) 
j= 


so that Existence Theorem II becomes the Theorem of Hilb *°: If the matrix 
|| ai; || is bounded and if || 8; || denotes the unit matrix the matrix 
|| 8:; — tai; || has for sufficiently small values of |¢| a bounded reciprocal 
matrix which is a holomorphic function of ¢ (Neumann’s series of iterations). 
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The method by which the proof of the existence theorems proceeds is of 
such character that the generalization to the case where the components of 
(31) contain also parameters p; is almost trivial. (In this respect compare 


loc. cit.?, I). 
With the use of this parametric generalization there follows from Exist- 


ence Theorem II by means of a device ** the following theorem on the regular 
transformations of the Hilbert space into itself: 


ExIstENCE THEOREM III.?" If 
(31’) Wr (21’, 22’, * * ), Po (21; or ell 


is a bounded vector in the domain 
le @) 
ae: & | a’ |? < 2 
k=1 


and if wi contains no constant and no linear term there exists a sufficiently 
small r and a bounded vector (31) of regular power series in or such that 


the system 
(57) 24 = 25" Wi (21’, Ze'y F oe (i=—1, 2," q “y 


possesses in or the inverse transformation 

(58) ai’ = ®j (21, 22,° * *)5 ((i—1,2,---). 
It follows from the Consistency Theorem IV that the restriction made 

in Existence Theorem III that the transformation of the Hilbert space into 

itself is to higher terms the identity transformation, is not an essential one, 


and Existence Theorem III is accordingly still valid if (57) be replaced by 


the more general system 


co 
(57’) pS ~ aijz; + Wi(z’, Zs,° : “}s (i=—1, a" : -) 
j= 


where || aj; || is a constant matrix (becoming in the normalized case (57) the 
unity matrix) which is bounded in the sense of Hilbert and which possesses 
a bounded reciprocal matrix, i.e. the linear approximation 


“ 
(57a’) 4a > aijz;’ 

j=1 
of (57’) is a unique reversible transformation of the complex space of Hilbert 
into itself. In the case of finite many variables this assumption is obviously 
equivalent to the restriction that the Jacobian determinant be different from 


zero in the neighborhood of the origin. 
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In addition Existence Theorem II permits a corresponding generalization, 
i.e. Existence Theorem II remains true if we replace (54) by 


in 
(54’) D Wij2j = t Bj (41, 22,° + *)5 (1 =1,2,-- -) 
j=1 


provided that we assume the matrix || ai; || is bounded in the sense of Hilbert 
and possesses a bounded reciprocal || bj; ||. 

Finally it should be mentioned that Existence Theorem III remains valid 
if the y; depend not only upon the z;’ but also upon the z;.' The proof proceeds 
in exactly the same manner as for Existence Theorem III; as is also true for 
the generalization mentioned in connection with (57a’). 


THE JOHNS HopkKINs UNIVERSITY. 
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NOTE ON THE NUMERICAL VALUE OF A PARTICULAR MASS 
RATIO IN THE RESTRICTED PROBLEM OF THREE BODIES. 


By JenNy E. ROSENTHAL.* 





In order to fix the positions of the collinear libration points (Z,, D2 and 

L; in the notation of E. Strémgren +) on the line joining the masses » and 

1— yp we denote p; and p; the distance of Z, from the mass » and the mass 

1 —yp respectively, by p2 the distance of LZ. from the mass p, and by pg the 
Ls Ly Ls 


—s, p. 





distance of LZ; from the mass 1—y. In a recent paper Martin { has shown 
that the distances p;, p1, pe and ps are monotone functions of » in the interval 
0< p< 1 and that they possess the following property: In this interval 
there exists one and only one value »* of » for which 


(1) pi(u) Sp* Spo(m) according as pS p*. 
= = > 
It follows from considerations of symmetry that 


(2) pi(u) Sp* Sps(u) according as p=1—yp*. 
=~ > x< 

The equations for the determination of p* and p* have been derived by 

Martin { from which the author has calculated the numerical values of p* 

and u* finding 


p* = 0.938933, p* = 0.9992718, 1 — p* = 0.0007282 ; 


where the results are accurate to the last significant figure indicated. 

For the mass ratio of the Sun and Jupiter we have approximately 
p= 0.9990 < w*. Since the libration points Z,, DL. and LD; are separated 
by the masses it follows from the inequalities (1) that the libration point 
nearest the Sun is to be found between the Sun and Jupiter. 
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UPON THE EXISTENCE AND NON-EXISTENCE OF ISOENER- 
GETIC PERIODIC PERTURBATIONS OF THE UNDISTURBED 
CIRCULAR MOTIONS IN THE RESTRICTED PROBLEM 
OF THREE BODIES. 


By Monroz Martin. 





Introduction. In the restricted problem of three bodies if we denote the 
masses of the two bodies, rotating in concentric circles about their center of 
mass, by » and 1 — » then for 40 a possible orbit for the third body is a cir- 
cular motion about the non-zero mass. In this paper we treat the following 
problem: Does there exist, for sufficiently small, positive values of », and 
for a given value of the constant of relative energy (Jacobian constant), 
an isoenergetic ¢ series of periodic solutions of the equations of motion, the 
members of which converge to the circular motion mentioned above, and 
the periods of which converge to the period of this circular motion, when the 
parameter p of the series converges to zero? Denoting by n the angular 
velocity, in the non-rotating codrdinate sytem, of the third body in its 
circular motion for »= 0, Levi-Civita,f{ and Birkhoff,§ employing the methods 
of Poincaré,{ have shown that, when nm is not the ratio of two successive 
integers, such an isoenergetic series of periodic orbits actually exists. For 
n the ratio of two successive integers the problem is a resonance problem and 
neither the existence or non-existence of this isoenergetic series of periodic 
orbits has as yet been mathematically demonstrated.|| The existence of this 
isoenergetic series for these critical values of m requires the vanishing of 


+ Isoenergetic is here taken to mean that the Jacobian constant is independent of u. 
For the corresponding isoperiodic case in which the Jacobian constant is a function 
of uw, cf. A. Wintner, “Uber eine Revision der Sortentheorie des restringierten Drei- 
kérperproblems,” Siteungsberichte der Stchsischen Akademie der Wissenschaften zu 
Leipzig, Vol. 82 (1930), pp. 3-56. 

tT. Levi-Civita, “Sopra alcuni criteri di instabilita,” Annali di Matematica (3), 
Vol. 5 (1901), pp. 282-289. 

§ G. D. Birkhoff, “The Restricted Problem of Three Bodies,’ Rendiconti del Circolo 
Matematico di Palermo, Vol. 39 (1915), § 11; and also, ‘“ Dynamical Systems,” Ameri- 
can Mathematical Society Colloquium Publications, Vol. 9, New York (1927), pp. 
139-143. 


{ H. Poincaré, Méthodes Nouvelles de la Mécanique Céleste, Vol. 1 (1892), pp. 
79-119. 

|| Concerning a paper of Poincaré in the Bulletin Astronomique, cf. § 6, A. Wintner, 
loc. cit. 
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certain expressions, the vanishing of which expresses the fulfillment of a type 
or orthogonality condition (Verzweigungsgleichungen).+ It will be demon- 
strated that for sufficiently small values of w this condition is not fulfilled, 
and consequently the isoenergetic series of periodic orbits cannot exist for 
these critical values of n. The mathematical apparatus employed differs from 
that employed by Levi-Civita and Birkhoff, the method here being that of the 
infinitely many variables,{ as developed for the problems of celestial mechanics 
in the papers of Wintner.§ In order to put in evidence the method used in 
the proof of the non-existence of an isoenergetic series for the critical values 
of n, it is necessary to present the existence proof, with the method of in- 
finitely many variables, for the non-critical values of n. 


1. The non-linear differential equation of the normal perturbation. 
If the origin of the rotating system of codrdinates be taken at the mass 1 — p, 
the Lagrangian function for the third mass may be written 


(1) L= Ve (a? + 9?) + (xy — ty) + F(z, y3 4), 
where we have placed 


F(2,y3u)=¥[(e—n)? + 9°] 
+ ol (e@—1)2 + 2} +(1 a) (0? + 2), 


The dot is used here and throughout the paper to denote differentiation with 
respect to the time. In order to obtain the differential equation of the normal 
displacement we introduce polar codrdinates p and + and it will be convenient 
to place p==a- £, accordingly 

(2) x =(a-+ €) cosz, y=(a-+ €) sint. 


The Lagrangian function and / when expressed in terms of the new 





+ Cf. the papers referred to in the footnotes § and ¢ below. 

{For another method developed by Lichstenstein in order to treat non-linear 
boundary value problems with the use of Greenian matrices and successive approxima- 
tions and which would be in the present case equivalent, cf. L. Lichstenstein, “ Zur 
Maxwellschen Theorie der Saturnringe,” Mathematische Zeitschrift 17 (1923), pp. 62- 
110, and the further developments of this method by E. Hélder, “ Mathematische 
Untersuchungen zur Himmelsmechanik,” Mathematische Zeitschrift, Vol. 31 (1930), 
pp. 225-239. 

§ Cf. for instance A. Wintner, “tber die Differentialgleichungen der Himmels- 
mechanik,” Mathematische Annalen, 96 (1926), pp. 284-312. 
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coérdinates £ and + will be denoted by L* and F* respectively. On expressing 
(1) in terms of { and 7 by means of (2) we obtain 


L* = oC +-(a + £)%7] +(a-+ 0) + F*(G 75m, a), 


(3) 
F*(673H_a)=%(atO2+(a+07+ 4/2 
+ w{[1— 2a cos r + a? + 2(a— cos r)f + 2]-%—(a + £)cosr—(a + £)7} 


from which the Lagrangian equations 
doL* dL* adoL* o@L* 
(4) doe 0 © da 2 
4 0g T T 
which possess the Jacobian integral 
(5) & + (a+ ¢)%72 = 2F* — 0, 
may be derived. 


For »=0 equations (4) take the following simple form: 
(6) E—QA+H@+OHGtH*=0, LF [(a+e71 +19, 


and possess the solution 
(7) {=0, t=(n—1)t+ 1, 
in which n (the angular velocity of the third mass in the non-rotating 


codrdinate system) is determined from a, the radius of the circular orbit, 


by the third law of Kepler 
(8) n7a3 = 1, 


Putting »—0 in the Jacobian integral (5) and inserting the solution (7), 
the Jacobian constant C,, for the circular orbits (7) is obtained in terms of a, 
the radius of the circular orbit, as follows: 


(9) CO = 2a% 4+ 1/a. 


For a given value of the Jacobian constant C we may employ (5) to 
replace (3) by a new Lagrangian function A, homogeneous of degree one 
in £ and 7, namely 
(10) A= {[2F*—C][@ + (a+ 027 )}* + (+02. 


Since A is homogeneous of degree one in € and r the Lagrangian equations 


(11) A a a 
dt 0 a Or 
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are invariant under a change of independent variable 

(12) t= t(6), dr/dé > 0. 

Having decided upon a suitable choice for the independent variable @ the 
principle of Maupertuis + states that if we write the solutions of (11) with 6 
as independent variable in the form 

(13) f=¢(8), +r=7(4), 

then every solution of (4) for the given value of the Jacobian constant men- 
tioned above, can be written in the form 

(14) =C(6(t)),  t=7(A(t)). 

The function 6(¢) is the inverse of the function (12) and is obtained by a 


quadrature from 





(15) (= y= 2F*(£, 75 u,a)—C 


dt dg \? 2( dr \? 
7 ) + (a + £)?\ ae ) 

Since @ is arbitrary we may take 67, that is we now regard +, originally 

a dependent variable, as the independent variable and seek to express the 


variable € as a function of it. The Lagrangian function, with + the inde- 
pendent variable, will be denoted by A* and we have from (10) 


(16) A*—=([2FP*—C] [C2 +(a+ O2)}%+(a+ 02; 9 ’=d/dr. 


The Lagrangian equation, the solution of which yields as a function of + 
and which will be called the equation of the normal perturbation is accordingly 





ddA OA 
(17) * a ae 
Equation (15) takes the form 
dr 
(18) <= $(r) 


and serves to determine + as a function of tf. 

It is clear, since the principle of Maupertius proceeds on the assumption 
that the Jacobian constant has a given value, that in order to obtain an 
isoenergetic series (with » as parameter) of solutions of (4), the members of 
which converge to the circular motion (7) as w converges to zero, it is not 
only sufficient but also necessary to obtain the solutions of (17) and (18). 





+ G. D. Birkhoff, “ Dynamical Systems with Two Degrees of Freedom,” Transactions 
of the American Mathematical Society, Vol. 18 (1917), pp. 202-204 or F. D. Mur- 


naghan, “The Principle of Maupertuis,”’ Proceedings of the National Academy of 
Sciences, Vol. 17 (1931), pp. 128-132. 
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If one is not interested in the history of the third mass in its motion, but 
only the form of its orbit, equation (18) may be discarded. 


2. The calculation of the equation of the normal perturbation. We shall 
now treat the equation of the normal perturbation in some detail. If we 
substitute the expression for A* given by (16) in equation (17) we obtain 
wt 2[(a+ 6)? +- £2 }9/2 

9 — - , 
639) ¢ (a + £) (2F* — C)*% 
_ Relator tele Fy [e+ oe+ let? ae 











QF*—C) (+o Pas da 

or 
(19’) CY = @(yp, é, af COS T 5 P, a), 
where we understand F,* = 0I*/d7 and h* == Of* /0f. 

We treat, once and for all, only those values of a for which 
(20) 0<a< a, a1. 
We have then 
(21) 1— 2acosr + a? =(1— a)? >0; —ao<Tr< ow, 
and from (9) and (3) 
(22) 2F*(0,7;0,a)—C =a? (a3/2—1)2?>0; —eo<r<+o. 


We wish to emphasize here, that while ® is a function of a, the value of a 
is fixed, inasmuch as the Jacobian constant C is assumed to have been given 
[cf. (9)]. Since a is fixed it follows from (19’), (19), (20), (21), (22) that 
the function ® is regular for sufficiently small values of |¢|, | ¢| and |p| 
and for all real values of +. Consequently there exists two positive numbers 
R and K such that in the domain 


(23) lel< Rh [C(< eh lol <h ~— ede 


we have 








Oy Rc | 
(24) a | <K 
and the convergent developments 
oo oo co : 
(25) $= 2 LX D Apr wee” 
j=0 k=0 1-0 
26 —— = : ipkprl 
oa Or* P k=0 2 dr? wee 


where from (19) the coefficients Ajx: of (25) are obviously real and even 
functions of + and can be expanded in a regular Fourier series of the form 
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00 
= . in we ko oe 
(27) Aju = Ae Ai ASS 0; (j,4,1=0,1, 2, a 


The inequality (24) for the function (26) being valid it follows by Cauchy’s 
theorem on convergent power series that in the domain (23) we have 














24. 
(28) om < KR-tkD ; (j,k, l= 0,1, 2,° °°). 
Since (27) is a regular Fourier series, it follows on differentiation term 
by term 
2A, 00 
(29) dA jx ee > yA ert; (j, &, l= 0, 1, 2,° ° *). 


dr? v=-00 
Since the absolute values of the Fourier coefficients in the development of a 
periodic function are not greater than the maximum of the absolute value 
of the function we have from (28) and (29) t 


(30) |A@ |< v2KB-GD; (j,k, 1=0,1,2,--+ 5 v= 0, + 1, + 2,°**). 
We now proceed to calculate explicitly the following coefficients in the 

expansion (25): 

(31) Ajxi for 4 Ris a. 

The labor of this calculation is lessened if instead of proceeding directly from 

(19) we develope the Lagrangian function A* according to powers of p, ¢ and 

¢’ and obtain the coefficients of the terms ¢, f°, ¢’* and pf (since A* is a 

function of £2 it is clear at once that the coefficients of ¢’, wf’ and ££’ are zero). 

On taking the Lagrangian derivative of the development of A* the coefficients 

(31) may be obtained immediately. From (16) and (3) we obtain 


(32) A*—=[(A + But p?) (a? + 2af + 0? + 2?) ]*#+(a+ £)?, 


where we have placed 


(33) A=(a+0)?+2(a+0)4—6, 
(34) B=2[r? + 2(a—cosr)é + £2]-4*— 2(a+ £) cosr— 2(a + £)71, 
in which r denotes the distance between the mass » and the third mass, i.e. 
(35) r? = 1— 2a cos 7 + a?. 


If we develop A and B (for sufficiently small | £|) according to powers of £, 
and replace C by (9), we obtain for the first terms mentioned above in the 


development of A and B respectively: 





+ If we agree to write 1/0 =1 the validity of the inequalities (30) for »=0 
follows directly from (25). 
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(36) As (0% —a)? + 2(a—a2)E (1 + 209) E 
(37) By=2(r!—a'!—acosr)-+ 2[a? +(cos +r — a) r8 — cos r]é.f 

As a first step in the development of (32) according to powers of p, ¢ and @’ 
we have (for sufficiently small | {| and | ¢’ |) 

(38) A*—=a(A + But g2)*(1 + 0% + o°C2/2)4 (a+ 0)? + As, 


where A,* contains terms of order higher than the second in ¢ and @. On 
developing (for sufficiently small | »|) according to powers of w we have on 
replacing A by Az and B by B, 

(39) A* = aA% (1+ a + Yoa*”) 

+ (a+ 0)? + Yoad>% Bi(1 + ag + Year?0?) wp +A 2%, 
where A.* contains terms of order higher than the second in gp, ¢ and @. 
From (36) we have 
(40) Aé = A{l + o7477 (a? — 1) 

+ Yo (a® + 2)ad2 —(a® — 1) 2]a-#A-4@2} > 
where we have written 
(41) A=a* —a. 
From (37) and (40) 
(42) YaAd_* By = Al {ar — a? cost —1 + [a1 + ar®(cos + —a) 
— acos r —(ar! — a? cost — 1) (a2 —1)a*A?]f} +---. 


Equation (39) may now be written 


(43) A*— Ya Ae’? + 16[2a3A8 + 304A? —(a3 — 1)*]a34-3¢? 
+ [a® + aA? + 2a°A —1]a14°1¢ 
+ [ (aA? — a3 + 1)ar +-(cos r — a) a8 A? 
+ a? (a3 — 2aA?— 1) cost + a? — 1]a-?A-3ug + A,*, 
where A;* contains terms of higher order than the second in p, ¢ and @’, 


together with unessential terms independent of ¢ and @. On multiplying 
(43) throughout by aA-! we obtain 


(44) aA-1A* —= A*, + a4-1A*,, 
where from (8) and (41) 
(45) A*) = Vol? — Yon? (n — 1)-*E? + ph A100 





+ Since B, occurs in the expansion of A* multiplied by mu [cf. (39) following] 
it is sufficient to give here only the linear and constant terms in the development of 
B, according to powers of £. 
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in which we have placed 


(46) Axoo = [ (aA? — a3 + 1)ar- +(cos r — a) a8 AP r-3 
+ a? (a? — 2aA? — 1) cost + a8 — 1]a14-4, 


We now introduce the parameter of Hill 
(47) me=(n—1)-, 


and note at this point that a, n and m by virtue of (8), (9) and (47) are 
all determined by the Jacobian constant C. With the exception of m0, ‘ 
—1 and + o, which have been excluded by (20), the integral values of m, 
namely, 

(48) gen), +4, + 3, 2 4,-°*-, 





correspond to the critical values of n mentioned in the introduction, and 
conversely. Expressing a and n in terms of m equations (45) and (46) 
become respectively : 


(49) A*, =V0" — V4 (m + 1) 28? + Asoo pe, 


(50) Asoo == m4/3(m + 1)?/8{2(m 4+ 1)174 
— m?/3(m + 1)-2/3(2m + 3) cos r + m?/3(m + 1)-2/87°3 cos + 
— m4/3 (m + 1)-4/37-3 — m3 (m + 1)2/8 (2m + 1)}. 


The equation of normal perturbation (19) may now be written 


(51) o” + (m + 1)?8 = pAi00 + > » = A jut phere”, 
j= c=) = 
or from (27) 


(BY) + (m+it—a 3 amert+ $ 


j=-0 k 


CO C&O “ P 
SS ag ewe 


1=0 v=-0O 


4Me 


where in (51) and (51)’ 
(52) jt+khk+122. 





3. The infinite system of conditions for the existence of a periodic solu- 
tion of the equation of the normal perturbation. We have seen in §1 that 
in order to obtain an isoenergetic series (with » as parameter) of solutions 
of the differential equations (4), the members of which converge to the 
circular motion (7) as yw converges to zero, it is both necessary and sufficient 
to consider the solutions of (17). If we are to treat the series of periodic 
solutions of (4) mentioned in the introduction it is necessary in addition, 
as we see from (2), that € be a periodic function of period 27 in 7, that is 
the period of £ with respect to 7 is independent of ». On the other hand 
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the period of ¢ with respect to ¢ is determined from (18) and will obviously 


depend upon w. Such a solution for , real and periodic with period 2z in r, 
will be sought for in the form of the Fourier development 


eed . 
{(r)= z zne***, 
h=-00 
where it will be convenient to introduce the substitutions ft 
(53) m= eh-ty, p=; (h=0+1,+2,--°), 


so that we have 
fo @) 


(54) C(7)—= 23 DS h-tyne**. 
h=-00 
The infinitely many unknowns yz are, for a fixed value of the Jacobian 
constant C (and hence of a or m), functions of x which are to be so deter- 
mined that for sufficiently small values of x the series (54) converges and is 
a solution of the differential equation (51), becoming identically zero for 
r= 0. 
We avail ourselves of the notation 


co 
(55) [ > aye?™*]; =aj;f (j=0,+ |e ; ‘) 
v=-00 


and the infinite system of conditions which the y; must satisfy in order that 
(54) be a solution of (51) may be made to take the form 


(56) {h-?(m + 1)? — 1} yn = 2 Ya(Z3 Yo, Yr, Y-15° j “ys (h= 0, +i, a> *)s 


where we have placed in the notation (55) 
oOo fo.2) co 
rw , , "a a s : -@ a eta 
(57) yy SY OS DS h2rts [A jerk*C" Ja; § (h=0, +1, + 2, ) 
j=0 k=0 1-0 
and which can be expanded as follows: 


Cc ow oo oo co 
(57”) w= Dryas 2 heat tA ra? [e" }p-alf"'Ja5 


j=0 k=0 1=0 p=-0O q=-© 
(A=0,+1,+2,°°°). 


The ym are power series in the infinitely variables and we now proceed 





+ Here and throughout the remainder of the paper we shall retain the convention 
agreed upon in the footnote on page 264. 

tIf f,, f..--->f, be any » Fourier series we shall understand by the symbol 
[f; Ff), the coefficient of the k-th term in the Fourier series obtained by the multi- 
plication of the two Fourier series f; and f;. Tf ¢,, Cy,+ + + Cy be any n» constants the 
symbol [ ], possesses the property [¢,f,-¢.f,- + + Cyfy],=¢,C0° + + Cnlhy fo: + + Fale 

§ The prime affixed to the summation sign indicates that the summation labels 
take the following values: j=1, k=0,1=0; j+k+12>2. 
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to establish an inequality for the best majorant + yx. Before doing so we 
state here a few facts on the multiplication of a special type of Fourier 
series.[ In this connection we have the inequality § 


oo 
(58) > k?2(l—k)? < 17; (d=0,+1,+2,-:-). 
k=-00 
The content of this inequality is that for n Fourier series fj (7 1, 2,- - -n) 
where in the notation (55) 
(59) | file | Sh?; (j= 1,2,---n; k=0,41,+2,-- >), 


the following inequalities exist 
(60) |[firfisle|<1%e?; (4,7=1,2,-- +n, k=0,41,+2,-- >), 
and in general if C,, C2,- - -Cn denote any n constants whatsoever 


(61) | [Cif : Cofe eee Cnfn |x | < | C1iC2°- + Cn | Lyte 


(k=0,+1,+2,-- >) 
because, for example 
| (Cif: Cfo |x | — | CC 2[fi ‘fol | < | C.C, | 17k-2 (k = (0, = 1, == 2, are? + 


We now show: that for the functions ym defined by (57) there exists two 
positive numbers a and M, so that the best majorant ya satisfies the inequality 


(62) Wn(a31,1,---)< Ms; (h=0,+1,+2,--°). 


We introduce the notation 


00 00 
(63) c* — | z |3 2. | Pty; | eiti OF | x [3 = | 7-3y; | eité 


j=-00 
a . . 
Ait, = 2 | A int | e”**, (j,k, I= 0,1, 2,° + +). 
It follows from (61) that in the domain 
(64) ly |S1; (j=0,+1,+2,:- >), 
the following inequalities are valid: 


(65) [em] < jefe are, (ee, < pela fram; 
(k= 0, 1, 2,- ma j=0,+1, + 2,: : ‘} 





+ By the best majorant of a function defined by a power series we shall understand 
the function defined by the power series obtained on replacing the coefficients of the 
original power series by their absolute values. 

¢ A. Wintner, loc. cit., footnote § p. 260. 

§ A. Wintner, “tber die Konvergenzefragen der Mondtheorie,” Mathematische 


Zeitschrift, Vol. 30 (1929), pp. 219-220. 
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and therefore from (30) and (63) 





g ykrl |3(k+1) 7 7 1% \ j+kel 
(66) [A jer ae ed = = His <= ts ( | a [a+ 


(j, & tun 0, 1, 3,- + «5 Roe Ol > S: * =), 


| 


From (57) we have 
(67) Wn (5 Yos Yi>° ° )S "(X53 Yo, as ) 
= Wheel. Ao ce, (hw heh ae 


j=0 k=0 1-0 


and from (66) 
, (AV ime 
(68) yn" (x; 1, as + he V(r)=K + y s (— = lab) | a | °Sd+2ke2t-4) » 


j=0 k=0 1-0 R 


(hime O; t 1, 2: 35+.~ >). 


It follows that ¥(«) is a regular power series in |x|. It follows by Cauchy’s 
test that if 

(69) |x| < min (R/17,1)t 

and series W(x) is convergent. Consequently there exist two positive numbers 
a and M, so that (62) is valid. 


4, Existence proof for the non-critical case ms40 (mod1). Before 
entering upon the existence proof it is necessary to state an existence theorem 
on infinite systems. 


THEOREM I. Given the power series 


(70) fra(X1, T2y° * * 5X5 Y1,Y2,° ° * 5 A1; Ae, * * ) 
(p= 1, 2,- oe Os q = 1, 2, ‘ oF 


in infinitely many variables so that there exist positive numbers 
(71) a; @; b,0° > *s Ayan > 3: RM: 


for which, if fpq denote the best majorant § of frq, the following inequalities 

exist 

(72) a< b;/M;; fi (a,@° > + 5 0y,03,---; pulie wee 
(p= 1,2,- + +837 


M;, 
1,2,- °°), 


1 iA 


then the system 





+t The symbol min (a,b) signifies the minimum of the two numbers a and b. 
tA. Wintner, loc. cit. (8), pp. 291-294. 
§ Cf. footnote 7, p. 268 
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8 
(73) yi= 2 Lpf pi 3 g~—1, 3° : ‘), 
possesses in the domain 
(74) |a|<min(a/s,a); |r| < Ax; (p—=1,2,:°-8;k—1,2,---), 


one and only one solution yj(X1,%2,° * +, %s3 A1,A2,°* *). This solution is 
holomorphic in the domain (%4) and satisfies the inequalities 


(75) | Yi (21, Le, ° "5X83 Ai, As,° * 4 | < bi (11, 25° : “h 
and of course 
(76) yi(0,0,° + +05 Ay Ay? * *)==O (ime, 2+ +>, 


If the power series (70) and the arguments are real the solution y;(a1, Xo, 
* *He3 Ary Aa,* * *) 48 also real. 


If we place s=1, Mi = M, bi = b, (1 =—1,2,- - +) and reject the para- 
meters A we have the following special case of Theorem I: 


THEOREM Ia. Given the power series fj(X341,Y2,° °°) im infinitely 
many variables so that there exist three positive numbers 


(77 a, b, M, 


for which, tf f; denote the best majorante of f;, the following inequalities exist 


(78) fi(a; b,b,°*-)< MU (j= 1,2,° °°), 
then the system 
(79) Yi = chi; (t= 1,2,--°), 


possesses in the domain 
(80) x < min (b/M,a), 


one and only one solution yj(x). This solution is holomorphic in the domain 
(80) and satisfies the inequalities 


(81) | yi(z) | <b; (j—1,2,--°), 
and of course 
(82) ys(0)—=0; (j—1,2,- ++). 
If the power series fj (3 41, Y2,° °°) and the arguments are real the solution 
y;(x) is also real. 

If m0 (mod 1) the infinite system (56) can be written 
(83) Yi = Fi (L5 Yo: Yrs Ya * *)5 (j—0, + 1, + 2,- - +), 








Toate Pats 


pepe 





























EXISTENCE AND NON-EXISTENCE OF PERTURBATIONS. 


where we have placed 


(84) fis = [Cm + 1)?77? — 1); (j=0, +1, + 2,- r y 
and since m £0 (mod 1) there exists a positive number M, so that 
(85) | [(m + 1)?772? —1]}"* | < Mi; (j=0,+1,+2,-- >). 


We have from (62), (84) and (85) 


(86) fi(a; 1,1,---)<M; (j=0,41,+2,--°), 


on putting MZ —M,M,. From Theorem Ia and (86) it follows that the in- 
finite system (83) possesses in the domain 


(87) |a| < min (1/M,a)=8, 


one and only one solution y;(x). This solution is holomorphic in the domain 
(87) and in this domain satisfies the inequalities 


(88) | yy(z) | <1, y;(0)—0; (j=0, +1, + 2,-- >). 


Accordingly from (53) and (88) the series (54) for {(r) is convergent for 
|» | < 8* and &(r) converges identically to zero as w converges to zero. 

In order to show that the solution (54) is real for » > 0 it is only 
necessary to write (54) in terms of sines and cosines i.e. 


(54’) (x)= bo + S (asin vz + by cos vr), 
v=0 


(where the coefficients av and by are real) and to obtain by substitution in 
the differential equation (51) a real infinite system of conditions for the av 
and by. That a unique solution of this infinite system exists for which (54’) 
converges (becoming identically zero for »=0) follows since (54’) is only 
formally different from (54). Furthermore since the infinite system for the 
ay and by is real it follows from the existence theorem on infinite systems 
stated above that this infinite system possesses a real solution for the ay and bv. 
The existence of a real solution (54) is accordingly demonstrated. 


5. The critical case, m=0 (mod1). Let m be a fixed integer.t The 
infinite system then takes the form 


(89a) Yj = 2 fi (25 Yoo Yi Y-1,° * )3 (JA + (m + 1), j=, += 1, = 2,°°*), 
(89b) O= AGED (m) + Omer) (L3 Yor Yas Y-a2* * *)s 





{ Where we have excluded m = 0, —1, + © [ef. (48)]. 
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(89c) O=—= — (m)+ ©_ (m1) (2; Yoo Y1> Y-1,° * -, 


where we have put 
(90) ©- (ms1) = We(m+1) — — (m). 





It follows from (62), (50) and (90) that there exist two positive numbers 
a and M; so that 
(91) ®..¢ms1) (3 Li Fe we 





The power series ©. msi) in infinitely many variables are therefore uniformly 
convergent in the domain of infinitely many dimensions 


(92) lje|<e |g] <1; (j—0,+1,+2,---). 


Moreover it follows from the definition of @.¢m,1) and (54), (55), (57’) and 
(52) that in the domain of infinitely many dimensions 


(93) lys| <1; (j=, + 1, + 2,> - +), 
we have 
(94) @. m1) (0; Yos Y15 Y-15 a -)=0. 


If we now regard the variables yms: and Y-(ms1) in the infinite system 
(89a) as parameters A, and Az it follows from (86) by Theorem I (§ 4) that 
in the domain 


(95) | v | 4 min (1/M, a), | Y (m4+1) | . .: | Y-(m+1) | < i, 
the system (89a) possesses one and only one solution 
(96) Yi = 9; ("3 Y¢ms1)> Y-cmsr)) 3 (GA+(m+1), 7=0,4 ee a >. 


This solution is holomorphic and fulfills in the domain (95) the inequalities 
(97) | Yi(Z3 Yomery, Y-cms1 | <1 (jx t(m+ 1), 70,21, 4 %,: - *). 
It follows that the functions 


(98) 6..¢m41) (x, Y¢m+1)> Y-(m+1) = 
©. ¢m+1) (z; Yo(z; Y (m+1)5 Y-(ms1))» Yi (2; Y cm+1)s Y-(m41) , Y-1 (x; Y(m+1)5 Y ms) )s she 


are holomorphic in the domain (95) of the three complex variables y ms1) 
Y-(m1) and a, the power Series @.(m,1) in the infinitely many variables being 
uniformly convergent in the domain of infinitely many dimensions (92). 

We can now write the remaining conditions (89b) and (89c) in the form 


(89b’) Ato (Mm) + O¢ms1y (@5 Ycmsr, Y-cmsry) = 0, 


(89¢’) Asa) (m) + 6_¢ m1) ie: Y (m+1)s Y-ms1)) = 0. 








bers 


mly 


ind 


es 








EXISTENCE AND NON-EXISTENCE OF PERTURBATIONS. 273 


These are the so-called Verzweigungsgleichungen + and (if there exists a 
solution) serve to determine Ycms1) and Y-(m+1) a8 functions of z. The re- 
maining y; can then, from (96), be expressed as functions of 2; conversely 
if these equations possess no solution for ycms1) and Y-(ms1) there exists no 
solution of the differential equation (51) of the desired character. Now 
it follows from (94) and (98) that 4. ¢ms1) (0, Ycms1), Yoms1)) == 0. Accordingly 
if the integer m is such that the constants A$“) (m) in (89b’), (89c’) 
are not zero there exists for sufficiently small values of xz no solution of 
(89b’), (89c’) and hence no periodic solution of the desired character. 

From (50) and (35) it is clear that Aj{j*? (m) are linear combina- 
tions, the coefficients of which are functions of m, of the coefficients of Laplace 
(which themselves are functions of m). Accordingly, for a given value of m, 
the numerical values of Ar{y+!) (m) can be calculated from tables of the 
Laplace coefficients.t The author has calculated § these coefficients for 
| m | S 4 and obtains 


(99) Azim) (m) 0 (m—=1, + 2, +3, +4), 


which is sufficient to show that for sufficiently small values of x the equations 
(89b’) (89c’) possess no solution for yom) and Y-cms1)- 


THE JoHNS HOPKINS UNIVERSITY. 





7 Cf. footnote 7, p. 260. 

t Tables giving the numerical values for the coefficients of Laplace for various 
values of a (and therefore of m) are given for instance by Runkle. Not having 
access to these tables, recourse was had to a memoir of Leverrier in the second volume 
of the Annales de V’Observatoire de Paris, in which he gives recursion formulas for 
the coefficients of Laplace and their well known expansion in a hypergeometric series 
according to powers of a, in a form suitable for calculation. 

§ The inequality (99) can be established for very large values of m by means of 
well known asymptotic methods. 
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NOTE ON THE CONSTANTS OF THE DISTURBING FUNCTION. 


By K. P. WILLIAMs. 





The method for obtaining the quantities c,‘" that appear in Newcomb’s 
development of the disturbing function that was given in this journal re- 
cently * had in view primarily the case where the ratio s—a/a’ is large. 
For small values of s the work can be greatly shortened by using the following 
method for finding the ¢,°*, 7 > 0. 

Making use of (16) and the series (19) for H, we have 


cD  2(27+1)(27+2+1)/s \2 ee 
= Feit (=) [1+ by +: °). 


When the value for a, is used we find 








1+ 2i 
4(t-+7+1)(¢+7+4+2) ° 





b,—=—1+ 


Hence 
C, st) 


= s2(2j + 1)M, 


PACED 
where M is a number not much different from unity. 
If s is small we can easily observe by this formula, after the c,“” have 
been found, the lowest element c,“) in the second column that is not 
negligible. Putting c,%*t?)> 0 we have from (45) 


C,H) == gc, 1), 


The column can be completed as before. Similar remarks apply to succeding 


columns. 

The following errata appear in the numerical series given at the end of 
the article cited: 

The numerical coefficient in c,°® should be 2°5-11-13-17; that of 
c,°193) should be 1280-17-19 - 21-23: 25. 


INDIANA UNIVERSITY, 
BLOOMINGTON, INDIANA. 





*K. P. Williams, “ The Constants of the Disturbing Function,” American Journal 
of Mathematics, Vol. 52, pp. 571-584. References are to this article. 
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CONDUCTORS IN AN ELECTROMAGNETIC FIELD (E°e?!, H°e**), 


By F. H. Murray. 





The physical problem of a system of conductors in an impressed electro- 
magnetic field of the form (E%e?', H°e') leads to the well-known field 
equations in space and in the conductors, with boundary conditions at their 
surfaces. It is proposed here to develop certain formulas required in the 
mathematical discussion of the general problem; by means of certain vector 
identities it is shown that the field which must be added to the impressed 
field exterior to the conductors can be represented by integrals over the sur- 
faces of the conductors, which are equivalent to a representation in terms of 
surface distributions of electric and magnetic doublets.* Part I is devoted 
to the derivation and discussion of these identities; in Part II a discussion 
is given of the special case of perfect conductors. The representation leads 
to a system of integral equations which can be reduced to the type of Fred- 
holm, and it is shown that the exceptional values of p, for which the equations 
corresponding to an arbitrary impressed field do not possess a solution, must 
be the values which correspond to cavity-radiation for at least one conductor. 
While the discussion of certain points could be abbreviated by appeals to 
physical intuition, it appeared desirable, for possible applications to high 
frequencies, to give formal proofs of all propositions stated. 

From the general formulas of Part I can be derived the equations for 
the case of wire conductors, in a high-frequency radiation field; a discussion 
of these equations and applications will be given in another paper. 


Part I. GENERAL FORMULAS. 
a 


1. Let the system of surfaces S,, S2- - - Sn be denoted by 8; each surface 
is assumed to have a continuous tangent plane and to be such that if an 
arbitrary point (20, Yo, 2) on S is given, a transformation of the codrdinate 
axes can be made such that all points of 8 in some neighborhood of this point 
can be represented in the form z—f(z,y), where f possesses continuous 
partial derivatives of the first three orders, and 


0 =f (0, 0)= df/da | e-y-0 = Of /dy | v=y-0- 


* Related formulae have been developed by Hasenérl, Physikalische Zeitschrift, 
Band 7 (1906), p. 37. For the special case of perfect conductors see MacDonald, 
Electric Waves, p. 15, also Proceedings of the London Mathematical Society (2), 
Vol. 10 (1911), p. 91. 
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Let p, o, « denote the permeability, conductivity, and specific inductive 
capacity, respectively, of the medium exterior to S (exterior to every §j), 
while y’, o’, & denote the constants of the interior, fixed for any conductor, 
but not necessarily the same for different conductors. 

If the impressed and added fields are written in the form 


E°(xyz)e?*, HY (xyz) er 
E (xyz) e**, H (xyz) er 
and if 
A\=1/c(4r0 + ep), x—=—pp/c, h=(—x«dr)* 


the equations of Maxwell become, 


i AE = curl H NE’ = curl ’ 
(1.1) «H = curl E x H’ = curl E’ 


primes denoting interior values. The components of E, H satisfy the wave 
equation 

(1. 2) (A — h?) db =(07/0x2 + 07/dy? + 02/022 — h?)b = 0. 

This equation has the fundamental solution 


b=(U/r)e™, — r= [(e—a0)® +(y—yo)* +(2—20)2)%. 


The real part of h is assumed positive or zero; it is at once seen that if p lies 
on the right of the imaginary axis in its complex plane, a branch of h which 
is positive when p is positive real will have its real part positive and this 
branch of the function will be used throughout. The boundary conditions 
on S are that the tangential components of E° + E are equal to the corre- 
sponding tangential components of E’, similarly, (H° +H), =H’ 


tang. tang.° 
2. Let & be the surface of a large sphere enclosing S, while y is the 
surface of a small sphere enclosing a point (xoYo%) exterior to 8, but interior 
to 3; if uw, » are two vectors which are continuous, with their partial deriva- 
tives of the first two orders in the interior of 3, exterior to S and y, we 
have the identity * 


[u, curl o]n + un div v — [v, curl u)n 
— v, div u = udv/dn — vdu/dn + curl, [u, v]. 


From Green’s formula in vector notation 


SSIS (wdsv— vdu} dx dy dz=— f f (udv/dn — vdu/dn) ds. 


(S+Z+¥) S+L+y 





* Weyl, “itiber die Randwertaufgabe der Strahlungstheorie und asymptotische 
Spectralgesetze, Crelle’s Journal, Band 143 (1913), p. 182. 
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Also, 


= ff curl, [u,v] dS 
S+l+y 
consequently 


- [u, curl v|]n— Up div v 
fff {wAv— vdu} da dy dz SF = | 4 favendiaelssieaaan \ 8. 


(S+2Z+y) S+l+y 


If the vectors u and v are solutions of the equation (1.2), the integral 
on the left vanishes; if in addition the components of uw have continuous 
partial derivatives of the first two orders interior to y, while v is one of the 


vectors 
v =(¢, 0, 0), vw” =(0, g; 0), vw” = (0, 0, >), 


from Stokes’ theorem 
ff curl, [u,v] dS =0. 
Y 


Consequently, if the vectors above are substituted in succession in the identity 
ffm [u, v] ds — SS (ue v ) as 
=—ff A sa —s) ag 


sx | —[v,curlu],—v, divu 


and the radius of y is made to approach zero, the result is, 


4wuz = f f {[n,u] - curl v’ + u, div v’ — [n, v’] curl u— v,’ div u}d8. 
S+z 
The components u,, uz have the same representation in terms of v”, v’”’, 
respectively. 
If w—E, since div E = 0, one obtains from the field equations 
4nE, = f f {[n, E]- curl v’ + E, div v’ + «[n, H)v’} dS. 
S+z 
If the real part of A is not zero, the integral over } approaches zero if 
E is bounded at infinity; if the real part of h is zero, but h40, while 
(E,H) behaves at infinity like the field of a system of diverging spherical 
waves 
lim Re'®E —E,(6¢,¢), E~E,(6,¢) (1/R)e* 
Roo 
and if the approach to the limiting value is uniform with respect to the 
polar angles 6, ¢, 


Sf (ln, E] curl v’ + E, div vo’ + «[n, H]- v’}dS ~ Ce-®, 
z 
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Consequently, if C40, 4r7E (xp, yo, 20) does not approach a limit as R > o. 
But since E is independent of R, C = 0. 
Hence 
4nE, = f{ f {[n, E] - curl vo’ + E, div vo’ + «[n, H]v’}d8 

s 


(1.3) 4aky= ff {[n, E]- curl v’ + E, div v’ + «[n, H]v"}ds 
Ss 
4nE. = ff {[n, E]- curl vo” + E, div v” + «[n, H]w’”}dS. 
S 


The corresponding representation of H is obtained by interchanging E and 
H everywhere, while « is replaced by X. 
If the definitions of v’, v”, v’” are employed, the result is, 


4rE = curl SS [n, E| ¢dS — grad SJ E,¢dS + « SJ [n, H| odS 


ai 4nH = curl fs [n, H] ddS — grad in HpdS +0. J J [n, E] od. 

If the point (2o, Yo, 2) had been taken interior to any Sj, the integra 
over y could have been omitted in the discussion, and the left-hand side of 
(1.4) would be zero. The normal indicated above is the exterior normal; 
the formulas for the interior of any surface S; are the same as above, with n 
indicating the interior normal, § replaced by Si, and ¢ replaced by ¢’ con- 
structed with the constants of the conductor. 

The impressed field (E°,H®) has no singularities interior to any Sj, 
hence if (x,y,z) is exterior to Sj, 


0 =curl f f [n’, E°] ¢dS — grad f f En °¢dS + « f f [n’, H°] dd8. 
Si S; Si 


Replacing n’ by —vn, and observing that the tangential components of 
E°, H® are the same on both sides of Si, En'° = — E,,°, this can be written 


0 =curl ff [m, E°] ¢dS — grad f f E,°¢dS +« f f [n, H°] od8. 
S; Si Si 


Summing with respect to i and adding the result to the first equation (1.4), 
and repeating the process for the second equation, 


(1. 5) 


4rE = wre fl(mE+ E’]4d8 —¢ grad JS Be + E,°)¢d8 + “SJ [n, H + H°|¢d8 
47H — curl f Jin H + H°|¢dS — grad f f (Hn + H,°) ¢dS + d J Stn, E+ al ass 


From the boundary conditions 


[n, E+E] =[n,E'], [n,H +H] =[n,H'j, 
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and the derived conditions * 
\(E,° + E,)= NEW’, p(H,° + H,) —= pH, 
and (1.5) becomes 


4nE = curl ff [n, E’]pdS — grad f f (x’/A) En’$d8 + « f f[n, H’]¢d8 
Ss 8 Ss 


1.6 
cia 4nH = curl f f[n, H’]¢dS — grad f f («’/x)Hn’odS + Af f[n, E’] ods. 
s 8 8 

3. If (%4, y1, 2) represents a point on S in the formulas (1.4), while 
(z,y,2) denotes a point exterior to S, and if J—([n,H], the condition 
div E = 0 becomes, 


—Jf SEvAgds + «ff (Jo,0¢/dx + Jy06/dy + Jz,0¢/02) dS = 0 
4 8 
or since h* =—kA, ; 
ss (—AEnd+ Jc,0b/02, + Jy,06/dy: + Jz,06/0z,)dS = 0. 
iS 


On the surface S let (u,v) be isothermal Gaussian codrdinates for a small 
part of the surface Q bounded by an ordinary curve C; if dz = 0¢/0zx etc., 
while (u,v, ) forms a right-handed system; then 


a == Oe, /du a’ = d2,/u 1=—e,/n|an |e l 
B’ =dy,/du B”’ =dy,/dv m= dy,/On | n=o B Bp’ m™ 
y =02,/du yy’ = 92/0 n=02,/0n | nao y yy on 
H, =—?H,,+ @H,,+ yH., H.,=—«H,+ p’H,+ 1M, 
H, = «”H,, + B’Hy, + y’H:,, Hy, = BH. + &’H, + mH, 
H,, = 1H,, + mH,, + nH., H., = y'H, + yy + nM, 
Then 





Jc,dp/0x1 + Jy,06/dy. + Jz,06/02, = H,0¢/00 — H,0¢/du. 
= — 0/du(Hb) + 0/00 (Hud) + ¢ [0H,,/éu — 0H,,/0v]. 


Consequently 
(Sf (Je,06/0x: + Jy,06/0y; + J,06/02,) dS 
a SS [0/0v(Hud)— 0/0u(Hd) | du dv + f f 6(0H./du— 0H,/dv) du dv 
. Q 


=— f ¢ [H.du + H,dv] + Sf f§ ¢(curl H),»dS 
C Q 








* These equations result from the fact that the identity F,’=(E + E°), implies 
that an identity is obtained by differentiating each side tangentially; the normal 
component of (f+ 7°) is expressed in terms of the tangential derivatives of 
E+ E°,; hence the second relation. The first is obtained in the same manner. 
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from Stokes’ theorem in the (u,v) plane. Now if each surface S; is divided 
up into a number of parts Q, each bounding arc of the curves C occurs twice, 
the integration being in opposite directions, while the integrand of the line 
integrals is independent of the choice of Gaussian codrdinates; the sum of 
the integrals over the curves C vanishes. Hence 


S$ § (Jos0b/021 + Jnd¢/091 + Jz06/0%) dS =f fp (curl H)ndS =f frEngds. 
Si Si S; 
Hence div E—0; similarly, div H — 0. 

A representation of the field (E,H) in terms of surface distributions of 
electric and magnetic doublets results immediately. Let 


4nH, = curl ff [n,H]¢d8, = ff Engds. 
S Ss 


The electric field corresponding to H, results from the field equations: 


E, = 1/d curl H, =(1/42d) {grad div ff [n, H] $45 —h?  f [n, H] ¢d8}. 
S S 


Since 
div {— grad @-+x« ff [n,H] ¢dS} —0, 

s 
we have 
(3. 1) h?@ = divx Sf [n, H] od8. 

s 
Hence 

4nE, =— grad ®+« ff [n,H] dS. 
s 
Similarly, if . 
y = Sf H,,¢dS8, 
Ss 


the vectors 
4nE, = curl f f [n, E] ¢dS, 
s 


4nH, =—grady + ff [n, H] ds 
S 


form a system satisfying the field equations; since 
E=E,+E.,, H =H, +H, 


it follows that an arbitrary diverging field (E,H) can be represented as the 
sum of surface distributions of electric and magnetic doublets. 


4. Another representation of the field (E,H) in terms of surface and 
volume integrals, which reduces to a well-known representation when h? is 
neglected in comparison with h’*, can be obtained as follows. As before, 
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let (E’,H’) denote the field interior to any conductor; if v is one of the 
vectors v’, v’, v’”’, an identity already used gives the equation, in which n’ 
is the interior normal, 

fff (Hav — vAE’) da, dy,da, 

(Si) int. 

=— ff {[n, EF’) carlv + E’, div v — [n’, v] curl E’}d8. 
Si 

Since Av=h?v, AE’ =h?E’, 
this becomes 

Sf § (he? —h?) E'vda,dy,dz 


(Si) int. 


=— ff {[n. EF] curlv + Ey divuv + «’ [n’, H’] v} dS. 
Si 


Replacing n’ by —n, and summing with respect to all conductors, 


SSS (h? — h’?) E’vdx,dyidz 
(S) int. 


= ff {[n, FE’) curl v + E,’ div v + «’ [n, H’] v}dS 
8 
which is easily transformed into 


SSS (2h) E'$ derdysde, 
(S) int. 


—curl f f [n, E’] ¢dS — grad f f En’'$d8+ ff « [n,H’] od8. 
Ss Ss Ss 


Combining this identity with the first equation of (1.6), one obtains 
(4.1) 4r7E = fff (h?—h”?)E’¢da,dy.dz, 


(S) int. 


—grad ff [(—A)/A] En’'$dS + ff («—«’) [n, H’] $48. 
Ss S 


From the field equations 
(4.2) 40H curl ff f [(h? —h”) /«] E’pda,dyidz, 

(S) int. 

+ curl f f [(«—«’)/«] [n, H’] ¢d8. 
S 

These formulas bring into evidence the vanishing of the field (E,H) if 
A=)’, «= x’. 

Part II. Prerrect CONDUCTORS. 


1. If all the surfaces 9; are assumed to bound perfect conductors, on 
each (E° + E) tang. = 0; the representation of the magnetic field * reduces to 





*If ¢ ~0 exterior to S, another treatment of the problem is possible; see “The 
Electromagnetic Field Exterior to a System of Perfectly Reflecting Surfaces,” Pro- 
ceedings of the National Academy of Sciences, Vol. 16, No. 5 (May, 1930), pp. 353-357. 
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4nH = curl f f [n, H’] $8. 
S 


Let J=[n,H’]. Introducing the isothermal codrdinate system (u,v) on 
the surface, and the direction cosines of the u, v curves (a, B’, y’), 
(«”, B”, y’”), respectively, let components at a fixed point be denoted by the 
subscript 0; then if (2, y, z) is a point on the normal at (2, yo, 20), we have 





Oo” Bo Yo. 
Air (0% He + Bo Hy + yooHz:)=— ff | O¢/dr, O/dy, 06/02, | dS. 
Sl Je, Ju; Je, 
On the surface S, 
Op/0x = w0p/du + o&’0b/dv + 1ld¢/dn 
0p/dy = B’0b/du + B’0b /dv + midd/dn 
06/02 = y'0b/du + y"0b/dv + ndd/dn 
consequently 
4H, (Uo, Vo, 2) 
a” B’ / 
=—f f |%0p/dv + ldd/dn B’0b/dv + mdg/dn y'"dp/du + nid/dn| dS 
8 \Je Jy J: 





+S Sf {a'— at) (Jei/dy — Jy/82) + (BoB) (Jad /dz — J.04/02r) 
P + (y0’— y') (Jyib/dx — Jo04/dy) }d8. 





Now 


Jo=J, +e'J, Jy= Bu + B'Ix, Jz =7Iu + So; 


from which 
4H y,(Uo, Vo, N= f f (Jvd/dn)dS + f f (AJu + BJ.) ds. 
S Ss 


Since 


Jo =H, Ju = — HH’ 
the preceding equation becomes, 


(1.1) 4rHly,(to, Vo, )—= f f (Hu'dd/dn) dS + § § (BH,’ — AH,’) ds. 
; S S 


Now the function ¢ becomes infinite like 1/r, and from the theory of the 


Newtonian potential, 


4H, (Uo, Vo, 0) = 20H,” (uo, Vo, 0) 
+ ff Hu'[d¢/dn]dS + f f (BH,’ — AH,’)dS 
S 8 
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since A, B become infinite only to the first order on the surface. This equa- 


tion may also be written 


Co Bo’ Yo 
(1.2) 2eHy,’ = 4aHo— ff | [06/Ax]o [04/dy]. [04/02]o | ds 
Ss [n,H’|, [n,H’], [n, H’ |: 


the bracket indicating the values on the surface. Similarly, 


— Bo” Yo. | 
QnA,’ = 4rHr,? — ff | [0¢/dr]o [0¢/dy]o [06/0z]o | aS. 
s [n,H’|, [n,H’]|, [n,H’]: 





These equations form a system of integral equations which can be reduced 
to the type of Fredholm by iteration, and consequently possess a unique 
solution unless the homogeneous equations, corresponding to no impressed 
field, have a solution. _In this case the solution of the homogeneous equations 
defines a field (E,H) by means of 


4rH = curl f f [n, H] oS, 
S 
E =1/dA curl Hd. 


The integral equations express that the condition [n,H] — [n,, H] is satis- 
fied, hence H is expressed in terms of its tangential components. Hence in 
the equations (1.4), Part I, the first integral representing H is the same. 
This is only possible if 


0 = — grad f f HiddS +2 ff [n, E] dS 
Ss RS 
and 


4nE = — grad ff EnddS + « f f [n, H] dd8. 
S s 


The surface integrals which represent (E,H) exterior to S continue to 
define a solution of the field equations, hence a field, in the interior of any S;; 
but since a potential of a double layer 


f(xzyz)= ff »(S)[d(1/r)dn] ds 


Ss 
has the property that 
faz+o ae fn=-o — 4p (So) 


it results that if m continues to represent the exterior normal, instead of 
47H, on the left as in (1.1), 


0=lim f f (H.’d¢/dn) dS + f f (BHw’ — AH’) dS. 
e's 8 
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Hence the field defined in the interior of any S; must satisfy the condition 
H,—H,=0. The tangential components of E are the same on both sides 
of 8i, hence unless [m, E] vanishes identically exterior to each S;, on at least 
one surface the interior tangential components of E are not identically zero; 
let this surface be S;. Interior to S; the tangential components of H are 
zero, While [n,E]=40. Now let the field equations be written 


AE = curl H, «H = curl E. 
Then 
KAE = curl «cH, AcH = curl AE 
or if 


E, = «cH, H, = .E, 
the first equations are transformed into 
«H, = curl E,, AE, = curl H,. 


Hence a field (£,,H,) exists, under the preceding conditions, such that 
interior to S; the tangential components of H, are not identically zero, while 
the tangential components of E, vanish. This is only possible if the time- 
constant p is one of the set of discrete values for which cavity-radiation 
(Hohlraumstrahlung) exists, while the conductivity o of the exterior region, 
also of the interior of S; which is now merely a geometrical surface, is zero. 

If p is not one of the set corresponding to cavity-radiation for any 
surface S8;, the assumption that [n,E] 0 exterior to each Sj; is reduced 
to an absurdity. 

The assumption that the tangential vector [m,E] defined by a solution 
of the homogeneous integral equations is identically zero on each Sj; also 
leads to a contradiction ; to show this it is necessary to derive oe for 
the field at infinity. 

2. From (1.4), Part I and § 3, a diverging field (E,HM) can be repre- 
sented in the form 

4nE = curl f f [n, E] ¢dS + 1/d curl curl f f [n, H] ¢d8 
Ss 


4nH = curl ff [n,H] ¢d8 + 1/« curl curl f f [n, E] ods. 
s 8 


Let (xyz) denote a point in space, while (2, 41,21) is a point on S. From 


the definition, 
p=e/r, r=—=(R2 + 1,2 — 2Rr, cos p)%, 


r= (22 + y,2 + 42)%, R+(a?+y2+2)%, cosy =(aas + yys + 221) /rh. 


Then 


r= R—r,cosy + (‘+ °)/R. 
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Let 
cosa=2/R, cosB=—y/R, cosy =2/R. 


Then the limits are easily obtained 


lim Rer®g == gir: cos ¥, 
R-0 


lim Re®0g /da = — h cos agers cos ?. 
R00 


lim Re'*62¢/dx? = h? cos? aehr: © ¥, 
R->c 


lim Re*®62¢/drdy = h? cos a cos Bet ¥, ete. 
R->0o0 


Let 
U =1/4rf f[n, He ¥d8, V =1/4rf f [n, E] et ¥d8. 
Ss Ss 


With the preceding limits, 
lim Re curl f f {[n, H]/47}¢d8 
R-00 S 
= — h{i(Uz cos 8B — U, cos y) + j(Uz cos y — U; cos @) 

+ k(U, cos « — U, cos B)}. 
Let © be a sphere of unit radius about the origin, while % is a sphere with 
center at the origin, and radius R. The exterior normal on each is 
nm =(cos a, cos 8, cosy); the right-hand member above is equal to 

—h{[n,U]. 
If a vector F satisfies the equation (A — h?)F —0, 
curl curl F = grad div F — h?F;; 


consequently from the limits preceding it is found that 


lim Re'®E = —h[n, V] — x{n(nU)— U} = E, 


R-o 
lim Re” H = —h[n, U] —A{n(n V)—V} = M,. 
R->0o 
Also, 
lim Re*®[n, E] =« [n, U] + hV — hn(nV)= [n, E,] 
R-00 
lim Re [n, H] =A [n,V] + 2U —hn(au)= [n, H,] 
R-© 
and from the relation h? = — xd, 


h[n, E,] = — «H.,, h[n, H,] = — )E;. 








Salsa desteraes taidadecae te 





286 F. H. MURRAY. 


Let the conductivity of the exterior region be zero, while p = iw; then 
A = clw/C, K = — plw/c, h = w(en)*/c. The preceding identities become 


(eu) *[n, E,] nH, — (e)*[n, H,] = — 
Now the energy flow outward across the sphere & is equal to 
c/4a f f {R[ Be], R[Hett]}. ds 
if only the real parts of the field are considered; omitting the factor c/4z, 


the average value of this expression over a period 7 = 27/w is half the 
quantity 


Kr=%% f f {((E.H), + [E.H],}ds 
z= 
=——% ff {E[n, H] + E[n, H)}d8 
—— 1, f f (ReRE[h, Re A] + Re*®E [n, Re H]} do. 
Q 


From the identities developed above it is seen that 
= Kr=—% ff {E.[n, A.) + E,[n, H,]}do 
00 2 
=(c/u)* ff |Ex|? do—=(u/e)* ff | Hi |? do. 
2 Q 
It is an immediate consequence that if the mean energy flow at infinity is 
zero, the functions E,, H, vanish identically. This condition is satisfied if 


the tangential components of E or of H are zero exterior to the system of 
surfaces S; for .in the identity * 


curl uw curl v + div u div v + udAv}dz dy dz 
y 
(S+2) 
=— ff {[n,u] curl v + u, div v}d8 


(S+Z) 


replace u by H, v by H;; from the result subtract the corresponding members 
of the identity with u—H,v—H. Since 


curl H >= — rE, 
the right-hand member becomes 
df § (E[n, H] + E[n, H]}d8 


and vanishes since the left-hand member is zero. Consequently if the inte 





* Weyl, loc. cit. 





— 
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grand of this expression, which depends only on the tangential components 
of E, E, H, H vanishes on S, the integral is also zero on 3, for every R > Ry. 

If E, = H,=0, it results that the field (E,H) vanishes identically 
exterior to S. For the components of the field satisfy the wave equation, 
which becomes in spherical codrdinates 


:. 2 2a) 1 Of. ,du 1 eu 
R? an (2 mp) © Besind 55 (80 O55) + ag 7g2 — um. 


Let Yn be an arbitrary spherical harmonic of order n; the integral 


W»(R) — {ous f"B.(2, 6, +) Yn(6, 6) sin 6d 


satisfies the differential equation 


1 @ (we + (—#—*@ ED) w, =o 





R? dk dk hk? 


as is seen from the equation in Y,, 





1 0 * 1 07Y 
sin 0 #5 (sin . we) + mae 7 Ter eet 
and an integration by parts.* 
Consequently 
Wn = Ci Kase (hR)/(R)*% + Celns1;2 (hR)/(R)* 
= C1/(R)* (2/2hR)* e™ [1 + 1/R(- - *)] 


since a limit must exist, as R — o, for the quantity Re’? W,. 


lim Re*®W, = 0, (2/2h)*. 


R-00 
Since the products Re’*E,, etc., approach their limits uniformly with respect 
to the spherical angles @, 4, 
lim Rer® SJ E,(B, 6,6) ¥n(6, 6) sin 6 déd¢ 


R->0o 
= ff Yn(9, ¢)E:0(0, $)sin 0 dbdp = 0, (2/2h)*. 
Q 


If E; =0, C,; =0. But Y, was an arbitrary spherical harmonic, hence the 
expansions of the components of E in spherical harmonics on the surface > 
vanish identically. Since E is analytic on %, provided R is so large that 
the surfaces S; lie entirely in the interior of 3, E must vanish identically 





*Carleman, Sur les équations intégrales singuliéres d noyau réel et symetrique, 
Upsala, 1923, pp. 181-183. 
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on %, likewise H. If the surfaces S; are ordinary surfaces, the values of E 
and H at an ordinary point exterior to S can be obtained by analytic con- 
tinuation from their values on some %, hence the field (E,H) vanishes identi- 


cally exterior to S. 

Returning to the homogeneous equations assumed satisfied when the sur- 
faces 8; bound perfect conductors, it has been found that the field (E, H) 
defined by a solution of these equations must vanish identically exterior to 8S, 
if p is not one of the exceptional values. But if H vanishes identically ex- 
terior to S, the tangential components of H on S vanish identically; the 
integral equations express that the vector [m,H] appearing in the representa- 
tion of H is formed from these tangential components, hence vanishes identi- 
cally. The assumption that a solution of the homogeneous equations exists 
leads therefore to a contradiction unless p is one of the exceptional values 
corresponding to cavity-radiation in the interior of some Sj. 

From the theorems of Fredholm it results that the equations for the 
tangential components of (E,H) when an impressed field is present have a 
unique solution, if p is not one“of these exceptional values. 
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THE GRAVITATIONAL FIELD OF A BODY WITH ROTATIONAL 
SYMMETRY IN EINSTEIN’S THEORY OF GRAVITATION. 


By P. Y. CuHov. 





INTRODUCTION. 


The present paper is an attempt to solve rigorously the problem of the 
static gravitational field of a body whose mass is distributed symmetrically 
around an axis in Einstein’s theory of gravitation. In §1 Einstein’s field 
equations in vacuo * 


(0. 1) Guv — 


are set up and reduced in § 2 to a form such that simple problems like the 
sphere ($4) and the plane (§5) can be solved. In the general problem 
there is a fundamental difficulty which will be avoided by the introduction 
of the Newtonian potential (§ 7). The solution of the whole problem then 
depends upon the solution of the well known Laplace’s equation and a partial 
differential equation of the second order which is not linear. Finally the 
gravitational fields of spheroidal homoeoids (§ 8, §9) are given as illustra- 
tions of the present investigation and the motion of a particle in the field 
of an oblate spheroidal homoeoid is discussed (§ 10). The paper also con- 
tains a critical examination of earlier works upon the problem notably those 
of Prof.’s Weyl and Levi-Civita (§ 3). 


I. EanstTetn’s LAW oF GRAVITATION. 


1. The field equations. We consider the static gravitational field outside 
of a body whose mass is distributed symmetrically about an axis. Hence the 
guv’s do not vary with respect to time. The most general fundamental quad- 
ratic differential form in such a field appears to be 
(1. 1) ds? == —(giidz,? — 2 ioda,dz, oe J22d22" )— J33da3" = gasdx 4? 
where 21, %2 are any two codrdinates in the meridianal plane containing the 
z-axis, @; = @, the azimuthal angle, 7, —¢, the time codrdinate, the unit of 
time being so chosen that the velocity of light in vacuo is unity. The gwv’s 
in (1.1) are functions of 2, and 22 only. 





* A. S. Eddington, The Mathematical Theory of Relativity, 2nd Ed. (1924), p. 81. 
Eddington’s notation with slight modifications will be followed throughout the present 
paper. 
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We assume that the values of the gw’s exist. From a well-known y 
theorem * on positive definite quadratic differential forms of two variables 4 
such as the form in the parenthesis of (1.1), it is always possible when gi, 
912) J22 are explicitly given, to make a real single-valued, continuous trans- 
formation from 2, and zz to u and v by 








(1. 2) %—=2,(u,v), %2—=22(u,v), where J=[0(x%,22)/0(u, v)]~0 | 





such that the following identity is true, 


(1. 3) 911421? + 29,2dr,dr2 + goodax,” = e?"(du? + dv?). 
Hence (1.1) becomes 
(1. 4) ds = — e?™( du? + dv?) — e?"dx,? + edz? 


where m, n, v are functions of uw and v to be determined. Let 


U=2;, V=—2. 


Then 
f= = oo, i= > om, la= ”, 
Fi: 5) 9 = 9119229339 44 = — etmt+2nt2v 
gi} — y= ae e-2™, g*8 aa e-2n, gt = e-2’, 


Now (1.4) is an orthogonal quadratic differential form. The general 
expressions of the Christoffel symbols of the second kind for such forms are 
well known.t In the present problem the non-vanishing symbols are 





{11,1} =m, {11, 2} = — my 
{12, 1} = my {12,2} = my 
{22, 1} =— my {22, 2} =m» 

(1. 6) {33, 1} = — ¢2"-2mp, {33, 2} = — e20-2mn, 
{44, 1} = 62” -2my, {44, 2} — ¢2”-2m,, 
{13,3} =n, {14,4} = vy 
{23,3} = ny {24, 4} = vp | 


where the subscripts mean partial differentiations for simplicity. 
Written out in full Einstein’s field equations in vacuo are 


(1. 7) Guv = — 0/024 {uv, a} + {ua, B}{vB, a} 
0? /dxpdxv log (— g)* — {pyr, «} 0/0x_ log(— g)* = 0. 


aS 


If we substitute for the three-index Christoffel symbols of the second kind 





*L. Bianchi-Lucat, Vorlesungen iiber Differentialgeometrie, (1910), pp. 69. 
+ A. S. Eddington, loc. cit., pp. 83. 
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from their values (1.6) into (1.7), we obtain the following five non-vanishing 
components, 


(3. 8) Gi1 = Mun + Mov -t- Nuu = Vuu + Ny? -{- Vu= — Mu(Nu + Vu) + My (Ny + Vy) = 0, 


(1. 9) Ge = Nuv + Vuv + NuNy + VuVy — My (Nu + Vu )— My (Nv + Vo) = 0, 


(1. 10) Goo => MNuu + Mouv -l. Nov oh Vev +- Ny ob Vy" -t Mu (Nu + Vu) — My(Ny ae Vy) = 0, 


(1. 11) G33 = e2"-2m [ uu + Ney + Nu(Nu ++ Vu) + Ny (Nv + vv) | = 0, 
(1. 12) Gag =— €?”-2m [vun + Vov + Vu( Nu + Vu) + Vy (Ny + vv) J = 0. 


2. Reduction of the field equations. By putting 


(2.1) xXx=n-+y, 

and adding the expressions in the square brackets of (1.11) and (1.12) 
we get 

(2. 2) Xuu + Xvv + Xu -|- Xv" = 0, 


which becomes Laplace’s equation in the wv-plane, 
(2. 3) Pun + Dy = 0, on setting B= eX =e, 


It is well known that the solution of (2.3) is unique, if the boundary 
value of ® be given in the wv-plane. Then G4, 0 becomes 


(2. 4) Vuu ~- Vov a XuVvu “+ Xo = 0, 


which determines vy. We obtain n by (2.1). 
To get the unknown function, m, we use (1.8), (1.9), (1.10). Write 


Gio = 0: 
(2 5) XvMy + XuMv = Xuv + NuNy + vu =A, 
Gi1 — Goo = 0: 


— XuMu + XvMv = Yo{— Xuu + Xov — Nu? — vu? + ny? + 7} = B. 


Then py solving my and my simultaneously from (2.5) we get 
(2.6) mu —=(xu? + xv?) {xd — xuB}, mv = (xu? + x0?) {xu + xrB}. 


It can be shown by direct differentiation and the aid of (1.11) and 
(1.12) that 
(2. 7) dm = midu + mydv 


where my &nd my are given in (2.6) is an exact differential and secondly 
that m satisfy (1.8) and (1.10). This completes the proof that the func- 
tions, m, n, v, thus obtained satisfy every component of Einstein’s field 
equations (1.7). 
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3. On Weyl-Levi-Cwita’s solution. The problem under consideration 
was first attacked by H. Weyl.* His-result was criticized by T. Levi-Civita + 
as being incomplete due to the incomplete use of a variational principle. The 
latter started with (0.1) and gave a complete though restricted set of solu- 
tions. Consider (2.3) and set =p. Let z be the conjugate function of p. 
Then 
(3. 1) p+iz—f(u+ iv) 


where f(u + w) is analytic in u+ iw. From this it follows that 
(3. 2) dp? +- dz? =f’ (u + w)f’ (u — ww) (du? + dv?) 


namely, one set of codrdinates (say u,v) is conformally transformed into the 
other (say p,z). In order to avoid cumbersome mathematical manipulations 
in § 2, both Weyl and Levi-Civita assume initially that 


(3. 3) p=u, z=v. Then e?"=—p?e 2” and 

(3. 4) ds? —= — e?™(dp? + dz*)— p2e-?"d¢? + e?’dt?. 
Moreover, Gs4== 0 and dm become respectively 

(3. 5) @2y/dp? + 6%v/dz? + (1/p)dv/dp = 0, 


(3.6) dm=— dv-+ p[ (0v/0p)?—(6v/dz)?] dp + 2p (Av/dp) (0v/dz) dz. 


We recognize (3.5) as Laplace’s equation in cylindrical coordinates 
(p, 2, 6) independent of ¢. Weyl calls (p, z) in (3.3) the “ canonical cylin- 
drical codrdinates ” which are apparently different from the ordinary cylin- 
drical codrdinates used in solving Newtonian potential problems. He then 
emphasizes the fact { that if the distribution of mass of a given body in our 
space-time manifold is known in terms of this set of configurational canonical 
coordinates, the problem is reduced to the solution of (3.5). He shows § 
that Schwarzschild’s solution in isotropic codrdinates of a body with mass, m, 
having spherical symmetry, corresponds to that of a finite line segment of 
length 2m, with constant linear density, lying on the z-axis of the configura- 
tional canonical space-time manifold. But he does not make clear that it is 
almost impossible to know the corresponding distribution of mass in this 





* H..Weyl, Annalen der Physik, Bd. 54 (1918), pp, 134. 

+ T. Levi-Civita, Rendiconti Accademie dei Lincei, Vol. 28, i (1919), pp. 9. 

tH. Weyl, Raum, Zeit, Materie, 5th ed. (1923), p. 266. 

§ H. Weyl, Annalen der Physik, Bd. 54 (1918), p. 140. Schwarzschild’s solution 
is not necessarily limited to a particle. It can be applied equally well to a spherical 
shell. Cf. J. T. Combridge, Philosophical Magazine (7), Vol. 1 (1926), pp. 276. 
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canonicai coordinate system when the distribution of mass in our space-time 
codrdinates is given. This difficulty is clearly brought out by the following 
argument. 

When we carry out the transformation from (2, 22, ¢, t) to (p, z, ¢, t) 
by (1.2) and (3.3) we assume only the existence of the values of g11, gi2, 22 
in (1.1) so that the transformation is possible, but their explicit forms are 
not given a priort and consequently (1.2) is not explicitly known. Although 
we know the boundary values of gyv in the original (2, 22, ¢, t) system, we 
do not know the corresponding boundary conditions in the (u, v, ¢, ¢) system 
on account of the uncertainty of (1.2). Since (3.5) has an infinite number 
of solutions if the boundary value of y is not specified, the solution obtainable 
from (3.5) and (3.6) will not be unique, and consequently it is indeterminate. 

The same difficulty arises if we do not assume the solution of ® in (3.3). 
Here we do not know which solution of (2.3) we should take in order to solve 
(2.4). The complexity of the situation is enhanced further by the uncer- 
tainty of the boundary conditions of v in the wv-codrdinates. 

An alternative procedure to get a solution for the original physical 
problem from (3.5) and (3.6) is to choose a solution of (3.5) in terms 
of the canonical codrdinates first and then try to interpret it in the (2, 22, ¢, t) 
system by a transformation (1.2). The gyv’s thus obtained must satisfy the 
original boundary conditions in terms of (2, 22, ¢, ¢) given initially. The 
question whether this procedure will lead to a unique transformation (1. 2) 
needs further investigation. It appears not to have been considered in the 


literature. 
II. Frevps oF SPHERE AND PLANE. 


4, Schwarzschild’s solution. As the first application of the results in 
§ 2 let us consider Schwarzschild’s solution. The are element in the gravita- 
tional field outside a body with spherical symmetry is 


(4. 1) ds? == — e?\dr? — e?#(r2d6? + r? sin? Od?) + e?dt?, 


where (7, 6, @) denote spherical polar codrdinates and A, p, v are functions 
of r only. (4.1) may be put in the form of (1.4), 


(4. 2) ds? = —- e?™(du? + dv?) — e?"d¢? + e?"dt?, where 
(4.3) du=rte-"dr, v=0, e™=—ret, eM==rsin ber, 
m, A, v being then functions of u. Let @=e"”’=Rsinv. Then (2.3) is 


(4. 4) d?R/du2 —R =0. 
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Integrating (4.4), we obtain 

(4. 5) R= re” = ¢, sinh u. 

Then (2.4) becomes d?v/du? + coth u(dv/du)=0 giving 
(4. 6) exp (v/C2) = ¢3(coth uw — esch u). 


Eliminating u between (4.5) and (4.6) we obtain 
(4. '7) exp (v/C2) = cgr~1e-4* { [¢,2 + r2e2(utv) 1% — ¢,}, 


By using the boundary condition on » and v that both of them tend toward 
zero as r increases indefinitely we get c; —1. Solving v from (4.7), we get 


(4. 8) sinh (v/¢z) = — cr-1e-4*) == — esch u. 
From (4.3) we see that m is a function of wu only. In (2.6) we must 
have my = 0 which together with (4.6) gives 
(4. 9) G=+t1. 
Take co=1. Then from (4.8) we have 
(4. 10) e?” == 1 —(2¢,/r) e. 
Eliminating wu between (4.3) and (4.6), we obtain 
(4. 11) eX = — resch v(dv/dr) e4. 


The second case cg =—1 only changes c, to — Gj. 
Relations (4.10) and (4.11) connect the three unknown functions A, p, » 


Consequently an infinite number of solutions arises. To obtain Schwarz- 
schild’s solution we set »=0. Then (4.10) becomes 


(4. 12) Jas = 0?” = 1 — 2¢,/r 


where ¢; may be identified as the mass of the body from Newton’s theory. 
From (4.10) and (4.11) it follows that A—v. The same result can be 
also obtained by assuming that gs, is 1— 2V to start with where V is the 


Newtonian potential of the body. 
A second solution of interest is the one in isotropic codrdinates where 


the velocity of light is independent of direction. Putting Ay in (4.11) 
and integrating, we get 

(4. 13) sinh v = 2cyr(r? — ¢,?)71. 

To determine the constant of integration, cs, we use (4.10) and let r tend 
toward infinity. This gives . 
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(4. 14) 264 = —C1. 


Solving for e” and rejecting the negative root of e” which is essentially 
positive from (4.13), we find 


(4.15) Gag = 0?” —=(2r —01)?/ (2r +1)? and e?4=—(1-+ ¢,/2r)4. 


This result was also obtained by a transformation of r in Schwarzschild’s 


J 


solution.* 


5. Infinite plane: a. Gravitational field. Let the zy-plane be the given 
plane. From symmetry considerations around any line parallel to the z-axis 
the most general fundamental quadratic differential form appears to be 


(5. 1) ds? = — e?\(dp? + p?dp?) — e?#dz? + e?"dt? 

where A, p, v are functions of 2 only. (5.1) can be put in the form (1.4), 
(5. 2) ds? = — e2™(du? + dv?) — e?"d¢? + e?"dt?_ with 

(5. 3) du = edz, p=v, m==), ¢€2" = pe, 


In the present case & = pe” = pR and (2.3) becomes 
(5. 4) d?R/du2 =0. Hence 
(5. 5) R == eM” w= Cyt. 
Then (2.4) becomes d*v/du? + (1/u)dv/du =0 giving 
(5. 6) v = log cz + ¢ log u. 
From (5.3) and n= yx—+», we find 
(5. 7) A=(1— cz) log u + log ca, (C4 = 1/3). 
By (2.6), my —=Av = 0, we get 
(5. 8) Co= +1. 


Consider c,=1. If we choose the unit of length properly, cs = c, and 
e\—=1. Then (5.5) becomes 
(5. 9) e” = CU. 


Differentiating (5.9) and on using (5.3) we find 
(5. 10) e” (dv/dz) = c,e*. 





* A. S. Eddington, loc. cit., p. 93. 
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Here we have again an infinite number of solutions of v and ». To avoid 
this indeterminateness we use Newton’s theory. By setting 


(5.11) Gas = 0?” = 14+ 4roz 


and identifying c, as 270 where o is the surface density of matter on the 
given plane, we get »-+v—O0O and the final form of (5.1) is 


(5.12) ds? = —(1 + 42oz)-4dz2 —(dp? + p2d?) + (1 + 4moz) dt2. 


The additive constant in (5.11) is chosen to be unity. Here we are 
dealing with a body whose mass extends to an infinite distance and ds? is 
not Galilean at infinity. The latter condition, however, can be replaced by 
the one that space surrounding the plane is flat if the density of matter on 
the plane vanishes. This is satisfied by (5.12). 

The solution (5.12) can be regarded as the limiting case of Schwarz- 
schild’s solution of a spherical shell when the radius of the shell becomes 
infinitely great (neglecting the infinite constant obtained in this limiting 
process). In fact Whittaker * uses this method to obtain his “ quasi-uniform ” 
gravitational field which, as we see in the present discussion, is the field 
outside an infinite material plane. The case co—=—1 and hence e’=c,u? 
has been treated by Levi-Civita +t and the result extended to the gravitational 
field of a charged plane by Kar.f 


b. The motion of a particle in the field. Now it is possible to transform 
away the field represented by (5.12). Let ; 


gt, yf —Yy, 
(5. 13) ¢ =(1/2m0) {(1 + 4202) cos h 2axot —(1 + 4rch)’*}, 
v =(1/2mc) (1 + 420z)” sin h 2rt, 


where hf is a constant and when (2, y, z, t)—=(0, 0, h, 0), we have 
(2, y, 7, Vv) =(0, 0, 0,0). Then (5.12) becomes 


(5.14) ds? —= — da’? — dy’? — de’? + dt’? 
If we expand (5.13) in terms of oc, we get 


a =, /=y 
(5. 15) Z=2—h-+t Vogt? +(9/2c?) (h? — 2? + gat?) +---, 
Y= t+(9/c2) (zt + Ygt®)+>- >. 





*E. T. Whittaker, Proceedings of the Royal Society (A), Vol. 116 (1927), p. 722. 
+ T. Levi-Civita, Accademie dei Lincei, Vol. 27, ii (1918), pp. 240. 
tS. C. Kar, Physik Zeit, Vol. 27 (1926), pp. 208. 
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where c, the velocity of light in vacuo is restored and g = 2z0, the gravity. 
From this we see that (2, y, z, t) are the codrdinates used by an observer on 
the plane and (2’, y’, 2, t’) those of one who falls freely toward the plane 
at an initial height h. In the (2’, 7, 2’, t’) system gravitation of the plane 
vanishes. 

From (5.13) and (5.14) it is obvious that the differential equations 
defining the geodesics in the field (5.12) can be integrated rigorously. 
Analysis shows that the orbit of an infinitesimal particle in the (2, y, z, t) 
system is a parabola, though in the primed system it is a straight line. 
Furthermore, this Hinsteinian parabola is slightly different from that pre- 
dicted according to Newton’s theory, but when the velocity of light in vacuo 
becomes infinite, this difference disappears. 


III. GENERAL SOLUTION OF THE PROBLEM. 


6. Transformation of the fundamental quadratic differential form. The 
foregoing two special cases are solvable from (2.3), (2.4) and (2.6). This 
is because (2.3) degenerates into an ordinary differential equation in each 
case. In reality when ® is a general function of wu and v, the problem can 
be hardly solvable on account of the uncertainty of the boundary conditions 
of ® in the (u, v, ¢, t) manifold as we have pointed out in §3. In the 
following section we shall avoid this difficulty by introducing the Newtonian 
potential into the present problem. As we shall see presently, the problem 
of the general static gravitational field of a finite body with rotational sym- 
metry can be solved provided we can solve a non-linear partial differential 
equation of the second order. 

We start with the cylindrical codrdinates. (p, z, @), the z-axis being the 
axis of symmetry of the given body which is finite in extent. Consider the 
meridianal plane containing the z-axis. Choose in this plane as in ordinary 
potential theory a more general set (€, 7) which is conformally mapped upon 
(p, 2) by 
(6.1) z+ ip =F (E+ in) 


where F(é-+ %) is a monogenic function of € + % so that 
(6.2)  da® + dp? = h? (dé? + dy?), MP=P(E+ m)F(E—%). 


Let w(é, 7) = const., 6(€, 7) = const., be two orthogonal (in the Euclidean 
sense) families of curves to be determined in the plane. Denote partial 
differentiations by subscripts as in §1. Then 
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(6.3) dy = pedi + Wydn, d6—6edé-+6,dy where 
Choose the Jacobian of transformation of (6.3) to be 

(6.5) Jes ees = Wry — Wye = Cf (We? + Yq?) where 
(6. 6) ef =p. 


Solving 6¢,6, from (6.4) and (6.5) simultaneously we obtain 
(6. 7) 6: —=— ely, 0, = elye. 


Since d@ is an exact differential, (6.7%) must satisfy the necessary and suffi- 
cient condition, 


0 0 
6.8 — Oy —=— 6 ivi 
( ) be n oh ¢ giving 
(6.9) Wee Wan + fhe t+ fay = 0. 


By (6.1) and (6.6), f is a known function of € and y. Simple veri- 
fication shows that (6.9) is Laplace’s equation in the (&,7,¢) codrdinates 
independent of ¢. 

Now by (6.3) we obtain (6.2) in the form 


(6. 10) da? + dp? = h? (yg? + rq?) (dy? + 208). 
Consequently the fundamental quadratic form for a flat space-time continuum 
in the present (y,6,¢,¢) variables is 
(6. 11) ds? = — h? (wz? + W,7)-1 (dy? + p-2dé?)— pd? + di?. 

When matter is present, ds? is no more Galilean. We suppose that in 
such cases (6.11) is replaced by 
(6. 12) ds? = — e-24 (e?\dy? +- p-2e?#d6*)— p2e?Vdg? +- e?’dt?, 


(6.13) 2 AP (Wy? + ya?) 4, 
where A, », y, v are functions of y and 6 to be determined according to Ein- 
stein’s law of gravitation, with the condition that at infinite distances from 
the body all four approach zero as a limit. 


7. Introduction of the Newtonian potential. Next transform (2.3), 
(2.4) and (2.6) into the (y¥,6,¢,¢) system. Consider the following ex- 
pression from (6.12), 


(1.1) dy? + p-2e-2d+2mdg2 == dy? + ¢-20d62 = (day + ie7d8) (dy — ie-0d0) 
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where we put e7 =e", Let (a+ i8)-1 0, where both « and £ are real, 
be an integrating factor of dy + ie2d6 so that 


(7. 2) dy + 1e9d0 =(a-+ 18) (du-+idv), and (6.2) becomes 
(7.3) ds? == — e-*He?h( a2 +. B?) (du? + dv?)— p2e2Vdg? + ¢?*dt?. 
Comparing (7.3) and (1.4) we obtain 

(7. 4) e2m — g-2He2h(g2 +1. 82), 

Equating real and imaginary parts in (7.2) we get 

(7.5) dy =adu—Bdv, déd—e9(Bdu-+ adv), 

from which the conditions of integrability for dy and d@ give 

(7. 6) Gy + Bu=O0;, G—~Bo—=Bov—agu, and furthermore 


0 
(7. 7) Yuu + You = —(a? + B?) ay? Buu + Ov» = (a? + 8?) e?9 ce 


By (7.5) and . 7), equation (2.3) becomes 


Pb dg I 799 9® 
29 » ee 
2 atop w yt 6 
In the like manner we get (2.4) in the form, 
0 dv «0g «Ov 220 dg ov , ov 929 
qe 98 ay ay” 06 86+ ay A te 35 
In (6.12) we have four functions A, », y, v to determine by means of 
the three independent equations (7.8), (7.9) and (2.7%) which will be 
rendered into the (y, 4) codrdinates by the foregoing analysis presently. In 
order to avoid the one degree of arbitrariness existing in this problem we 
assume the solution of v to be 





(7. 8) = 0. 


(7.9) = 0. 


ait 


(7. 10) jn =e?” = 1— 2My 


where M is the mass of the body and y according to (6.9) is the Newtonian 
potential per unit mass. This general assumption includes apparently 
Schwarzschild’s solution as a special case. Equation (7.9) then becomes 


(7.11) dn/dp — 09/dp — dv/dy = 0, 
giving 
(7. 12) eY == ¢th-#@ (6) 


where @(6) is an arbitrary function. At infinity where y=0, A=p=y 
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=v=0 for all values of 6. Hence we have @(@)=1 and (7.12) can be 
rewritten in the form, 


(7. 13) A+v=y+u. 


This condition is evidently satisfied by Schwarzschild’s solution and even 
by the plane (5.12). 
By (7.10) and (7.11) and since 6 = e”*’, (7.8) becomes 


0 On a 
(7.14) 2a [ (1—emy) “= + gage — 0. 


Consider (2.6). By (2.2), the exact differential 
(7.15) dm = mydu + m,ydv 
can be integrated into the form, 
(7. 16) 2m = log (xu? + x07) +x + 2 ci Pdu + 6dv, where 
(7.17) P==xoC + yD, Q = xu — yD, 


C = (xu? + X07) 1 (Muy + var), 

D = Yo (xu? + Xv?) “1 (tu? + vu? — tty? — vp”). 

Expression (7.16) contains only first partial derivatives and is simpler than 
(2.6). By (7.5) and the inverse relations, (7.16) becomes 


(7. 18) 


(7.19) 2m —=log(a? + B2)-+ log (xy? + e%y,2)+ +2 f Py + Qed; 


PY = YO’ + yyD’, OY =xyC’ — yD 5 
(7.20) CY =(xy? + 67%?) -te9(nyn, + vy%p), 
Di — Yo (xy? + oy)* (ny! + vy? — 0% [m2 +21). 


Between (7.4) and (7.19) we can eliminate the auxiliary functions 
m and a? + B?. A recapitulation of results gives 


(7.21) BA log(xy? + e*ye?)-+ 2H +x+2 f° Pay + Yerds, 
(7.10) gag =e?” = 1— 2My, 

(6.9) Vy—0, 

(7.18) At+v—yts, 


0 on 0? es 
(1.14) Be [ (x—emty) ae | + gs en — 0, 


e” = pe’, x === 7 a= Vy e9 = per = per’, 
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(6.12) ds? = e2# [e?\dy? + p-2e2"d62] — pe2%dg? + e?"dt?. 


(6. 13) e72H —— h? (yp 2 -- y 3)-1, 
From the above list we see immediately that the solution of the whole 


problem depends upon the solution of the well known Laplace’s equation, 
(6.9), the non-linear equation, (7.14) and a quadrature, (7. 21). 


IV. Fretps or SPHEROIDAL HOMOEOIDS. 


8. Oblate spheroidal homoeoid. Let the equation of the homoeoid be 


(8. 1) p?/a? + 22/c? = 1, (p? =a? +y?, a? >c?). 
Use spheroidal codrdinates, é,y, defined by 
(8. 2) p+ iz =« cos(é + %) (x? = a? — c?). 


Then 7 = const. represents a family of oblate spheroids confocal with (8.1), 
which is x cosh y =a in the family and = const. a family of hyperboloids 
of one sheet confocal with and orthogonal to the spheroids. 

The Newtonian potential for an oblate spheroidal homoeoid with unit 
mass is 
(8. 3) y =«"! cot}(sinh 7). 


The function, 6, defined by (6.7) may be taken as 


(8. 4) 6 = sin é. 
From (8.2), (8.3) and (8.4), 
(8. 5) p? = x? (1 — 6?) esc? xy. 


In the present case (6.12) is 
(8.6) ds? —=— e-?# [e?\dy? + p-2e?"dé?] — p2e?%dp? + e?"dl?, 
where e72H — x4 cosh? »(sinh? » + sin? €), 
and A, », y are to be determined, v being given by (7.10). 

The equation (7.14) that y must satisfy becomes 
(8. 7) 2 [ (1 — 2My) ( be —« cot kw) | — x?e?7 esc? ny = 0 

dy * dy 

in which we assume that y is a function of y alone. Equation (8.7) is 
solvable by the following changes of variables, 


(8.8) R=eV¥(1— 2My)* csc np, du—=— esc xp: eV¥(1 — 2My)-*xdy, 
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where the negative sign in du is chosen to make wu tend toward positive 
infinity as y approaches zero. (8.7) then becomes 


eee 


(8.9) d*?R/du? -R=0, giving 


(8. 10) R= c, sinh u. 
By (8.8) and (8.10), we have 
(8. 11) ¢c, sinh wu = eV(1 — 2My)” esc xy 


from which, and the choice of du in (8.8), we see that c, must be a positive 5 
constant. Eliminating eY between du in (8.8) and (8.11) we get mM 


(8. 12) — ¢x (1— 2My)-1 dy =cschu du, which gives 
(8. 13) (c«/2M) log (1 — 2My) = log (coth u— esch wu) + ce. 
Eliminating u between (8.11) and (8.13) we find 
(8.14) -y—=—%% (cx/M +1) log (1— 2My) 
+ log {[e?7(1 — 2My) + c,? sin? xy] — c, sin xp} + ce, 


the generai solution of (8.7) involving the two constants, c, and ¢. To 
determine cz let y approach zero. Then y tends toward zero and c.—0. 
The constant c, can be identified with M/k, which is also a constant of in- 
tegration in Newton’s theory. (8.14) now becomes 


(8. 15) eY = k-1y-1 sin ky. 


Obviously eY approaches unity. as y tends toward zero. 

Last, we must obtain A. Knowing A we can get » by (7.13) and (8.15). 
In order to avoid cumbersome differentiations in integrating (7.21) directly 
we use the transformation of y in (8.8), and furthermore put dv = dé. By 
(7.13), (8.3), (8.5), (8.8) and (8.15), (8.6) can be written in the form, 


(8. 16) ds? == — x~2¢-2H92u sin? xy [ du? + dv?] — yr? cos? v dg? + e?’dl?, 
which has the same form as (1.4), provided 
(8. 17) e2m == x22" (cot? ny + sin? v). 


By (8.8) and (8. 15), we see that y can be expressed as an explicit 
function of u, and (2.6), that must be satisfied by », can be computed with 
the aid of R in (8.10). The quadrature in terms of the uw, v variables is quite 
simple. Coupled with the condition that at infinite distances from the body 
» must vanish, the function, », is found to be 


e2# == x-2y-2 (sinh? » + sin? €)-}. 





(8. 18) 
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From (7.13) and (8.18), A is given by 
(8. 19) e7A == x-4y-4 sech? »(1 — 2My)-1 (sinh? » + sin? €)-1. 
Again, ds* in (8.6) becomes 


(8.20) ds? —=— «*y® [y2(1 — 2My)- sech? nd? 
+ x2dg2 + x2 cos? Edg2] + (1 — 2My) dt. 


Solving for sinh y and sin € from (8.2) we get 


2x? sinh? » = r2 — x? + [rt — 2x2 (p? — 2?) + x4] %, 


Ra? gin? § a — (4? — «2)-|- [14 — 2n*(p* — 2%) -4- x4]. (eFme gt hae 


(8. 21) 


When « is small compared with r, these expressions can be expanded in the 
following forms: 





2 —_— 
x? sinh? » = r? [1 — G+ Oa) a+ - +], 
a) a 1 — o? 9 o(1—o?) 4 Bi ius 
(8. 22) sin? € 3 i |. ao aed “A. , 


w = (p? — 2?)/(p? + 2°). 


It is interesting to observe from (8.22) that when « approaches zero, 
namely, when the spheroidal homoeoid tends toward a spherical shell as a 
limit, the line element (8.20) becomes Schwarzschild’s solution. Further- 
more, (8.20) is also the solution of an infinitely thin material dise with 
mass M and radius x. 


9. Prolate spheroidal homoeoid. The treatment of the prolate spheroidal 
homoeoid is analogous to the preceding problem. Here the equation of the 
surfaces of the body is given by 


(9. 1) p*/a? + 22/c2 =1 with c? >a?. 

The spheroidal coédrdinates €, , used are defined by 

(9. 2) 2+ ip=—xcos (+ %), (x? = c? —a?). 
The Newtonian potential for (9.1) with unit mass is 


(9. 3) y= = log nd 


K cosh 7 — 1. 
The function, 0, defined by (6.7) becomes 


(9. 4) 6 = — cos é, 
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and ds? given in (6.12) is then 


9. ; ; ; 
cai e-?4 — x4 sinh? y (sinh? y + sin? €), e?? = 1— 2My, 


where y is assumed to be a function of y alone while both A and » are fune- 
tions of y and 6. Between A, pw, y, v we have the relation (7.13), namely 
A+v=y-+y. The equation (7.14) for y in the present case is similar to 
(8. 7), so the remaining analysis will be similar. The result is 


(9.6) ds? ==— x?(sinh? » + sin? €) [e?%dy? + e24dé |— p?e?%d¢? +- e?"dl2, 
| e?\ == x-4y-4 esch? (1 — 2My)-1 (sinh? y + sin? é)-}, 
where E24 == x-2y-? [sinh? » + sin? €]-}, 
e277 == x22 esch? ». 
We notice that (9.6) is also the solution for a rod of length « and mass 
M lying on the z-axis. Similarly when the prolate spheroidal homoeoid 


approaches a spherical shell as a limit, (9.6) degenerates into Schwarz- 
schild’s solution. 


10. Motton of a particle in the field of an oblate spheroidal homoeoid. 
The fundamental quadratic differential form (8.20) for an oblate spheroidal 
homoeoid can also be written in the form 


(10.1) ds? =—y4#(1— 2My) dy? — y-2dé* — yr? cos? Edp? + (1 — 2My) dt. | 
If for convenience we put 
(10. 2) y=1/r, é=0—7/2, 


where it must be remembered that r and 6 are not the r and 6 used in: 
previous sections, then (10.1) becomes 


(10.3) ds? =—(1— 2M/r)-1dr? — r2d62 — r? sin? 6d¢2 + (1 — 2M/r) dt2, 


which has the same analytical form as Schwarzschild’s solution. The results 
worked out in the latter case are immediately applicable to the present prob- 
lem, provided we interpret the symbols in (10.3) appropriately. 

The four differential equations, 


z dtp dxv 
(10. 4) ds2 + {py, > F == (), 





defining the motion of an infinitesimal particle in the four dimensional con- 
tinuum characterized by (10.3) are * 





* A. S. Eddington, loc. cit., pp. 85. 
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- d*r fey i. es se a(o 2 
(10. 5) qs +A ( pe )—re | ~)— r sin? de ds 
2v-2X,,/ dt <a 
+e 1 ( Pe ) = 0, 
d*6 2 dr dé : Pe dp \* _ 
(10. 6) 7s + ~ ds dg 7 Sin 8 cos 8 ( = )- 0, 
a re 
ee) Pree a ceed Eee, 
dt , ar dt 
(10. 8) ds + 2v a = == (), 
where e == 1—2M/r, A+v=—0, v—dv/dr. 


Instead of using (10.5) we can take (10.3), which can be written as 


af @ VY. 2 FH Vcc SSS ate 
) 9 -2v s a ate 2 S 2 = —. oar camel 7, 
(10. 9) . ( ds ) : ( ds ) iliil ( ds ) : ( ds ) . 


Equations (10.7) and (10.8) are immediately integrable, giving re- 


spectively 
(10. 10) r sin? 6(d¢/ds) = C2, 
(10. 11) di/ds = c,e-?”. 


Let the constants of integration c, and c» be positive. 
Eliminating d¢/ds between (10.6) and (10.10), we find 


d?6 2 dr dé Co” - 
=z +-—- = > —- a> cosbesctO—0, giving 
ds? r ds as 1" 


(10. 13) rt (d6/ds)* + c.? esc? 6 = ¢;? (Take c; > 0). 


(10. 12) 


Eliminating ds from (10.10) and (10.13), we get 
(10. 14) dd = — Cz [ (¢3? — cz?) — ce? cot? 6|-% esc? 6d8, 


in which we choose the negative sign to make @ decrease when ¢ increases. 
Let 

(10. 15) P —— (c3” =— Co")? / Co. 

sy (10.13) since r, 6, s are all real we see that c;? = c.* and consequently 


pis real. Integrating (10. 14), we obtain 
(10. 16) cot d= psin(d¢— Q), 


where Q is the node, and 6 is taken to be 7/2 when 6= Q. The geo- 


v0 
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metrical meaning of 67/2 is that z—0 where the particle crosses the 
equatorial plane of the oblate homoeoid [cf. (10.2) and (8. 2) ]. 

By using (10.9), (10.10), (10.11), (10.13) and (10.16), we obtain 
the following relation between y and ¢, 


(10.17) e.[2Mf(p) ]-*dy = — cc, [1 + p? sin?(¢— Q)]-1d¢, where 
—1 
(10.18) fWavt— vt St Ss 


the negative sign in (10.17) will be et presently. 

The right hand side of (10.17) is immediately integrable in terms of 
circular functions. The rigorous integration of the left hand side in terms 
of elliptic functions has been discussed by Forsyth.* Let a, B, y (« > B > y) 
be the three roots of f(y). Then y can lie only with the interval B=y=y. 
When y= 8, we have the analogous “perihelion” and when y—y, the 
“aphelion.” Let ¢—¢o, when y=. Integrating, we have 


y 1) 
(10.19) es f° [amply] dy —— ea f° [1 + p? sin®(g— 9) Pag. 


Here we see that since y decreases after y = 8, but that continues to in- 
crease after ¢ = ¢o, the negative sign in (10.17) must be taken. 
From (10.19) we obtain 


(10. 20) y=y +(B—y) (1— endu)/(1 + dn2p), 


where yp is defined by the equation, 


in which o=C3/C2, P= ([2M(«—y)]~%, 


and K is the complete elliptic integral of the first kind with modulus, hk, 
given by 
(10. 22) kh? =(B— y)/(a—y). 


From (8.2), (8.3), (10.2), (10.16), (10.20) and (10.21), we obtain 
the equations of the orbit of the particle in the following forms, 


p—«[1 + p? sin2(¢— Q)]* ese ny, 
¢—=x«psin(d¢— Q)[1+ p? sin? onl Q )]-% cot xy. 


The equation const. [cf. (10.2) and (8.2)] represents the family 
of hyperboloids of one sheet orthogonal to the family of spheroids y = const. 


(10. 23) 





* A. R. Forsyth, Proceedings of the Royal Society (A), Vol. 97 (1920), pp. 145. 





(12.21) 2n—2K —(1/P) {tan ![o tan(¢?— Q )] — tan ![o tan(¢o — Q ) ij}, 
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Then (10.16) shows that the maximum and minimum latitudes of the 
particle in its orbit are invariable for given initial conditions. 

The function, y, in (10. 20) is a Jacobian elliptic function of ¢. Hence 
the analogous “ line of apsides ” of the orbit precesses about the zaxis. The 
amount of this precession for the particle to describe the orbit once can be 
calculated in the following manner.* In (10.20) we have so chosen y¥,¢ 
that at perihelion y—f, @6—¢o. Then at aphelion y—y, let d=. 
From (10. 20) and (10. 21), 


(10.24) tan“ [otan(¢?:— Q)]—tan"[o tan(¢do— Q)] = 2PK. 

At the next perihelion let ¢6 = ¢d2. The relation analogous to (10.24) is 
(10.25) tan “4[o tan(¢.— Q)]— tan! [o tan(¢?:— Q)] = 2PK. 
Adding (10.24) and (10. 25), we get 





(10.26) tan“4[o tan(¢2— Q)]— tan ![o tan(¢?.— Q)] —4PK. 


The precession is given by 
(10. 27) A= ¢2 oo — 27. 





Solving ¢2 from (10. 26), we get 


_ if _tan4PK +c tan(do— Q) ee Lay 
(10.28) A=tan? { 1— co tan(¢ — Q )tan ira —($o— §3 )— 2. 


Co 
It is interesting to observe from (10.13), (10.15) and (10. 23): that if 
the particle lies initially in the equatorial plane of the homoeoid, i.e. 





d6/ds =0 when 67/2, then subsequently 6-7/2 and the particle will 
continually iie there. The approximate formula for A in this case can be 
calculated as follows: Regard (r,@) as configurational polar codrdinates of 
the particle. Then (10.3) shows that the motion of the particle in these 
codrdinates is the same as the motion of a corresponding particle in Schwarz- 
schild’s solution. Hence the constants, c, and ¢2, in (10.11) and (10.10) are 
given by ft 


(10. 29) Co” = r%(1 ss e?) M, C,? —)]=>— M/r», e2 axe (77 = 1,7) /To?, 


where M is the mass of the homoeoid, 7, the semi-major axis, 7; the semi- 
minor axis, and e the eccentricity of the orbit in the configurational codrdi- 
nate system. The advance of the perihelion is given approximately by 


(10. 30) A = 2r-3M/r)(1 — e?). 





* A. R. Forsyth, loc. cit., p. 148. 
7 A. R. Forsyth, loc. cit., p. 145. 
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From (8.3) and (8.21) with z=0, and (10.2), we obtain 


1 1 1 “— 
(10. 31) — =y= —_— eot71 | — (p? — x?)% 

, K K . 
When p? — x? > x? which is obviously satisfied by large values of p, we can 
expand (10.31) in ascending powers of «/p in the form, 


1 1 1 «x? 3 xt 
32 pet le oe a a ee Nae Oe Oe 
(10. 32) r p [ + 6 p2 40 p! ¥ | 


Equation (10.31) shows that p is a monotonic function of r, and con- 
sequently the value of A in (10.30), which is primarily for the orbit in the 
(r, @) configurational codrdinates will hold also in the (p,¢) system. Know- 
ing the “semi-major” and “semi-minor” axes, po and p,; of the particle’s 
orbit in the latter system we can compute the corresponding values of ry 
and r; by (10.32). Then (10.30) shows that the oblateness of the central 
body causes a small increase in the advance of the perihelion of the orbit 
predicted from Schwarzschild’s solution. This increase vanishes when « = 0, 
namely, when the oblate spheroidal homoeoid degenerates into a spherical 
shell. 

In conclusion I wish to thank Prof. E. T. Bell heartily, whose interest 
in this problem and encouragement in the course of work have made this 


investigation possible. 


CALIFORNIA INSTITUTE OF TECHNOLOGY, 
PASADENA, CALIFORNIA. 











ON THE NON-EXISTENCE OF CURVES OF ORDER 8 WITH 
16 CUSPS. 


By Oscar ZARIsKI. 





1. Ina paper, which will be published in the “Annals of Mathematics”, 
I prove incidentally by means of several examples, that the answer to the well- 
known question,* as to whether there always exist plane algebraic curves with 
assigned Pliickerian characters, is negative. It is understood, of course, that 
the assigned characters satisfy the Pliicker relations, and are essentially non- 
negative integers. For instance, I prove that a curve of order 7 cannot possess 
11 (or more) cusps.t Thus, with the usual notations for the Plickerian 
characters of a curve (n-order, m-class, d-number of nodes, k-number of cusps, 
r-number of double tangents, 7-rumber of flexes), we have then that the 
following sets of Pliickerian characters do not correspond to any effectively 
existent curve: 
(1; n=% d=0,k=—=11; m=9, r=7,1=—17; 
(2) n=m=%, d=r=—1, k=1—11. 
Similarly, I prove that a curve of order 8 cannot possess 16 (or more) cusps. 
For instance, there do not exist (self-dual) curves of order 8 with 16 cusps 
and no nodes.{ 
The proof of the non-existence of the above curves is based on the follow- 
ing general theorem, proved in my. paper as a consequence of certain results 
concerning the determination of irregular cyclic multiple planes: the linear 


* See the interesting paper by 8. Lefschetz, “On the Existence of Loci with Given 
Singularities,” Transactions of the American Mathematical Society, Vol. 14 (19138), 
pp. 23-41, which constitutes perhaps the first attempt to throw light on questions as 
yet unsolved in all their generality, relative to the dimension and existence of con- 
The examples given below solve some of the 


tinuous systems of cuspidal curves. 
questions explicitly raised by Lefschetz in his paper. 

7 On the other hand, seventics with 10 cusps exist, as is shown by the example of 
the seventic with 10 cusps and 3 nodes, which is the dual of a sextic curve with 7 cusps 
and one node. 

¢ In contradiction with a statement made by B. Segre in his paper “ Esistenza e 
dimensione di sistemi continui di curve piane algebriche con dati caratteri,” Rendiconti 
della R, Accademia Nazionale dei Lincei, (July, 1929), p. 38. The above examples 
correspond to the lowest possible values of ». In fact, it is easily shown that when 
n=6, any set of (non-negative) Pliickerian characters belong to some effectively ex- 
istent curve. For instance, the existence of a curve of order 6 with 7 cusps and one 
node, mentioned in the previous footnote, can be ascertained as follows: The dual of 
a quartic curve with two cusps is a curve of order 6 possessing 8 cusps and one node. 
Since the complete continuous system of curves, having the same characters, has its 
characteristic series non-special, one of the 8 cusps can be considered as virtually 


non-existent. 
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system of curves of order n—3—j determined by simple basis points at 
the cusps of a plane irreducible algebraic curve of order n, is regular (effective 
dimension = virtual dimension) for any value of the integer j, such that 
67 <n. The non-existence of the above mentioned cuspidal curves follows 
at once from this theorem, if we observe that in each of these examples the 
corresponding curves, if they existed, would be certainly irreducible and that 
in each case one of the linear systems, mentioned in the above theorem, would 
have a virtual dimension equal to — 2. 

In my paper the quoted theorem is based on considerations, which involve 
the elements of the theory of algebraic surfaces. Since the question of the 
Pliickerian characters of a curve, so elementary as far as its formulation is 
concerned, is essentially a problem of plane geometry, it seems desirable to 
consider one of the examples quoted above and to arrive at the desired con- 
clusion of the non-existence in a more elementary way, by making use only 
of the elements of plane geometry and of the geometry on an algebraic one- 
dimensional variety. Accordingly, we propose to give in this paper a direct 
proof of the non-existence of curves of order 8 with 16 cusps. 

2. For the proof, let us suppose that a curve, 

f(x,y) = 9, 
of order 8 with 16 cusps and no nodes exists. This curve is self-dual, i. e., 
m = 8, r=0, 116. We shall have to consider the curve f from its dual 
aspect, and in doing this we shall face the question whether the dual singu- 
larities of f are exactly of the same type as the point singularities of f, namely 
ordinary flexes and no double tangents. This is by no means obvious. The 
general question involved is the following: given a curve f possessing cusps 
and nodes only, what can be said about the nature of the dual singularities 
of f? Obviously, it would not be correct to say, that the dual singularities 
of f are necessarily double tangents and ordinary flexes. Thus a curve without 
point singularities at all can possess flexes of order s > 1 (where the flex 
tangent has s + 2 coincident intersections with the curve), triple tangents, ete. 
The question raised must refer, in its correct form, not to the individual curve 
f, but to the most general curve of the same order and having the same singu- 
larities as f, or better, to the generic curve of a complete continuous system 
of such curves. We can ask namely, whether the dual singularities of the 
generic curve of a complete continuous system of curves, having cusps and 
nodes only, are exactly double tangents and ordinary flexes. Obvious as the 


answer may seem, it requires a proof. However, it is not our intention to 
attempt such a proof in this paper. For our purpose it will be sufficient to 
show that in one particular case the answer to the above question is in the 
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affirmative, and not only for the generic curve of the system but for every 
individual curve of the system possessing nodes and cusps only. This is the 
case in which r-~0. We propose then to prove the following 


LEMMA. Given an irreducible curve f of order n, possessing d nodes and 
k cusps. If the number r of the double tangents, evaluated according to the 
Pliicker relations, has the value 0, then the only dual singularities of f are 
exactly ordinary flexes. 

Denote, as usual, by 7 the number of flexes, as evaluated according to the 
Pliicker formulas, and by p the genus of f. We shall have 

p= (n—1)(n— 2) /2 —d—k = (m—1) (m— 2) /2 — 1, 

where m is the class of f. Denote by f the transform of / by duality. Let 
Gis Y2s° * *> Qu be the singular tangents of f, and let Qi, Q2,° - -,@Qz be the 
corresponding singular points of f. The line g; will touch f at certain points, 
having at each point a contact of a certain order with f. In addition qj may 
pass through some of the nodes and cusps of f. To each contact of order s 
will correspond by duality a branch of f of order s and of origin Q;, in the 
neighborhood of which there will be only simple points infinitely near to Q). 
To distinct points of contact there will correspond branches with distinct 
tangents. If gy; passes through a node, we shall have an additional branch of 
origin Qj, if and only if qj; coincides with one of the principal tangents of 
the double point. Similarly, if gj passes through a cusp, we shall have an 
additional linear branch of origin Q;, if and only if qg; coincides with the 
cusp tangent. 

Let 8)1, Sj2,° * *, Sir, be the orders of contact of q; at the r; points at 
which it touches f, including possibly the nodes and cusps, through which q; 
happens to pass and at which it coincides with a principal tangent.* 


Let 





Sj = Sj, + Sjo + + + Sir, 
Then Q; is an sj-fold point of f, and since in its neighborhood there are only 
simple points it follows that Q; absorbs s;(s; —1)/2 ordinary double points 


of f. Hence 


I 
p= (m—1)(m— 2) /2 — 3 8;(s; —1)/2, 
j=1 
and consequently 


I 
(1) >d si (sj —1)/2 =1. 
j=1 


* At any of these cusps we must put s=1. At a node the order of contact of 
q; with one of the branches through the double point is to be considered. 
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We also have, 
n = m(m—1) — 31. 


On the other hand it is obvious that the multiple point Qj of f diminishes the 
class of f by 
83(8; —1) + (8i—1) + (Si2 


Hence 


Es eyed) 87? 8. 





1 
n= m(m—1) — > (s;?— 171i), 
j=l 
and consequently 
l 
(2) S (821) = 3. 
j= 


From (1) and (2) we deduce: 


l l 
3D 8;3(s; —1)/2 = J (87? — 15), 
j=1 j=1 
or 


(3) 2 lsi(s;—3)/2 de ee cecil 


Since for any j, s; = 2 and 1; is positive, it follows that each term of the 
written sum is = 0, where the sign = holds, if and only if s; = 2 and r; = 1. 
Hence the relation (3) implies that s; = 2, r; =1 for 7 —1, 2,---, l,i. e, 
that the only singularities of f are ordinary cusps, which proves our Lemma. 

CoroLuaRy. A curve f of order 8 with 16 cusps and no nodes, if it exists, 
possesses exactly 16 ordinary flexes, i. ¢., the transform f of f will also possess 
16 ordinary cusps. 

3. Let f(x,y) =0 be a curve (necessarily irreducible) of order 8 with 
16 cusps and no nodes. Its genus is 5. Denote by I, a set of 8 points cut 
out on f by a line of the plane, by Tr, a set of 8 points, outside the cusps, eut 
out on f by a first polar of f, and by | fs | and | T's | the corresponding com- 





plete series on f. Let moreover //s be a canonical set on f, i. e., a set of the 
canonical series gs*. Furthermore denote by Ky. the set of 16 cusps of f. 
We then have the following relations: 

(4) 21s + He=Ts + Kis; 

(4’) 5T, =H, + 2 Kye. 

The relation (4) expresses the known fact that the Jacobian set T2,==T's + Kic 


cf the gs cut out on f by a pencil of lines is equivalent to the sum of a 
canonical set and of the two-fold of a set of the gs’. The relation (4’) 


expresses the fact that the canonical series is cut out on f by the adjoint curves 
of order 5. Eliminating the set Ki, between (4) and (4’) we obtain 
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(5) Tr, + 2T;=3 Hs. 
Since the curve f is self-dual, and since by the Lemma proved above, the 
curve f dual to f is exactly of the same type as f, the relation (5) can he 
dualized, by interchanging Is and I's and by leaving Hs unaltered. Hence 
(5’) I. + 21, == 3 He. 
From (5) and (5’) we deduce [,=T;, i-e., the two series |T;| and | T; | 
coincide. 

There are now two possible cases to consider: (1) the series | I's | is non- 
special, and hence is a gs*; (2) the series | I's | is special, and then it neces- 


sarily coincides with. the canonical series g3‘—| Hs; |. We investigate the 
two cases separately. 
4. Let us first suppose that | Ts |—|Ts| is a non-special series 9°. 


Let gs? and gs” denote the (incomplete) series cut out on f by the lines of the 
plane and by the first polars of f respectively. Since the two series, of dimen- 
sion 2, are both contained in the series | I | of dimension 3, they have a gs* 
incommon. This gs* is cut out on f by a pencil of lines, say of center A, and 
on the other hand the same gs’ is cut out on f by a pencil of first polars; the 
pole B of the variable polar of the pencil will describe a line b. We have 
then the following situation: there exsts a point A and line 6 in the plane 
of f, such that for any point B of the line Db the points of contact with f of 
the 8 tangents drawn from B are the intersections with f of a line a on A. 
It is easily seen that this situation is impossible. For, let us consider a point 
B, at which the line 6 meets the curve f. If A happens to be on 5 and on f, 
we may suppose that B, is distinct from A, since f possesses only ordinary 
flexes. Let a, be the line on A which corresponds to B,. Since, as the variable 
point B of b approaches B,, two or more of the points of contact with f of 
the tangents drawn from B approach B,, it follows that the line a, necessarily 
coincides with the line AB,. It follows that the line a, must absorb all the 
8 tangents, which can be drawn through B,, which is impossible, since f 
possesses only ordinary flexes. 

5. We now consider the case, in which the series | Ts | =| Ts | coincides 
with the canonical series gs*. In this case there exist adjoint curves of order 
5, which cut out on f sets of the gx” cut out by the lines of the plane. These 
adjoint curves necessarily degenerate into a line and into a fixed quartic curve. 
Hence the 16 cusps of f lie on a quartic curve, which obviously does not meet 
f outside the cusps. It can also be shown that there exists a sextic curve, 
which passes through the cusps of f and touches at each cusp the cusp tangent 
(and which therefore does not meet f outside the cusps). In fact, the relations 
(4) and (4’) yield by subtraction: 
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K..=3T,+T,—2H,, 
or, in view of (5’), 
Kee = 3 aa Hs. 





This relation shows that the set K,, of the cusps of f belongs to the series 
| T's + Hs |, which is cut out on f by the adjoint curves of order 6. It follows 
that there exists an adjoint sextic curve, whose 16 intersections with f (gen- 
erally outside the cusps) fall at the cusps of f. Such a sextic must touch at 
each cusp the cusp tangent. 

Let We(2, y) =0 and ¢4(2, y) = 0 be the equations.of this sextic curve 
and of the above quartic curve respectively. Let us consider the pencil 


[Yo(x, y) |} — tl o.(z, y) |* oe 0. 
The curves of this pencil do not have variable intersections with the curve f, 
since all the intersections fall at the cusps of f. Hence, for a proper value of 
t, which we may suppose to be ¢ = 1, the corresponding curve of the pencil 
will contain the curve f as a component. We have then 


(6) [Yo(x, ¥) 1? — [$s(2, 9) ]® = Aa(z,y) “f(%y), 
where A,(2, y) is a polynominal of order 4 in @ and y. 

To prove that the relation (6) cannot hold we first observe that the curves 
We = 0 and ¢,; = 0, which we shall denote in the sequel by C, and C,, satisfy 
the following conditions: (1) the cusps of the curve f are simple points of 
the two curves, and at each cusp the two curves have distinct tangents; 
(2) if the two curves are reducible, they do not have common components; 
(3) each curve possesses only a finite number of multiple points. In fact, 
(1) holds, because the two curves C, and C, have at each cusp of f exactly 3 
and 2 coincident intersections with f respectively, otherwise the total number 
of intersections of one of these curves with f would be greater than the product 
of its order and the order of f. The condition (2) holds, because a common 
component of the curves would have to meet f at the cusps only, and the two 
curves would have at some cusp a common tangent. Finally neither one of 
the curves can possess a curve of multiple points, because such a curve would 
have to meet f at the cusps only, which contradicts the condition (1). 

It follows that Cy and Cy have exactly 8, distinct or coincident, inter- 
sections outside of the cusps of f. Each of these intersections is at least 2 
double point of the curve Ay;=0. Thus, if O is a common simple point of 
the curves C, and Cy, then in general O will be a cusp of the curve Ay = 0. 
If, however, the point O absorbs two intersections of the curves C, and Cs, 
then O is either a tacnode of the second kind or a triple point for the curve 


A,=0, according as C's possesses at O a simple point or a double point. In 
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both cases O will absorb 3 double points of the curve Ay==0. At any rate 
the meet points of Cs and C, constitute a set of multiple points of the curve 
A, = 0, which will absorb at least 8 double points of the curve. It follows 
that the curve A, 0 possesses infinite multiple points, since the maximum 
number of double points (or of equivalent singularities) which a curve of 
order n can possess, without possessing infinite multiple points, is n (n —1)/2. 
Hence the curve A, = 0 contains a line of multiple points or is a conic counted 
twice. We consider in the next two sections these two cases. The reader 
should bear in mind that the quartic ‘A, =0 cannot pass through a cusp of f, 
and that any point common to the curve Ay; 0 and C, (or Cg) is also on 
C. (or Cz), but is not on the curve f. 


6. Let the curve A, 0 contain a line of multiple points, say the line 
z=0. Let 


Yo(2,¥) =Ae(y) + 4s(y)@ + aa(y)a* + as(y)a* + **, 

Ws(x,y) = bay) + bs(y)u + bay), tes ey 
where all the missing terms contain higher powers of 2. The coefficients 
ai(y), b;(y) are polynominals in y of degrees indicated by the indices. Since, 
by hypothesis, z? is a factor of the polynominal [y.(2, y) ]? — [¢.(a, y) ]*; 
we must have 
(7) [ae(y) ]? = [bs(y) ]*; 
(7’) 2ae(y)as(y) = 3[ba(y) PBa(. 


From (7) we deduce that ag(y) and b4(y) are the cube and the square 
respectively of a polynomial of second degree.* Let the roots of this poly- 
nominal be assumed to be y= 0 and yy. Then 

(8) as(y) =y*(y—n)*, bs(y) =¥*(y—-9)*5 

(8) 2as(y) = 3y(y — 9) bs(y)- 
We find then 

(9) {[yo(a, y) }? — [b4(2, y) ]*}/2? = y? (y — 9)* {— 3/4[ba(y) }? 

ie 2y(y —)as(y) — 8y*(y —9)*b2(y)} +o, 

where all the missing terms involve the variable x. The points (0,0) and 
- n) are on Cs, Cy and on the curve A, = 0, which is made up of the line 
f double winced « = 0 and of a residual conic. If 70, then, by (9), this 
we conic passes through the points (0,0) and (0,7), touching there the 





* None of the polynomials a,(y), b,(y) can vanish identically, because the identical 
vanishing of one would imply the identical vanishing of the other, and the line «= 0 
would be a common component of the two curves C, and C,, which, as we observed 
above, is impossible. 


ry eee 8 oe ENE 2 82 om RRR RA RR 








316 OSCAR ZARISKI. 


line x0. If 1» =—0, the conic has at the point (0,0) at least a 4 point 
contact with the line 0. In both cases we deduce that this conic must 
degenerate into two lines, one of which is the line x = 0, the points of which 
are therefore at least triple points of the curve A; 0. Hence the left-hand 
member of (9) must be divisible by x, and we must have 
(10) 3/4 [bs(y) ]? = 2y(y —)aa(y) — 8y?(y — 9)*b2(y). 
If 70, then it follows that b;(y) is divisible by y(y—y) and that conse- 
quently also as(y) is divisible by y(y—y). Putting 
bs(y) =y(y—n) ly), a(y) =¥(y—n) ely), 

we have, by (8) and (8’), 

Yo(t,y) =y*(y—n)* + By? (y — 0)? (ye 

+ y(y —)c2(y)a* + as(y)a? + --, 

b(t, y) = ¥°(y—0)* + y(y —a)erly)e +r ba(y)a? os 
We see that the curve (’, possesses at the origin a triple point (at least) and 
that C's, possesses at the origin a double point (at least). The origin is there- 
fore at least a 6-fold point of the curve |W«(a, y) |? — [¢4(2, y) ]® = 0, which 
is impossible since this would imply that the curve f has at the origin a double 
point (at least), whereas we know that it does not pass through the origin 


at all. 
Let now 70. Then, by (10), bs(y) is divisible by y, 


(11) bs(y) = yez(y), 

and (10) becomes 

(10") 3/4 [¢2(y) |? = 2as(y) — 3y*bo(y). 
We find 





(12) {[yo(x, y) ]? — [62 (2, y) 8} /a* = y? (8e2(y)as(y) 


+ 2y%as(y) — Lee(y) ]® — 6y?c2(y) b2(y) — 3y*bi(y)} +7 °°, 





where all the missing terms involve the variable «. The curve A, = 0 is made 
up of the line of triple points x = 0, and of a residual line. The presence of 
the factor y*® in the right-hand member of the relation (12) shows that this 
residual line must coincide with the line x —0, so that the quartic A, = 0 
is merely the line x = 0 counted 4 times. Expressing the fact that the term 
independent of x in the right-hand member of (12) vanishes identically, we 
find that c2(y) {3as(y) — [c2(y) ]?} must be divisible by y?. Since, by (107), 
also 3/4 [c2(y) ]? — 2a,(y) is divisible by y*, we deduce that a4(y) is divisible 
by y?. Taking in account (8), (8’) and (11), we then deduce, as in the 
previous case (7 0), that the curves C, and C, have at the origin at least a 
triple point and a double point respectively, which is impossible. 
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7. There remains to consider the case in which the quartic curve Ay = 0 
is a conic C', counted twice. Let O be a point at which C, meets the curve C4 
and which is therefore also on the curve Cy, but not on the curve f. Since O 
is a double point of the curve [W.(z, y) |? — [¢4(a, y) ]2—=9, it is necessarily 
a simple point of the curve Cy. It is obvious that C. and C’, have the same 
tangent at O. We suppose for simplicity that the point O is at the origin, and 
that the common tangent of C, and C2 at O is the axis y=0. We consider 
the expansions of y 

on Co: y= boa? + bga? +--+ +--+ dak +: 

on Co: y= cor? + cpa? +--+ -+ea*+-:--, 
which represent the curve C, and the conic C2 respectively in the neighborhood 
of the origin. Let A(2,y) —0 be the equation of the conic C,. We may 
write then 
(13) { We(x, y) = (y — boa? — bax? —- + -— Dg —- - - y (2, 9) : 

A(x, y) = (y — cou? — e348 —+ + -— ca*® —- + - )A(2,Y), 
where y/(a, y) and A(z,y) are polynomials in y, whose coefficients are func- 
tions of z, which are regular in the neighborhood of the value z=0. More- 
over, ¥ (0,0) 40 and A(0,0) 40. 

We now have the following relation: 
(14) (y— Bea? — bya® —- - -— daa —- + +)? (O(a, y) ?— [dala y) T° 
= (y¥ — cou? — e348 —- - -— cqea*¥—- - -)*[A (a, y) ]?f (ay). 
It should be noticed that f(0,0) 0. Our proof will consist in showing that 
(14) cannot hold unless a, =, for every value of k, which is impossible, 
since this would mean that the curve (,, and hence also C4, contain the conic 
C, as a component, which contradicts the fact that Cs and C, have no common 
components. Let us suppose that the first k — 2 coefficients (k = 2) of the 
above expansions are alike: 


(15) bo = Ca, bs = Cz, ° ana Dea == Cr-1- 


We propose to prove that bk =c;. Let 
[y(0, 0) ]? = yo? 40, [41(0, 0) ]*f(0,0) =a, 0. 
Recalling that ¢4(0,0) —0, we deduce immediately from (14) 


(16) Wo" =) Ge. 
If we put in (14) 
(17) Y = 91 = bow? + D307? +--+ ++ Ogi a*™!, 


the functions ¥(z, y) and A(z, y) become integral power series in x, and we 
easily conclude, in view of (15), that the polynominal in 2, ¢4(, y:), cannot 
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contain terms of degrees less than 2k/3. If k is not divisible by 3, we put 
in (14) 

(17’) | das Tid bea? + b,23 1" 4g + bya? -t- byax*. 

We then observe that after this substitution is made the left-hand member of 
(14) does not involve terms of degree = 2k in x, ands that in the right-hand 
member the coefficient of x7" is ao(bi — cx)*. We deduce that cy, = bx, which 
proves our assertion for the case k #0 (mod. 3). 

Let now & be divisible by 3, k = 3k,. If we again use the substitution 
(17) and if we denote by Bx, the coefficient of 2% in ¢4(z, 41), we obtain 
from (14) by equating the coefficients of x*", 

(18) Wo2bx? — B23 = aoc”. 

If Box, = 0, then the reasoning employed above, in the case k #0 (mod. 3), 
can be used again in order to prove that b; = cx. We may then suppose that 
Box,x=0. We use the substitution (17’) and we first prove that as in 
$4(2, yi) so also in $4(2, y2) the term of lowest degree in x is Box,7*™. In 
fact, let y= y.’, y = yz’, etc., be the Puiseux expansions in the neighborhood 
of the origin of the different branches of the function y defined by the equation 
s(x, y) =0 (y1’, yo’, etc., denoting fractional power series in x). Then we 
can write 

b(t, y) =p(y—m') (y— ye’) °°, 


where p is a constant or a polynominal in x. By the hypothesis made on the 
function ¢;(z,y:) it follows that each of the series y:— yi’, ¥i— Yo" ** 
contains terms of lowest degree = 2k;. Since ys = y; + dyx*™, it is obvious 


that the terms of lowest degree of the series y; — y:’, yi — y2’,* * *, coincide 
with the terms of lowest degree of the corresponding series y2— yy’, 
Y2— Y2,* * *, which proves that the terms of lowest degree of ¢:(z, y:) and 


of $4(Z, y2) are the same. 
If we now put in (14) y= vy, and if we equate the coefficients of x, 
we obtain 


— = ao (bx — cx)’, 


which combined with (16) and (18) yields 


(19) (by — ce)? = 0%? — di. 
In a similar way we obtain 
(19’) (Cx — bx)? = di? — cx’, 


by using the substitution y = boa? + bsa? ++ - > + desv 1 + ca*. 
From (19) and (19’) it follows that bk = cy. Q.E.D. 
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CONSTRUCTION OF PENCILS OF EQUIANHARMONIC CUBICS. 


By JacoB YERUSHALMY. 





1. Introduction. By Salmon’s theorem, the cross-ratio of the four tan- 
gents, which may be drawn to a plane cubic curve from a point on it, is 
constant for the cubic. A certain function of the cross-ratio, which is rational 
in the coefficients of the cubic, constitutes the only absolute rational invariant 
of the cubic. In fact, if « is one of the values which this cross-ratio assumes, 


then 
J = 4(a2 — a+ 1)8/(a+ 1)?(1— 2a)2(2— a)? 


is the absolute rational invariant of the cubic. This invariant is known as 
the modulus of the cubic. 

In terms of the two relative invariants S and T of the cubic, which are 
of degrees 4 and 6 respectively in- the coefficients of the cubic, 


J = 83/T? 
and hence involves the coefficients to the 12th degree. 


If a= —1, then J = 0, JT = 0 and the cubic is said to be harmonic. 
If a-=—e(e? —1), then J = S —0 and the cubic is said to be equtan- 


harmonic. 


If «1, then S* — T? = 0 and the cubic has a double point. 
If « is indetermined, S = T —0 and the cubic has a cusp. 


Since J involves the coefficients of the cubic to the 12th degree, there are 
in an arbitrary pencil of cubics 12 cubics of an assigned generic modulus, 
but only six harmonic and four equianharmonic cubics. 


2. Pencils of Cubics of Equal Modulus. O. Chisini * proposes to deter- 
mine all the pencils having the property that all the cubics of one pencil 
have the same modulus. He succeeds in determining them in the following 
manner. 

He observes that to a pencil of cubics all having the same modulus corre- 
sponds a pencil of lines cutting a quartic curve in quadruples of points all 
having the same cross-ratio, and conversely. He then determines all the 
* “Sui fasci di cubiche a modulo costante,’ Rendiconti del Circolo Matematico 
di Palermo, Vol. 41 (1916). 
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quartic curves admitting the above property and studying their singularities 
he arrives at the construction of the pencils of cubics. 

In the equianharmonic case Chisini proves that every quartic that is cut 
by all the lines of a pencil in equianharmonic quadruples is represented by 


an equation of the type 
__ Pdhs (X12 2X3) , 1, | Ppa (t1@2%s) 7]? _ 
i= os aa bs (%%203)— Yo | eee am 0), 


where ¢; = 0 is an arbitrary cubic not passing thru the center of the pencil 
of lines which is taken to be the point C==(0,0,1). It is easily verified 
that the cubic ¢;=~0 is the polar of the point C with respect to the quartic 
fs=0. He also shows that the six points C1, C2, C3, Cs, Cs, Ce of inter- 
section of ¢;==0 with the polar conic of C with respect to ¢; 0 are flex- 
points for fs = 0 whose flex-tangents pass thru C. Obviously the cubic ¢; ~0 
touches f; = 0 at the six points Cj. 

Chisini, however, does not give the actual construction of the pencils of 
equianharmonic cubics. He only points out that such pencils are char- 
acterized by possessing six cuspidal cubics (corresponding to the six flex- 
tangents CC; of the above quartic). It is the object of this paper to make a 
closer investigation of these pencils of cubics with special reference to their 
actual construction. We show that every such pencil is contained in a net 
of equianharmonic cubics thru six base-points. These base-points form the 
vertices of two in-circumscribed triangles of an arbitrary cubic curve, which 
are three-fold perspective from the vertices of a third in-circumscribed tri- 
angle of the same cubic. 


3. Cremona Transformations Leaving a Pencil of Equianharmonic 
Cubics Invariant. It is well known that a general elliptic cubic is trans- 
formed into itself by 8 cyclic collineations of period three whose fixed points 
do not lie on the cubic. These collineations are given in terms of the abelian 


parameter wu in the form 
w=u+to/3 (w is a period). 


In addition to these general transformations, an equianharmonic cubic is 
transformed into itself by-singular homographies and homologies of period 
three with three fixed points on the cubic. In terms of the abelian parameter 
u these singular transformations are given by 


w=+teu+bd, (2 =—1). 


The existence of such homographies and homologies characterizes the 


equianharmonic cubics. 
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If, then, we have a linear system of equianharmonic cubics, say a pencil, 
the homology may be fixed or variable, i.e., there may exist one homology 
leaving invariant all the cubics of the pencil, or the homology will vary from 
cubic to cubic. However Chisini proves (Joc. cit., p. 90) that if the homology 
is fixed the pencil is special, and on a general pencil the homology is variable. 
It is natural, therefore, to look for Cremona Transformations of the plane 
into itself leaving the cubics of a pencil of equianharmonic cubics invariant. 
For this purpose we must investigate more closely the quartic curve f,==0 
which is cut by a pencil of lines {C} in equianharmonic quadruples of points. 

As is known, a cubic surface /’; may be mapped on a double plane with 
a quartic branch-curve by projection from a point O on the surface. Consider, 
therefore, the plane + of f,==0 as the projection of a cubic surface F;, and 
fs—=0 as the branch-curve. The equation of fs—~0 is, as we noted, 

for bo —% (72) —0 

and 3; = 0 is the polar of C (the center of {C}) with respect to fs —=0. Take 
an arbitrary line a of {C}. It cuts f;—0 in an equianharmonic quadruple 
of points £1, H2, E;, HE, and ¢3—= 0 in three points P,, P2, Ps which constitute 
the polar group of C with respect to #:,- - -H£,. To a@ will correspond on Fs 
a plane equianharmonic cubic curve ¥; cut out by the plane thru a and O 
(O is the center of projection). To P;, P2, Ps will correspond on ¥; two 
triples of points. We proceed to prove that each triple of points is a group 
of three fixed points of a singular birational transformation T, cyclic of 
order 3, of the cubic %, into itself. What we have to prove is, in fact, the 
following: 


THEOREM. The lines joining any point O on an equianharmonic cubic 
to the «1 groups of three fixed points, on it, of the «1 singular birational 
transformations cyclic of period 3, of the cubic into itself form a gs* in the 
pencil {O}, and this g,' is precisely the g31 obtained by taking the polar group 
of a variable line of the pencil with respect to the four tangents to the cubic 
from O. 


Proof. Let ¥; be an equianharmonic cubic and O a point on it. Let y 
be a transformation of Y,; into itself having three fixed points A,’, As’, As’ 
on the cubic. Let w be the transformation determined by the g.' cut out 
on ©; by the pencil {O}, i. e. the transformation which interchanges the points 


of each pair of the g2'. 
Evidently w yo is a transformation of ©; into itself having as fixed 
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points the three further intersections A,”, A2”, A;” of the lines OA’, OA,’, 
OA,’ with ¥;. Hence given any line of the pencil, each of the two points in 
which it cuts ¥; outside of O will define, by a known result, two other points 
which together with it form a group of three fixed points for some birational 
transformation of ¥, into itself, and by the previous remark these two triples 
will form three groups of the g2' mentioned above. It follows that the series 
co* of triples of lines mentioned in the theorem is such that each line belongs 
to one and only one triple, and therefore this series is a g3'. 

To prove that this gs" coincides with the g;* of the polar groups we take 
the trace of {O} on a line 1. 

Consider the transformation y of ¥, into itself having one of its fixed 
points at the point of contact C of one of the tangents thru O. y will leave 
invariant the g.* cu. out by {0} since it leaves one group of it (the point C 
counted twice), invariant, and will permute cyclically the three points of 
contact of the other 3 tangents to ¥; from O. The other two fixed points of 
y are on a line with O. We have in {0} a cyclic projectively of order 3. 
The trace of it on 7 may be given by 2 ex (ec? —1), having the points 0 
and o as invariant points. The equianharmonic quadruple of points on | 
can be taken to be 0, 1, «, e? and the polar group of any point (a1, a2) with 
respect to it is given by 


(1) 40,218 — 3a2%227 — 22.3 —=0 or 4axr?—3x—a—0. 


The polar group of the trace of OC on / is the polar group of 0 with 
respect to 0, 1, «, e®. Putting in (1) a—a,/a,—0 we obtain the point O 
and the point o counted twice, and this triple of points obviously coincides 
with the traces on J of the lines joining O to the three fixed point of y. The 
same will hold for any of the 4 groups having one of the 4 points of contact 
as a fixed point, hence the 2g;”’s coincide. q.e. d. 

From this theorem we conclude that the two triples of points on fF’; are 
each a group of fixed points of some birational transformation of W, into 
itself. 

To ¢3 will correspond on F’; a curve of order 9, Cy. It will be seen later 
from the analytical expression for F; that Cy is degenerate, but it can also 
be seen from the following consideration. Since ¢;=0 touches the branch 
curve f,==0 whenever they meet, the doubly-covered cubic $3; 0, i.e. Co 
does not possess branch-points. Moreover the six points of intersection of 
¢3==0 and f,z—=0 lie on a conic (Y,—0¢;/023 = 0) and by a known 
theorem * C, is reducible. It will be seen later that C, breaks up into a plane 





*See for instance F. Enriques and O. Chisini, Courbes et Fonctions Algébriques 
@une Variable, Chap. IV, p. 444. 
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cubic curve which may be supposed to coincide with the cubic ¢;~0 itself 
and another sextic curve. The two triples of points on F corresponding to 
P,, P2, Ps are, hence, separable. One group of 3 points will be on ¢; 0 
and the other group will be on the sextic. 

Consider only the cubic ¢,==0. It is traced out by the groups of fixed 
points of the singular birational transformations, cyclic of order 3, sending 
into themselves the cubics of the pencil which we obtain on F’; as the line a 
varies in the pencil {C}, i.e., the cubics cut out by the planes thru OC. 

These singular transformations of the cubics of the pencil are, in fact, 
homologies because the three fixed points on each cubic are on a line (the line 
of the pencil {C} corresponding to the cubic). 

Since thru each point of F; there passes only one cubic of the pencil 
we have a Cremona transformation I of the space sending F; into itself 
defined in the following way: For any point P take the plane of the pencil 
containing it. In this plane we have an homology sending P into P’ in the 
same plane. P’ is the homologous point of P under I. Evidently I possesses 
on /’; an entire curve of invariant points, the curve ¢3 0 of fixed-points. 


4, The Equation of F;. Consider the equation 


023 (21220 ) 


0 3 1 
on? x4? +(2)% Ie, + $3(%1%2%3)= 0. 


It is an equation of a cubic surface Ff. If we project F from the point 
O =(0,0,0,1) on it upon the plane 7,0 we get as branch-curve 


(0763/0257) bs — Yo (03/023)? = 0 


which coincides with our f,~=0. 

The following consideration shows that we can really take the above 
equation to represent our F’3. 

The plane z,~0 is a double plane both for F and the plane « of the 
pencil of equianharmonic cubics (see Chisini, loc. cit., p. 62), the branch- 
curve being the same in both cases. The net of cubics on / cut out by the 
bundle of planes thru O will be mapped into the net of cubics thru the seven 
base-points in a. The system o% of the plane sections of / will go by this 
mapping into the web of cubics thru 6 of the 7 base-points, the seventh base- 
point will correspond to O. This web will therefore contain the pencil of 
equianharmonic cubics and we can take as the equation of F: 


F’, = (073/0x57) x4? + (2) (063/025) 24 + os = 0. 


From this equation it is evident that the plane 2,0 cuts out on F's 
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the cubic ¢3;==0, and that the C, on /’; corresponding to ¢;~0 breaks up 
into ¢3 = 0 itself and another sextic curve. $3; 0 is, therefore, the curve 
of invariant points for the Cremona Transformation IT sending /’; into itself, 


5. Every Pencil of Equianharmonic Cubics is Contained in a Net of 
Such Cubics. The only points on F; which may be fundamental points for T 
are the three points O, 01, Oz, in which OC meets F's. We proceed to prove, 
however, that they are ordinary points and consequently I’ possesses no funda- 
mental points on F's. 

The singular birational transformations sending the cubics of the pencil, 
cut out on F; by the planes on OC, into themselves are, as we have noted, 
homologies. Therefore the three fixed points are flexes for the cubic, and 
it will be shown later that the line joining them is a side of the Hessian 
triangle of the cubic. The pencil {C} is, hence, composed of the flex lines 
for the corresponding cubics. Each line forms the axis of the homology; the 
center being the point common to the three flex tangents at the invariant 
points. 

Since O, 0:, Oz are not on ¢3; = 0, one of the following two cases may 
happen: either these points go by each homology into different points on 
the different cubics and will, therefore, be fundamental points for I’; or they 
form for each homology a cycle. This will happen if for each cubic the three 
flex tangents at the invariant points meet on OC. In this case O, 0:1, O2 
are ordinary points for I which possesses, then, no fundamental points on F;. 
To prove that this latter case takes place, it is sufficient, remembering that 
on a P;, P2, P; are the polar group of C with respect to Hi, H2, E:, Hs, to 
prove the following 


THEOREM. The lines joining any point O of an equianharmonic cubic 
to any three fleres P;, P2, Ps on a side of the Hessian triangle form the polar 
group of the line joining O to the point K common to the three flex-tangents 
at P;, P2, Ps with respect to the 4 tangents drawn from O to the cubic. 


Proof. Let the equation of the equianharmonic cubic be 
WV, = x13 -- 23 oh X3° = 0. 


The Hessian of ¥;—0 is the cubic 2,724; 0 composed of the three lines 
t= 0, 7 —0, z=; = 0. 

Let O = (4:1, Y2, Ys) be any point on ¥; = 0. 

The four tangents from O to ¥; —0 are given by 


3 (y101? + Yot2? + Yyets”)? — 4(a13 + a8 + 25°) (y12@1 + Yo?X2 + Ys*ts)—= 0. 
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Let P:, P2, Ps be the three flexes on the line z, 0. The point K in this 
case will be the point 27; 22—0 which is the opposite vertex of the flex 
triangle. Let the pencil of lines {O} be projected upon z2=—0. The three 
flexes Pi, P2, Ps are given by 








213 + x33 = 0. 


The trace of the line OK is the point (y, ys). 
ruple is given by 


ps = (4101? + Ys") a 4(2,3 + 3°) (y1721 + Y3°L3) = 0. 
The polar triple of (y:, 43) with respect to ¢,—=0 is given by 
Yi0ps/024 a Y30p4/023 — 0 






The equianharmonic quad- 















yi{1221y1 (y124? + Y3%3~ )— 4y,? (x3 + 23,3)— 122? (y1?t1 + Y3"Z3) } 
+ ya{12aeys(yrts? + Yate") — 4ys? (13 + t5°)— 12a (ys2a1 + Ys7as) }—= 0 
= 12 (yar? + Ys%e”) (Yr? + Ys*as)— 4 (18 + 25) (ys + 958) 
— 12 (yity? + Ysts*) (y17a1 + Ys*ts) = 0 


= 73 + 7,3 = > 













which coincides with the three flexes. q.e. d. 
We conclude that the three points O, Oi, O2 form a cycle for each 
homology, and they are ordinary points for T. Moreover, since the point K 
in each cubic must form with the three points O, 0:, Oz an equianharmonie 
quadruple, it is the same point for all the cubics of the pencil. The trans- 
formation T has therefore the point K as an invariant point. Also every 
point of the plane z,—0 is invariant for I’, since we have in this plane the 
pencil of lines {C} each of which is the axis of an homology. We also see 
that the projectivity involved on the line OC by the homology on a generic 
plane on OC does not vary as the plane varies in the pencil. Hence the 
transformation T does not possess fundamental points, and consequently is 
a collineation. More precisely, T is an homology in space, cyclic of order 
three, with the point K as center and x, 0 as plane of invariant points. 

The net of cubics cut out on F; by the bundle of planes on K is a net 
of invariant cubics for I since the planes of the bundle are invariant. Each 
cubic of the net has three invariant points on it (the three points in which 
it cuts the plane 2, —0) and is therefore equianharmonic. 

By mapping the cubic surface Fy on the plane a of the original pencil 
of equianharmonic cubics we conclude that every pencil of equianharmonic 
cubics is contained in a net of such cubics thru 6 of the 9 base points of the 
pencil, 
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6. A Canonical Form for F; and the Equation of the Homology. Let 
us determine the codrdinates of the point K. If we write ¢;—0O in ‘the 


canonical form 
ds => x5 + x28 -+ Z3° -+ 6A2122%s = 0, 


F; will take the form 

PF; = 2,3 + 223 + 253 + 6rgx42 + 3(2) 4a52a4 + 6(2) 4AGiL2%4+ GAL L273 = 0, 
Consider the cubic ¥, cut out on /’; by the plane 2, = paz: 

Ws =(1 + pw?) 2.3 + 253 + 6argrq? + 3(2) 405274 + 6(2) AApr2?2.+ GApa22Z, = 0, F 


This is an equianharmonic cubic and its Hessian is composed of a flex 
triangle. The equation of the Hessian is found to be 


H=2,{[(1 + wo?) ae + 2Ap (as + (2) 424) ] (a2 + (2) #a4)— 2A7 70727} = 0. 


The second factor breaks up into the product of two linear factors by com- 
pleting the square and taking the difference of the two squares, and we obtain 
the Hessian triangle. Since z,—0 is one of the sides we conclude that each 
of the lines of the pencil {C} is a side of the Hessian triangle of the cubic 
corresponding to it on F’. 

To determine the codrdinates of K, we consider the cubic cut out on Fs 
by the particular plane thru z;—0 and O. The Hessian triangle of this 


cubic is found to be 
L4%o[ (2) #25 - 2X. | == (), 


The sides of the triangle are the lines 
Za=0; %=0;  (2)%25 + 2a, —0. 


The three tangents at the flexes on 7, = 0 meet on the opposite vertex, which 
is the point of intersection of z,—0 and (2), + 2%, =0, or in the point 
K = (0, 0, 1, —(2)#/2]. 

For simplicity send the point K to (0,0,1,0) and interchange the planes 
zt, =0 and 2z,—0. ’ 

The transformation sending the points 


(0,0, 0,1), (0, 0, —(2)#/2, 1), (0,0, 1,0) into (0,0,0,1), (0,0,1,0), (0, 0,61) 


is found to be 2 = 21’; Lo = 22! 3 Ly = EL g’ 3 Ly = (2) 4 (24 — 7’). 
Applying this transformation to F, after having interchanged z, and 2% 
the equation of F; turns out to be 
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F,=v2,3 + £23 — 2(2) 2,3 me 2 (2) 4a,3 a 6 (2) *rx1 Lets ae 0, 


and the homology in space sending /’; into itself is evidently 
PR; Ty’ eT, Ue’ =e, Ts —= ly, Ue = Le 


%. A Net of Equianharmonic Cubics thru Siz Base-Powmts. In order 
to obtain the equianharmonic net of cubics in the plane we map /’; on a 
plane «. 

As is known, a cubic surface may be mapped on a plane by means of a 
system oo% of cubics thru six base-points in the plane, so that the cubics of 
this system correspond to the plane sections of the cubic surface. The corre- 
spondence between the points of the plane and the points of the surface is 

(1,1) except for the six base-points 1 (1 1,2,- - +6) to which correspond 
on the surface six lines denoted by a;. Also to the six conics thru 5 of the 
base-points correspond on the cubic surface six lines 6; (the line 6; corre- 
sponding to the conic leaving out the point 7). Finally to the 15 lines joining 
two of the base points 1 and 7 correspond on the surface the lines ¢;;. In all 
we have 27 lines on the cubic surface. 

F; is a particular cubic surface since there are collineations sending it 
into itself, and when mapped on «@ the six base points will be in particular 
position which we proceed to determine. 

Evidently to [ will correspond in @ a transformation T. For a point 
P on F’; is mapped into a point Q in « IT sends P into a point P’ which 
is mapped into a point Q’ in « The correspondence between Q and Q” is 
(1,1) and algebraic, and is therefore a Cremona transformation in the plane. 

Since I has no fundamental points on F’;, the Cremona transformation T 
will have no fundamental points in @ outside the six base-points. Let us 
determine the order of TJ, i.e., the order of the curves into which 7 trans- 
forms the lines of a. 

Consider an arbitrary line a of «. It is mapped into a twisted cubic C 
on F;. I sends C into another twisted cubic C which is mapped into a curve 
S of « As is known there are seventy two systems oo? of twisted cubics on F3. 
One system is mapped into the lines of « Twenty systems are mapped into 
conics thru three of the base-points, thirty systems into cubics with a double 
point at one of the base-points and passing simply thru four of the remaining 
five base-paints. Twenty systems go into quartics with double points in three 
of the base-points and simple points at the other three base-points, and finally 
one system is mapped into quintics having double-points at the six base-points. 
To determine into what system I transforms the system of cubics corre- 
sponding to the lines of « we must find the number of intersections of C and C. 














328 JACOB YERUSHALMY. 


C cuts x; = 0 in three points which are invariant for and belong, hence, 
also to C. If C and C have any more common points they must be such points 
on C which are the transform of points on C. A point and its transform 
by I’ must be on a line with K. However, there is only one double-secant 
of C thru K, and since I is cyclic of order three, one of the two points in 
which the double-secant cuts C must go by it into the other point. Hence, 
one of these two points is common to C and C. These two curves intersect 
therefore in four points, and so do S anda in aw. Hence S is a quartic curve 
passing simply thru three of the base-points, say 1, 2, 3 and doubly thru the 
other base-points 4, 5, 6. The transformation is biquadratic and the funda- 
mental points of the inverse transformation (7-1) coincide with those of the 
direct transformation. The homoloidal net 3’ of the inverse transformation 


being known 
x: (18,7, 9,4, 7,7). 


it is easy to determine the homoloidal net & of T. T being cyclic of order 
three must transform the system 3’ into 3. A quartic C, of % must therefore 
have four variable intersections with a quartic C0,’ of 3’. Let = have multi- 
plicities 7, r2, rs at 1, 2, 3 and s,, Se, ss at 4, 5, 6. We have 


Trt t2 +s + 2(8 + 82+ 583) = 16 —4— 12 


and since three of them must have the value two and the other three must 
have the vaiue one, we have the result 


11 =1T, = 1, = 2, 8; = 8. = 8, = 1, 


and hence 
=: (12, 22, 32, 41, 51, 61),. 


Corresponding to the cubic $s = 0 on F;, we have in the system 8 
of cubics in @ a cubic ¢ each point of which is invariant for 7. Consider 
the base-point 4. It is a simple fundamental point and goes by 7 into a 
line 7 which has no variable intersections with the quartics of =’ and is there- 
fore on two of the three points 4, 5, 6. This says that on F3, a goes into 
cy (—4, 5, 6) by IT. But cj; must pass thru the point of intersection 
of a, and ¢3; = 0 and therefore the line 7 in « passes thru 4. It may be 
either (45), or (46):. Let 7(4)—(45):, then T(5)—(56);, T(6) (64). 
Moreover, since ¢3 = 0 and c,; have a point in common on 4, the line (45), 
and the cubic ¢ have at 4 the same direction. (45), is, hence, tangent to ¢ 
at 4. In the same way it is seen that (56), and (64), are tangent to ¢ at 
5 and 6 respectively. The three points 4, 5, 6 form therefore an in-circum- 
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scribed triangle in the cubic ¢. Applying the same reasoning for 7’ we see 
that the other three fundamental points 1, 2, 3 form the vertices of another 


-in-circumscribed triangle in the same cubic. 


The point 1 goes by J into a conic passing thru 1. This conic goes thru 
4, 5, 6 since it has no variable intersections with the quartics of 3’. 1 is 
transformed, hence, into either (12456). or (13456)... Let 7'(1)—(12456). 
then 7'(2)=(23456). and 7'(3)—(31456)2. We have for 7 


1— (12456)2— (13), -1 
2—> (23456). (12), 2 
3—> (31456), (23). 23 
4—> (45), — (12346),.—-4 
5—> (56), — (12345)2—5 
6— (64), — (12356). —>6. 


In order to obtain the complete configuration of the six base-points, 
consider for example the point 1. We have by T 


1—> (12456). —> (13), 91. 


On F's we have the cycle (a,b; ¢3:1). These three lines must concur at 
a point on ¢; 0 (the invariant point on a,), and hence both the conic 
(12456) and the line (31) are tangent to ¢ at 1. The same is true for the 
other five conics. The complete configuration of the six base-points is there- 
fore as follows: (1,2,3) (4,5,6) are the vertices of two in-circumscribed 
triangles on ¢, such that the lines (13), (12), (23), (45), (56), (64) and 
the conics (12456), (23456), (31456), (12346), (12345), (12356) are tan- 
gent to ¢ at the points 1, 2, 3, 4, 5, 6 respectively. 

As is known there are twenty-four in-circumscribed triangles in an arbi- 
trary cubic g. For, if (4,5,6) be such a triangle, and wu the abelian para- 
meter of the cubic chosen so that for three points on a line the sum of the 
values of this parameter should be equal to zero (mod. periods), then we have 


24 + Us = 0 (mod. a, w’) 

2Us + Us = 0 (mod. a, wo’) 

2s + Us = 0 (mod. a, w’). 
From which 


Us =(aw + ow’) /9. 


Giving to « and @ all the values from 0 to 8 we get 81 points from which 
we have to exclude the 9 flexes, leaving 72 points forming 24 triangles. 
If we start with any ninth of a period for u,, then us and we, and hence 
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the triangle (4, 5, 6), are determined. In order to determine the second 
triangle (1,2,3) we must put the condition that (12346). should touch ¢ 


at 4. Hence 
(2) Rg + Us + U1 + Ue + Us =0 (mod , wo’). 
But since (1,2,3) is also an in-circumscribed triangle, the following rela- 
tions exist 
Us = — 2, (mod a, w’) 
U2== 4u, (modo, vo’). 


Substituting in (2) we have 


QUg + U1 = (Bo + Bu) /8, 
U, =— 2u, + &% of a period =u, + 14 of a period. 


We have 9 thirds of a period, and it would seem that associated with any 
triangle there are 8 more each of which together with it will give the required 
six points. However, finding the values of wz and ws 


U2= 4u,+% of a period=u-+ % of a period 
Us = — 8u,+ 14 of a period=u,+ % of a period 


we see that these also are obtained by adding to uw, a third of a period, and 
hence the nine thirds of a period give rise to only 3 triangles. One triangle 
is to be excluded; this is the one obtained by adding to uw, the third periods 
0, 3us, 6u4, which give the triangle (4, 5,6) over again. Hence, starting with 
any one point (a ninth of a period), the triangle containing it is determined 
and with it there are determined two associated triangles, each of which can 
be taken with the original one to form the base of the net. 

In fact, start with a ninth of a period u,=w/9. The three triangles are 


U1, Us =U, + 0/3, Uz == Uz, + 20/3; 
Ug =U, + 0/8, Us =U, + 20/8 + 0/8, Ug=u+0/3 + 0/3; 
Uy = Uy + 20/8, Ug =U, + 2/3 + 2w'/B, Up HU + 0/3 + 20/3. 


It is easily verified from the above that any two of the three triangles 


satisfy our conditions, and any two of them can be taken to form the base. 
It is also easily seen that any two of the above three triangles are three- 


fold perspective from the vertices of the third. For 


Uy Uy + Ug = U2 + Us + Ug = Us + Ue + Us = 0; 
Us Us Uz = U2 + Ue Uz = Us + Ue + Uz, = 0; 
Uy + tg + Up SS Ue + Us + Up = Us + Us + Uy = 0. 
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Finally we want to show that if we take on an arbitrary cubic ¢ six 
points forming the vertices of two in-circumscribed triangles and satisfying 
the above conditions, then in the system oo% of cubics thru these points there 
is contained a net of equianharmonic cubics. 

Consider a biquadratic transformation 7 having these six points as funda- 
mental points (12, 22, 3?, 41, 51,61). The fundamental points of the inverse 
transformation will generally be some other six points (191, 21, 3o1, 407, 5o?, 
6,2) of the plane. 7’ sends the cubics thru (1, 2,- - -6) into the cubics thru 
(1o, 20,° * * 69). It will send ¢ into some cubic ¢o. 

The quartics of 3’ having double-points at 1, 2, 3 and passing simply 
thru 4, 5, 6 cut the cubic ¢ in «©? groups of 3 points. But since 


2 (us + U2 a U3) = 2w/3, 
Us + Us + Uc = 0/8, - 
and hence 


2(u. + Ue + us) + ws + Us + Up =D, 


it follows that the sum of the Abelian parameters at each group of three points 
is equal to zero, i.e. the three points of each group are on a line. cuts, 
therefore, out on the cubic ¢ the same g;” cut out on it by the lines of the 
plane. The transformation T’ involves, therefore, a collineation y sending ¢ 
into @o. y sends the points 1, 2,- - - 6 into the points lo, 29° - - 6). To prove 
this take for example the line (13). TJ sends it into one of the points 19, 20, 3o 
say into 19. Consider the pencil of quartics in 3’ degenerating into the fixed 
line (13) and the pencil of cubics (2?, 41, 51, 61, 11, 31). Then gs cut out 
by it on ¢ has a fixed point which falls at 1 since (13) is tangent to the 
cubic ¢ at this point. To it will correspond the g,' cut out on ¢o by the 
lines on 19, and the fixed point 1) corresponds to the fixed point 1. And by 
the same reasoning y send 2 into 2) ete. 

Multiplying T by y+ we get a Cremona transformation R having the 
fundamental points of both the direct and inverse transformations coincident. 
This transformation will leave invariant the linear system o% of cubics on 
1,-- +6. Moreover, each point of the cubic ¢ is an invariant point for R. 

The cube of this transformation is a collineation in the plane. Because 
the lines of the plane go by it into the quartics of 3’: (11, 21, 31, 42, 52, 62), 
which go by the same transformation into quartics having four variable inter- 
sections with those of 3’. R sends, therefore, 3’ into 3. Applying R to & 
we get again the lines of the plane. But a collineation having a cubic of 
invariant points is the identity, hence R?—JI and the transformation is 
cyclic of period 3. 
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If we consider then the linear space S; whose elements are the cubics of 
our system oo%, our transformation F& will be a cyclic projectivity because 
it is an algebraic (1,1) correspondence between the elements. This pro- 
jectivity has one invariant point (the cubic #) and also every line on this 
point is invariant: infact every pencil of cubics obtained by combining 
linearly any cubic of the system with ¢ goes into itself since the three base- 
points of the pencil outside the fundamental points are invariant. By duality, 
since the projectivity has a bundle of invariant lines, it must have a plane of 


invariant points. The transformation R in the plane has, therefore, a net 
of invariant cubics. Each of the cubics of this net has three fixed points 
on it (the three points in which it cuts the cubic #) and is therefore equian- 
harmonic. 

It is of interest to note that the cubic ¢ is the locus of the cusps of all 
the cuspidal cubics of the net, because the cusp must be an invariant element 
and is therefore on the invariant cubic. 

















THE PLANAR IMPRIMITIVE GROUP OF ORDER 216. 


By JoHN Rogers MussELMAN. 





INTRODUCTION. 

In a paper,* which discussed the imprimitive group of order 5184 
in S;, the existence of an imprimitive group of order 216 in S2 connected 
with the Hesse configurations was indicated. The purpose of this paper is 
to discuss this planar group and the geometry associated with it. Of special 
interest is a configuration of twelve triangles which possesses important 
properties. These are dealt with in Section II. In Section I is a study 
of four-fold perspective triangles. A new canonical form is used which leads 
to a ruler construction for them and to a compass construction for a Clebsch 
six-point. 

J. Four-rotp PERSPECTIVE TRIANGLES. 


Four-fold perspective triangles have been discussed by Schréter,t Hess,{ 
Valyi § and others—all using the same canonical form. As a knowledge of 
these triangles is necessary for the development of the next section of this 
paper it has seemed best to study them using a new canonical form, which 
has certain advantages over the former one. Among others it leads to a 
simple ruler construction for ordinary four-fold perspection, and to a compass 
construction for a Clebsch six-point. 

Let us call the vertices of one triangle A, B, C; those of the second 
triangle a, b, c. We shall choose for our canonical form the codrdinates of 
the six vertices to be 


A: (1,0,0) B: (0,1,0) C: (0, 0,1), 
a: (1,1, 1) b: (115 Te» 1's) C: (81, $2, 8g). 


Let us indicate the four-fold perspections as AgBsCc, AnBcCa, AcBaCo, AaBcC>. 
To be perspective in these four ways requires the following conditions on the 
six points 


(1) T3S2 — T3815 T1283 = 1382, 1381 = T2835 1183 = T2831. 





* Musselman, American Journal of Mathematics, Vol. 49 (1927), pp. 355-366. 
{ Schréter, Mathematische Annalen, Vol. 2 (1869), p. 553. 
~ Hess, Mathematische Annalen, Vol. 28 (1887), p. 167. 
§ Valyi, Archiv der Mathematik und Physik, Vol. 70 (1884); Vol. Al (1885), 
p. 320; Monatshefte fiir Mathematik und Physik (1898), p. 169. 
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As is well known the third condition above is merely a consequence of the 
first two and it is only three conditions on two triangles to be four-fold 
perspective. If we eliminate r from the three actual conditions we have 
8; (8:S2— 83") = 0; if we eliminate s from the conditions we have 1; (717s— 1,2) 
=0. Now s,—0 together with conditions (1) would compel one of the 
points of the second triangle to coincide with one of the first triangle and 
we should not have two distinct triangles. Similarly if r;,—0. Hence we 
see that for four-fold perspective triangles point c¢ must lie on the conic 
21%2 — Xz; = 0 and point b on the conic 7,473; — 472 —0. The first conic is 
tangent to AC at A, tangent to BC at B and passes through a. The second 
conic is tangent to AB at A, tangent to BC at C and passes through a. 
The equation of the line joining points b and c is 





V1 L2 L3 
1 T2 Ts =— 0, 
$1 Se S3 


which can be written, due to (1), as 


11/81 (S2 — 83) [—(S2 + 83) a1 + 81(%2 + 43) ] = 0. 


Now s2= 58; else point c would coincide with point a, so the equation of the 
line is simply 
(2) (82 - 83) 24 —- 81Z2 — 8123 = 0. 


If we let points b and c run over the conics on which they lie and ask for 
the envelope of the line bc we find that all these lines pass through the point 
(0, —1, 1). To locate this point p, note that if we call the point of inter- 
section of BC and Aa by p’, then p lies on BC and is the fourth harmonic 
of p’ as to B and C. Moreover point p and line Aa set up the reflexion 
pt;’= 21, pt2'—= 23, pls —= X2 which interchanges the two conics %;%2 — %;°= 0 
and 21%3 — %2” = 0.* 

The above furnishes a construction for four-fold perspective triangles 
given one triangle and one vertex of the second triangle. Call the given 
triangle ABC and the fourth point a. Produce Aa to cut BC at p’. Con- 
struct p as the fourth harmonic of p’ as to B and C. Construct any point 
on the conic which is tangent to AC at A, tangent to BC at B, and passes 
through a. Call this point c, then b is the reflexion of ¢ in the line Aa 
with p as center. 





*It is of interest to note that the two imaginary intersections of these conics 
form with the four points A, B, C, a six-fold perspective triangles. 
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Since the line pe ordinarily cuts the conic 2:72 — 232 = 0 in two distinct 
points we find then on every line through p there are two sets of two points 
each which together with point a form a triangle four-fold perspective to 
ABC. There are two lines, however, through p which contain only one set 
of points. One is BC *; the other will be mentioned later. 

Let us write the codrdinates of the six points in terms of a parameter 
as follows: 


A: (1, 0,0), B: (0, 1, 0), C: (0, 0, 1), 
a: (1,1,1), b: (u?, p, 1), c: (u?,1, 4). 
The codrdinates of the four centers of perspection are (w?,1,1), (u,1,,), 


(u,~,1) and (y,1,1). The condition that the first three centers lie on 
a line is 


py? 1 1 
Be 1 p| =9, 
pe zB 1 


which reduces to p(u—1)2(u+2)—0. If pw equals 0 or 1, two points 
will coincide; hence the condition that three centers of perspection lie on a 
line is p=— 2. 

The condition that a conic can be put on the six vertices of the two 
triangles is 


1 1 1 
p 1 Bb = 0, 
be 1 # 


which reduces to p(u—1)?2(u+2)—0. The equation of the conic on the 
six points when p==—2 is 2% — 2x23 + 23%, —=0; the equation of the 
line of centers is 2, — 2x,—2z;—=0; the odd center has codrdinates 
(—2, 1,1). Hence the theorem when »—=— 2 the six vertices of the two 
triangles lie on a conic, that three centers of perspection lie on a line and 
the fourth center of perspection is the pole of this line as to the conic. 

To construct the line of centers produce Ba to cut AC at D. On AC 
construct the fourth harmonic of C as to A and D; call this point g. Then 
pq is the required line. 

Of the four intersections of the conics 22%, — 2x43 + 43%, = 0 and 
21L2 — Xz" = 0 three are at A, B,a; the other is the point (4,1,—2). But 
this latter is the point of tangency of the tangent (other than BC) from 





* Obviously the set on BC coincides with B and C and the six points are not 
distinct. 
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p to %,%,—2%3*=0. This is the second exceptional line through p which 
contains only one set of two points which with the given point a makes a 
four-fold perspective triangle with ABC. From this we can readily deduce 
a construction for four-fold projective triangles whose vertices are on a conic, 
But a simpler method is available. We express the conic 1%, — 2X2%3 + aa, 
= ( in parametric form as 


(5) Y= t(2— ft), Ya = t, Lg = 2 — tt, 


then the parameters of the points A, B, C are t = 0, 2,0 respectively while 
those of a,b,c are {==1,4,—-2. Hence we have the theorem that the siz 
vertices of the two triangles on the conic are a cubic and its jacobian. So 
the well known construction * on a conic for a cubic and its jacobian will 
furnish us four-fold perspective triangles whose vertices lie on a conic. 

The Clebsch ¢ six-point has the property that the 15 joins of the points 
meet by threes at ten points. The points can be arranged into two four-fold 
perspective triangles. The usual canonical form for the six-point is 1, 0,0; 
1, 2e*, Bes 1, Be, 2e* 5 1, 2, 2; 1, 2e?, Ve? and 1, 23, 2e?. The linear transforma- 
tion which sends the first four of these points into the reference triangle 
and the unit point carries points 5 and 6 into 1+ ,1,v and 1+ y,y,1 
where v= 14(—1-+ 5%). These points are on the line —2, + 22+ 2, =0 
which line is on p, the center of the reflexion and on (1,0,1), the point 
where Ba cuts AC. Points 5 and 6 are pairs in the reflexion with p as 
center and Aa as axis. To construct a Clebsch six-point with the apparatus 
available for four-fold perspective triangles means we must find the points 
where the conic cuts a definite line. This is a compass construction and the 
line can be constructed as indicated above. Since the conic cuts the line in 
two points there is another pair of points 5’ and 6’ which together with 
A, B, C, a will form a Clebsch six-point. The codrdinates of this second set 
of points are v,—1,1-+ and v,1-+v,—1 where y=14(—1-+ 5%). 

For further study of four-fold perspective triangles let us choose a second 
canonical form. Let ABC be the reference triangle; in the previous form 
we let point a be the unit point and saw that it was on the conic 
21L_2 — Zz = 0 so now we shall let point a run over this conic 7:72 — x," = 
by giving it the codrdinates 1, ¢?,¢. Then point b will be on the conic 
132,23 — X22 —0 while point c lies on 7:4, — 232 0. These two conics are 
reflected into each other by the reflexion with center 0,— 7,1 and axis 





*See for example Winger, Projective Geometry, p. 257. 
{ Clebsch, Mathematische Annalen, Vol. 4 (1871), p. 336. 
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{232 = 0. The equations of the reflexion are px; = tay’, pr, = ta’, 
The codrdinates of the six points are now 

A: (£,¢,90), B: (6, 1,0), C: (0,0,1), 

a: (1, ¢,¢), b: (tp?, ty, 1), c: (p?, 1,4). 


, 
pls = L2- 


The four centers of perspection are ty?,t,1; wt, tu; pw, ty,1; and p,t,1. 
The condition that the first three centers lie on a line is fu-+2—0. The 
equation of the line is then ¢?2, — 2x%,— 2ta;—=0, whose envelope is 
v3” + 22% —=0, a conic having double contact with 2,7,.—z,2—0. The 
six vertices of the triangles now lie on the conic ta,%2 — 2273 + 7237, = 0 
and the odd center —- 2, ¢?,¢ has for its polar line as to this conic, the line 
on which lie the first three centers of perspection. In the general case, the 
odd center p,t,1 and the center ty?,¢,1 lie on the axis of reflexion 
tz; — 220; the two remaining centers lie on a line through the center of 





reflexion 0,— 17,1. 
The axes of perspection have the following codrdinates: 





A, =AiBiC.: — ??, 1+ tp, t(1+ tp), 
Ao=ApB Ca: 1+ th, — pe’, p(1 + tp), 
(6) As =A-B.C?: t(1+ tp), p(1 + tp), — tp, 
A,y=A BC): é, Ps tp. 


The condition that the three axes A;, Az and ‘As be on a point reduces to 
(2tu +1)(tu+2)=—0. If now 244+ 1—0, the three axes coincide and 
the vertices of the triangle abc are on a line. The second triangle has 
degenerated, but the centers of perspection are distinct and not on a line. 
Hence tu + 2 0 is the condition that the three axes meet in a point; it is 
likewise the condition that three centers of perspection be on a line and that 
the six vertices of the two triangles be on a conic. If, however, 2/4+1—0 
the equation of the line on which the points a, b, and ¢ lie is 2¢?27, — x. — tas 
=(). The envelope of this line is 23? + 82,2720, another conic having 
double contact with 2,22 — 237 = 

When tu + 2 = 0 the axes A, Az and A; meet at the point 2, — t?,—t; 
as ¢ varies this point describes the conic 223? + a,2,—=0. Likewise when 
tu + 20, the six sides of the two triangles touch a conic whose equation 
in line codrdinates is 2tu,u. — t?u gus + 2uz;u,; 0. The odd axis has codrdi- 
nates — ¢?, 2, 2¢ and the three other axes meet on the point whose equation 
is 2u; — t?u,— tus 0. The pole of the odd axis as to the line conic is 
the point where the axes A,, Az and As meet. In general, the odd axis of 
perspection ta, + pa. + tur; =0 and the A; axis are on the center of re- 


7 
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flexion 0, —t, 1; while the axes Az and A; are on a point on the axis of 
reflexion tz; — z2 = 0. 

To summarize, when tu + 2—0, the six vertices of the two triangles 
lie on a conic; three centers of perspection are on the odd axis; three axes 
of perspection are on the odd center and this odd center and odd axis are 
pole and polar as to the conic. The three axes of perspection cut the odd axis 
in three points gi which are the jacobian points of the three centers of per- 
spection p; on the line. The hessian points are the intersections of the line 
and conic. The three lines joining the points p; to the odd center cut the 
conic in the six vertices of the two triangles; moreover the six tangents to 
the conic from the points qi touch the conic at the same six vertices. 


Il. Tue PLaAnar Group OF ORDER 216. 


On any two sides of the reference triangle in the plane choose a set of 
points such that the vertices of the triangle on those sides are the Hessian 
points of the set. Construct on both sides the cubicovariant points of each 
given set. Join now the six points on one side with the six points on the 
second side in all possible ways. These 36 lines will cut the third side of 
the triangle in six points having the same relation to it as the originally 
chosen sets have to the sides on which they are located. We thus have a set 
of 18 points and 36 lines such that 3 points are on each line and 6 lines on 
each point. The 36 lines fall naturally into four sets of nine each, such that 
each set together with the reference triangle form the flex triangles of a 
pencil of cubic curves. 

If we designate by a; the points 0, w‘, 1; by Dj the points ow’, 0, 1; 
by c; the points w‘, 1,0; (c=0, 1, 2; o? =1); and if we call the cubico- 
variant sets respectively by ai’, b;’ and c;’ one can easily verify that 


a;’, bi’, ci’ are the flexes of 2,3 + 223 + 2,3 + 6ma,22273 = 0, 
ai’, bi, ci are the flexes of — 27,3 + 2,3 + 2,3 — 6mz,x27; = 0, 
a,, bi’, c; are the flexes of 2,3 — 22° + 2,3 — 6ma,22%3 = 0, 
a;, bi, ci’ are the flexes of 2,3 + 2.3 — 2,3 — 6ma,22%3 = 0. 


(7) 


The configuration consists of four Hesse configurations with a common 
triangle—the reference triangle— which is invariant under all the operations 
of the group. The group is the product of that subgroup G54 of a Hesse Gore 
which leaves one flex triangle invariant, and the G, which sends any one of 
the four Hesse configurations into each other. Hence we have an imprimi- 


tive Gore. 
Now these 36 lines intersect in 360 points outside of the points on the 
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sides of the reference triangle. These 360 points divide into three sets 
containing 36, 108 and 216 respectively. For each line is conjugate under 
the (2:1. and hence is unaltered by a G,. If two of the 36 lines should be 
unaltered by the same G3, then the G. which interchanges them wil! leave 
their join unaltered by a Gg. Hence a set of 36 conjugate points. This will 
occur if the two lines belong to a set of flex lines of a cubic. This is evident 
also from the duality existing. For the 18 lines 2, + o'r, = 0, v2 + wit; = 0, 
zz &w't,;=0 (10, 1, 2) which go by six through the vertices of’ the 
reference triangle meet in the 36 points 1, +o', to/; (*—=j=—0, 1, 2). 
These are the codrdinates of the set of 36 conjugate points mentioned above. 
These 36 points are on 360 lines, outside of those passing through the ver- 
tices of the reference triangle. These 360 lines fall into three sets containing 
36, 108 and 216 respectively. The set of 36 lines are the flex lines of the 
four cubics; the 36 points are the flexes. 

Furthermore, if two of the original 36 lines are not invariant under 
the same G;, they may be interchanged by a Gs: or not. In the former case 
we shall get a set of 108 conjugate points, in the latter case a set of 216 points 
conjugate under the group. These will be discussed later, the dual sets of 
108 and 216 lines will also appear. 

Now the 36 points 1, tof, toi (i =j=0, 1, 2) fall into twelve 
triangles. Let 


Aun be i | So i 3 w, w? 5 j w”, 03 
A:z be 1,1, ?; 1, w7, 1; 1,0, 0; 
Ais be pe 1,o; a eS be i, w”, w? ; 
Aoi be 1,— 1, 1,— a, w? ; 1, — 0”, w; 
‘Ase be 1,—1,?; 1,—o?,1; 1,— 0,0; 
Ass be 3, = 2. W3 1,— , 1 > ie aa w*, w? 5 
8 
( ) Agi be 4; 1,—1; 1, w, — 0; 1, w?, — 0; 
Ase be 1,1,—o?; 1, 0?,—1; 1,o,—o; 
Ass be 1,1,—o; 1,0,—1; 1, w?, —o?; 


Ag be —1,1,1; —1,0,0?; —1, o?, 0; 
Ag be —1,1,0?; —1,?,1; —1,o,0; 
Ags be —1, 1, 0; —l,o, 1; —1, wo, w?, 


We shall arrange these twelve triangles in four rows of three each as 


follows: 
Au Az Ais 
Aa Axe Aos 
As Age Ass 


Au Age As. 
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Now this set of twelve triangles has the following remarkable property—any 
two triangles in the same row are six-fold perspective; any two triangles in 
the same column are four-fold perspective with three centers of perspection 
on a line; finally any two triangles in different rows and columns are four- 
fold perspectwe. Since the triangles in any row together with the reference 
triangle are the flex triangles of a cubic we know they are six-fold perspective 
by pairs, with the six centers of perspection being the other six points. 

Any two triangles in the same column are four-fold perspective with 
three centers of perspection on a line. For Ai; and Ao»; the centers of per- 
spection are 1,0,w'; (1—0,1,2) and 0,1,0; the three flexes on one side 
of the reference triangle and the opposite vertex. Since the Gi. is doubly 
transitive on the triangles in a column, this proves the theorem for any two 
triangles in any column. The triangles can be paired thus in 18 ways. In 
each case the three centers of perspection on a line, lie on the sides of the 
reference triangle. The three axes of perspection on a point for Ay, and Ay 
are 2%, +o'z,=0 (4—0,1,2) on the point 0,1,0; the odd axis is the 
opposite side of the reference triangle 7,0. Moreover A,;A2:,Ai2A02, and 
A3A33 have the same centers and same axes of perspection. If two triangles 
are four-fold perspective with three centers on a line, the six vertices lie on 
a conic. These conics are 


AiiAsi : Lo? — w*'-17,23 = (0) 
AyiAsi: 23? — ot 14,2. = 0 
AviAagi: 217% —o*12.2, = 0 
AxiAsi : 21? ie w*-1707, == () 
AsiAsi : X53" at w17,7, = () 
AsgidAgs: 22 + w'17,7, = 0 (a = Aj 2; 3). 


(9) 





These 18 conics belong to three pencils of double contact conics, the para- 
meters of the six conics in each pencil being the sixth roots of unity. The 
chord of contact of each pencil is one side of the reference triangle. Each 
conic is unaltered by a G2 of the group. 

Two triangles in a different row and column are four-fold perspective. 
Thus the four centers of perspection for the triangles A,3; and As» are 0,1, 0; 
1, 1 — o?, w?; 1, —1,; and 1, o?—»,1. Two such triangles can be joined 
in 72 ordered pairs or 36 non-ordered pairs. The Gis which leaves Ai 


invariant is generated by 


, 
pry = V15 L1 


by 


(10) pte = Le, =—=%1, =A 


pts, — w*Zs, 
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This sends triangle Az. into itself, or Ag2 or Ags. The Gig sends Ais into 
each of the twelve triangles, and carries its partner Az2 along into three, 
consequently we get 36 non-ordered pairs. Hence any pair of triangles can 
be sent by the group into any other pair in a certain order. Thus all 36 pairs 
are four-fold perspective. The Gg. leaving both Ai; and Azz unaltered is 


generated by 


, . 

pry == V1) == v3 

(11) ple = wl, = 22 
/ , 

prs —— WVs3, = 7. 


This G, leaves the center of perspection (0,1,0), a vertex of the reference 
triangle, unaltered; it permutes the other three centers in all possible ways. 
We have thus 36 X 3 = 108 points, conjugate under the group. These points 
can be identified as that set of 108 conjugate points mentioned earlier in this 
section. Similarly the 108 axes of perspection of these 36 non-ordered pairs 
of triangles, outside of the sides of the reference triangle, are the set of 108 
conjugate lines previously mentioned. 

Under the G2:¢ points fall into sets of 216 conjugates points. But this 
particular set of 216 points which appeared earlier is worth noticing. They 
lie by 12’s on 36 lines. Thus on —2,+2%,.-+23;—0 we have the pair 
wo? — wo, 1, 2w?; w? — w, 202, 1. The remaining five pairs of points are given 
by that G. which sends the line into itself. 


; at ay? eee) ey mae ee er 

pvt; = 71, =T72, = 73; =—=71 ; == Za 4 a 2s 

(12) pt2 = Z2’, = — Se, == te. = Zs’, = — Xe", == x,’ 
. oy Pre foe WT satis aie en pers , 
plz = 73, =—=71,; = — Lo, = 72 , =71, —=— 72. 


Let us consider the six-point 1,0,0; 0,1,0; 0,0,1; 1,1,1; o? —o, 1, 207; 
w? —w, 20%, 1. Coble * has given, in a paper on Point Sets and Cremona 
Groups, a method for calculating certain irrational invariants of a six-point 


which he has called a, b,- - - f where Sa— 0. If two of these invariants 
become equal, certain lines on the six points meet by threes. For our special 
six-point d= &—=—d—é. This means geometrically that points 5 and 6 are 
conjugate points in the reflexion set up with center at meet of 23 and 56 
and with axis as 14; also that the pair of points 1 and 4 are apolar to the 
conic 23, 56. Consequently the six-point is self associated in the order (2536). 
Further the double ratio of the four lines 1-2356 or of 4-2356 has the value 
4; similarly the double ratio of the lines 5-1234, or of 6-1234, or of 2-1456, 





* A. B. Coble, Transactions of the American Mathematical Society, Vol. 16 (1915). 
p. 155. 
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or of 3-1456 is 4w. Certain of the lines on the six-point meet by threes in 
six points whose codrdinates are w? —o,1,1; 1—w?, 2,2; 1,1,0; 0, 2w,1; 
0,1, 2w?; 1,0,1. It is interesting to note this new six-point is of the same 
type as the first one, since four of the six irrational invariants of it are equal. 

Now on the line —2, + 2 + 2%; =0 are six pairs of points; each pair 
together with the reference triangle and one other point from 1,1,1; 
1,— 1,1; or 1,1,—1 forming a six-point of the type above. Hence the set 
of 216 points fall into pairs such that each pair with the reference three-point 
and a definite flex triangle vertex forms a six-point of the above nature. We 
have thus 216 such six-points, with each of the 36 flex triangle vertices used 


six times. 





A PREPARED SYSTEM FOR TWO QUADRATICS IN SIX 
VARIABLES. 


By J. WILLIAMSON. 





Introduction. In a previous paper,* a prepared system was determined, 
| in terms of which every concomitant of two quadratics in m variables could 
| be expressed, if the concomitants were multiplied by suitable invariant factors. 
In this paper a prepared system, for the case n = 6, is determined, in terms 
of which every concomitant can be expressed, without being multiplied by an 
invariant factor. It is found that 52 new factors must be added to the 
26 1 = 63 factors already determined, making a total of 115. 

The notation of the previous paper is used throughout except that, for 
convenience in printing, dashes are used instead of dots to denote determi- 
nantal permutations; i.e. the series (abc)d,—(abd)cz—(adc) bz is denoted 
by one of the three expressions (ab’c’)d2’, (ab’c”)dz”, (ab’’c’”’) de”. In 
addition, for the six sets of cogredient point variables, that are necessary for 
this discussion, 2, y, z, t, w, k are now used, while Y, P, p, and u are written 
for the compound coordinates 72, 73, 7s and 75 respectively. 

The first section gives a list of the results while the second is devoted 
to their determination. 


1. The Prepared System. The prepared system consists of 115 factors. 
Of these 63 are simple factors; 


6 x-factors of type tz, \ Sit 
6 u-factors of type (jkmnt), . 
15 Q-factors of type (1), \ 
15 p-factors of type (kmnt), J 
20 P-factors of type (ijk), 1 factor (123456). 
47 are linear in two sets of variables; 


duals. 


3 uax-factors of type tz’ (j’kmnt), 
3 pQ-factors, of type (1’j’) (k’mnt), 
8 Qu-factors of type (1j’) (imntk’) 


ls. 
8 px-factors of type (mntk’)j2’, } _ 





* J. Williamson, “A Special Prepared System for Two Quadratics in » Variables,” 
American Journal of Mathematics, Vol. 52 (April, 1930), pp. 399-412. 
+ Loc. cit., §§ 1 and 2. 
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6 Pu-factors of type (ijk’) (ijt’nm) 
6 Pa-factors of type (mnt’)k,’, 
12 pQ-factors of type (17’) (kimn) 
1 pQ-factor (123’5”) (4’6”). 
1 is quadratic in the variable P: (123’) (4’56). 
1 is quadratic in @ and linear in p: (12375’)4,’6,”. eo 
1 is quadratic in w and linear in Q: (46’) (12356) (12345’) 7 
2 are linear in the three variables P, u and z; 
(16’3) (26543) 52’, 
Pare ra \ duals. 
(542’) (12346) 10’, | 


duals ; 


These factors illustrate very clearly how the principle of duality * applies 
to the non-simple bracket factors. Corresponding to every non-simple factor 
is a dual factor formed by taking the duals of the component factors and 
permuting the same symbols. For example, 1,’(2’34) yields the dual factor 
(2’3456) (156). A factor may of course be self dual, as is the case with 
(123”) (456). 

A complete list of these 115 factors is given below. In this list J denotes 
a product of invariant factors formed from dp, (AR,), (Asks), (Ask), ta, 
where A, #, « and p are written for Az, Ro, A; and FR; respectively. If in a 
factor 12 is convolved, J includes dp, if 23, (AR,) ete. and in any particular 
case the value of J may be written down immediately. If two factors are 
similar,t only one has been defined, since the other may be obtained by 
replacing a, A, Az, As, a by r, R, Rs, Ra, p respectively. 


List of factors. 
1ly== Gz, 62, 2¢ =(Apr)—a'ba’, 5, 
82 =(A;Rr)—(a'0’R,) Ca’, 45 
(12)—=ap(AQ), (65), (13)—(aA;R.Q)=—(a’b’R,) (ac’Q), (64), 
(14) =(aA.R3Q)=(a’b’c’Rs) (ad’Q), (63), 
(15)=(aRaQ)) = ra'(as’Q), (62), (16)—=(arQ), 
(23) = (ARs) (AspQ)=(ARs)ap’(b’cQ), (54), 
(34) =(AzRs) (AsRQ) =(A3Rs) (0’b’R,) (c'd’Q), 
(24) —=(ApAsR.Q) =(Asr’s”) (0'’'Q) ap’, (58), 
(25) =(ApRaQ) = ap”rq’(b”s’Q) ; 
(123)—I(AsP), (654), 
(124) = I(AA,R3P)=I1(Ay’s’) (AUP), (658), 
(125)= I(ARaP)= Irq’(As’P), (652), (126)—I(ArP), (651), 





* Loc. cit., § 5. 
} Loc. cit., § 6. 
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(134) =1(aA,R,P)=I(a’b’R,) (ac’d’P), (648), 
(135) =(aA;R,RaP) =(a"b" Ry) rq’ (ac’s’P), (642), 
(136) =(aA;RarP)=(a’d’R,) (ac’rP), (641), 
(154) =I (aR,aP)=—Ir,’(as’’P), (623), 
(234) = I(AapP)= Iap’(b’c’d’P), (548), 
(254) = I(ApR;aP)= Idp’(b’R,aP), (523) ; 
(6543) —=I(Ryp), (1234), (6542) —1(R;App)=1(R;b’p)ap’, (1235), 
(6523) = I(RAspp)—= Iap’(Rb’c’p), (1254), 
(6234) = I(rAspp) = Iap’(rb’c’d’p), (1543), 
(2345)—= I (app) = Iap’(b’c’d’e’p), (1654)—T(aksp), (6123), 
(1365) = I(aA,R«Rp)=—I(a’b’R,) (ac’Rp), (6412), 
(1346) = I (aA,Rarp) = I (1’s’Ay) (ak’t’p), (1265) = 1(ARp) ; 
(12345)—TI(aw), (65432), (12346)—T(Ayru), (65431), 
(12365) =I(A;Ru), (65412) ; 
(123456) = ap(AR,) (AsR3) (Ask) (ar) ; 
(12, 6543) = 1,’ (26543) — — 6, (125/4/3’) = I(AR,ux) = Tay’ (b’Ryu), 
(65, 1234) = 6,’ (5/1234) = — 1,’ (652/3'4’), 
(123, 654) = 1,/(2/3’654) = 6, (1235’4’) = I(AsRyux) = Ia,’ (b’c’Ryu) ; 
(123, 1654) =(12’) (371654) = (16’) (1235/4) = I(A,aR,Qu) = I(a’b’Q) (c’aR un), 
(654, 6123) =(65’) (4’6123)—=(61’) (6542’3’), 
(165, 1234) —(16’) (5/1234) =(13’) (6514’2’) = I(aRA,Qu) = I (ar’Q) (s'Aqu), 
(612, 6543) =(61’) (2’6543) —(64’) (1263’5’), 
(265, 1234) =(26’) (5/1234) = (3/2) (65124) = I(ApRA,Qu) = I(Apr’Q) (s’Aqu), 
(512, 6543) =(51’) (276543) = (4/5) (12653’), 
(123, 6543) —=(1’3) (2’6543) =(6’3) (215/43) = 1(AgR.Qu) = I(a’'Q) (b’Ryu), 
(654, 1234) = (674) (571234) = (1/4) (562/3/4), 
(1265, 6543) =(1’65) (26543) = (4/65) (21653’), 
= 1(ARR,Pu)=—I(a’RP) (b’Ryu). 
(6512, 1234) (6/12) (571234) = (312) (56124). 
(1236, 6543) (1/36) (2/6543) = (5’36) (1264/3), 
=I1(AsrR,Pu)—I1(a’c’rP) (b’Ryu), 
(6541, 1234) (641) (571234) = (2741) (65134), 
(1234, 6543) = (1/34) (2/6543) = (534) (126743), 
= 1(A,R,Pu)=—TI(a’ced'P) (b’Ryu), 
(1236, 6541) (12/6) (376541) =(15’6) (3624/1), 
= I(AyrR;aPu)=I(a’b’rP) (c’R3au) ;s 
(123, 654) =(1/2’) (3654) =(6’5’) (1234), 
—1(A,R,Qp)—1(a'0’'Q) (CRsp), 
(126, 543) (16) (2/543) =(5’6) (214’3’), 
= 1(ArR,aQp)—I(a’rQ) (b'Reap), 
(651, 234)—(6'1) (5/234) (2/1) (563’4’), 
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(123, 154) —(12”) (37154) =(15’) (1234), 


= 1(A,aR,aQp) =I (a’b’Q) (c’aRz,ap) = I (a’b’Q) (cas tp) ra”, 


(654, 623) =(65’) (4/623) = (62’) (6543’), 
(123, 165) —=(13’) (27165) =(15’) (1236’) = 1(A,aRQp), 
—1(a’e’Q) (0’aRp) = —I(a’Q) (Ass’p), 
(654, 612) —=(64’) (57612) =(62’) (6541’), 
(134, 165) —=(13’) (47165) =(16’) (4135), 
= I(aA,RaRQp)=1(ar’Q) (aAsR,s’p), 
(643, 612) =(64’) (3’612) =(61’) (3642’), 
(234, 265) —=(23’) (47265) = (26) (2345’) = I(AypApRQp), 
—1(B'¢Q) (d’ApRp) ap’ = I(bc’Q) (d’AD”p) ap’ap”, 
(543, 512) —=(54’) (3512) =(51’) (5432’), 
(123, 543) (1/3) (2/543) =(5’3) (2143), 
= I(AskyaQp)= I(a’c’Q) (W’Raap), 
(654, 234) = (674) (5/234) (2/4) (56374), 
(123, 365) =(1’3) (2’365) —(6’3) (1235’)—= I(AA,RsRQD), 
= I(a’cQ) (b’A,RsRp) = 1 (7° AsR.Q) (Aszs’p), 
(654, 412)—=(64’) (57412) =(1’4) (6542’), 
(12, 34, 65) (1236) (4/5) = (1/436) (2/5) = (1536) (2'4”), 
= I(AARRQp)=1(Ac'r’p) (d’'s’Q) (a0’R,) ;s 
(12, 543) = 1,’ (27543) = 4,” (125’3’) = I(AR,apr) = Ia,’ (b’Rspz), 
(65, 234) = 6,’ (5/234) = 3,’(652/4’), 
(12, 346) = 19’ (2/346) = 49’(123’6) = I(AA,Ryrpr) = Ia,’ (b’A,Rirp), 
(65, 431) = 6,’ (5’431) = 3,’ (654/1), 
(12, 654) = 1,’(2/654) =(126/4’) 5.’ = 1(AR,pr) = Ia,’ (b’R3p), 
(65, 123) = 6,’(5’123) = 2,’ (651/3’), 
(23, 654) = 2,” (3654) = 5,’ (2364’) = I(AspRspxr) = Iap’bz’(c’Rsp), 
(54, 123) = 5e’ (4/123) = 2,’(541’3’) ; 
(12, 34) = 1,’ (2/34) = 4,’ (123’) = I(AA,R,Px) = Laz’ (b’A,R,P), 
(65, 43) = 6,’ (543) = 3,’ (654’), 
(12, 65) = 1,’ (265) = 5,’ (126’) = I(ARPx) = Ia,’(b’RP), 
(23, 54) = 22” (3/54) = 4,’ (235’) = I(AspR3aPr) = Tap’b2’ (c’R3aP), 
(12, 54) = 1,’ (2’54) = 42’(125’) = I(AR,«Pr) = Ia,’ (b’R3eP), 
(65, 23) = 65’(5’23) = 34’ (652’) ; 
(12, 34, 65)’ = (123'6”) 45/5.” = (1/436) 22/59” = (1/456) 24/32”, 
= I(AARRprr)= 1 (Ac’r’’p) (a’b’R,) da’sa” ; 
(1265, 6543, 1234) —(1'6”) (2/6543) (51234), 
= 1(AR,RAQuu)= I (a’r’Q) (b’ Ryu) (8 Agu) ; 
(123, 6543, 65) —=(1/6”3’) (2/6543) 52”, 
= [(A;R,RPur)=I(a’r’c’P) (b’Ryu) se”, 
(654, 1234, 12) —=(6'14’) (5/1234) 2.” 
(12, 34, 65)” —=(123’) (4/65) = (1/43) (2/65) —=(126’) (438’), 
I(AA,RsRPP)=I(Ac’P) (d’RP) (a’b’R,). 
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In finding the values of J in the above list symbols separated by a comma 
are not to be counted as convolved; thus in (12,34) the value of I is 
dp(A3ks) and in (12,34, 65) is adp(A;k;)ra. Throughout we have written 


A=ab, A;=abc, A,g=abcd, «=—abcde, R=rs, R—rst, Ry —rstk. 


In the definitions of the bracket factors, it is sometimes necessary to use 


previous definitions; for example, 
(12, 34) = La,’ (b’A,RP) = Ia,’ (ab Ry) (b’c" dP), 
by the definition of (134). 


2. Determination of the Prepared System. Since we are now considering 
two quadratics in n variables for the case n 6, there are seven invariants 
and six quadratic covariants 127, (1 = 1, 2, 3, 4, 5, 6).* By theorem I every 
concomitant,+ multiplied by a suitable invariant factor, can be expressed in 


terms of the symbolic factors, 
iz, (17), (47k), (igkm), (ijkmn), (123456) (4, 7, k, m, n=1, 2, 3, 4, 5, 6). 


We must now determine if ever in forming these bracket factors, we have 
disturbed any of the invariant factors, which appear when 12, 23, 34, 45, 56 
are convolved together. Originally we have six sets of cogredient point 
variables xz, y, z, t, w, k, which are convolved as A=—(ayztwk), u = cyztu, 
p= ayzt, P= xyz, Q@ = zy. Since the only factor involving all six variables 
is (123456), and in this 12, 23, 34, 45, 56 are convolved, it follows that no 
invariant factor is disturbed in forming A. Let us consider the formation 
of the factors involving the variable w first of all. For simplicity we call a 
factor containing m symbols an m-factor. If one of the variables z, y, z, t, w 
convolved to form w appear in a four-factor, we may take four of these 
variables as appearing in that factor. For { 


(ijkr | cyzt’) (mn | w’y)=(ijkr | 2’y’wt) (mn | 2’y)+ (ijkrm’ | uv) ny’, 


and on the right w and ¢ are both convolved in the same factor. Proceeding 
in this way we see that we lose nothing by assuming that four of the variables 
occur in the four-factor. We have then to consider the cases in which the 
fifth variable occurs in a two-factor, a three-factor or a four-factor. The 





* Loc. cit., p. 404. 

+ Loc. cit., § 3. 

t Both here and later the symbols i, j, k, t, m, n, a, b, c, d, e, f are used to denote 
any of the symbols 1, 2, 3, 4, 5, 6. 
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case with the fifth variable in a one-factor obviously does not require to be 
considered. If the four-factor is (ijkr | xyzt) or more shortly (ijkr), the 
two-factor cannot contain any of the symbols 1, j, k, r; the three-factor can 
contain at most one and the four-factor at most two of the symbols 1, j, k, r, 
for otherwise in the formation of uw no invariant factors would be disturbed. 
Since there are only six possible values for 1, j, k, 7, we must consider 


(ijkrn’)m’, (wkrn’)(im’), (ajkrn’) (ijm’), 


where 1, 7, k, m, n are all distinct and we have not written in the variables. 

If none of the variables, convolved to form u, occur in a four-factor, one 
may occur in a three-factor. In this case, as before, we may assume that 
three of the variables forming wu occur in this factor and we have to consider 
the cases: (a) three variables in one three-factor, two in another; (b) three 
variables in one three-factor, one in each of two three-factors; (c) three 
variables in one three-factor, one in another three-factor, one in a two-factor ; 
(d) three variables in one three-factor, one in each of two two-factors. In 
case (a) the same symbol cannot appear in both three-factors and accordingly 
we have the sole possibility (ijkr’m’)n’. In case (b) we have 


(ijkr’a’”’) (m’n’) (b’c”), 


where no two of 1, 7, & are the same as two of r, m, n or of a, b, c nor two of 
a, b, c are the same as two of r, m, n. For, if rmn wk, (b) becomes 
(ijkna’’) (17) (b’c”) and here ijn are still convolved. The rest follows from 
the fact that we might have started with the factor (rmn) or (abc) in place 
of (ijk). In case (c) we have (tjkr’a’”) (m’n’)b”, where ijkrmn must involve 
at least five distinct symbols. But neither of a, b can be the same as one 
of 1, 7, k or the same as one of r, m, n and hence this type is impossible. 
In case (d) we have (ijkr’a’”)m’b”, where r, m and a, b contain no symbols 
in common with 4, 7, k. If ab rm, this type is obviously reducible * and 


so we must consider the case 
(ijkr’r’) m’n” =(ijknr) m’r’ + (0’7j’mnr) k’r 
and each term on the right reduces to simpler bracket factors. The further 


case, in which only two-factors can occur is easily seen to be impossible. 
If the variable w does not occur but the variable ¢ does, that is if the 





* We use the phrase “is reducible” to denote that the factor under consideration 
can be expressed in terms of simpler types or of types that have already been con- 
sidered. The sign = is used for “equal to, apart from reducible terms.” 
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codrdinate p appears but not the coddinate u, and one of the three variables 
convolved to form p occur in a three-factor, three of them may be considered 
to occur in that factor. Hence we have the types, (ijkr’)(m’n’) from two 
three-factors, (1jkr’) (tm’) from two three-factors, (ijkr’)m’ from one three- 
factor and one two-factor. But, if no three-factor occur, we have the type 
(ijk’m”’)r’n” from three two-factors. 

If no variables w or ¢ occur, but z occurs, we have the single type (1jk’)7’. 
Accordingly we have to consider the following types. 


A. (wkrm’)n/’, B. (wkrm’) (in’), C. (wkrm’) (ijn’), 
D. (wkr’m’)n’, KE. (ajkr’n”) (tm’) (jm), =F. (agkr’) (m’n’), 
G. (ijkr’)(im’), H. (akr’)m’, I. (ijk’m”)r’n”, 


J. (ajk’)m’. 
We now consider these types in detail. 


Type A.. In A m,n must be successive integers and so we have the 


possibilities, 


1’(2/3456),  27(3’1456) = 6’(1234’5’) + 1(32456), 
3’ (4/1256) = 1’( 2/3456) + 6’( 12345’), 
4’ (51236) = 3’(4561’2’) + 6(51234), —5’(6’1234). 


We are accordingly left with only two of this type, 1’(2’3456) and 5’(6’1234), 
if we include type D. For example the term 1(32456) on the right of 
2’(3/1456) can be neglected, since (32456) has 32, 45,56 all convolved. 


Type B. In type B m,n must be successive integers and by letting 
i = 1, 2,3 in turn we have the possibilities ; 


(12’) (14563’), (13’) (12564’)==(15’) (12346’), 

(14’) (12365’)==(12’) (14563’), 15”) (12346’), 

(23’) (21564’)==(25’) (12346’), (24’) (21365’)=(26) (21345), 
(25’) (21846’), (32’) (34561’), (34’) (32165’)==(32’) (34561’), 
(35’) (32146’)=(32’) (34561’), 





together with similar types. These types reduce as indicated above to the 
eight, 

(12’) (14563’), (65’) (63214’), (15’) (12346), (62’) (654317), 

(25’) (213846’), (52’) (56431’), (31’) (34562), (46’) (43215’). 


Type C. In type C, m,n must be successive integers and so must k, r. 
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Accordingly m,n and k,r may have the following values: m,n —1,2; 
k,r= 3,4 or 4,5 or 5,6: mn=2,3; k,r—4,5 or 5,6: mn=3,4; 
k,r = 5,6. From these values we obtain six types, 


(1/56) (56342), (1763) (63452’), (134) (34562’), 
(2’16) (16453’), (214) (14563’), (4/12) (12563’). 


Type D. Since r,m,n and i,7,k must be successive integers, there is 
only one factor of this type, (1234’5’) 6’. 
Type E. Since 


(ijkr’n”) (im’) (jm’”’)=(tjkrm) (in”) ( jm”) s. (ij’mrn’’) (1k’) (jm’’), 
=(17’mrn’”) (ik’) (jm), 


for the other term contains the simple factor (wkrm), we may interchange 
the roles of ijk and imr, and similarly the roles of ijk and jmn. If we 
consider the factors ijk, imr, jmn in turn as the foundation for the w factor, 
we see that 17k, amr, 7mn must all be sets of three successive integers. They 
must be chosen from 123, 234, 345, 456 and any three of these sets include 
two with two symbols the same. Accordingly a factor of type FE would 
simplify. 


Type F. In this type at least two of 1,7, and at least two of r, m,n 
must be successive integers and so we have the possible cases, 


(1234’) (5°6’), (1243’) (5’6’)=(1245’) (36’), 
(1253’) (4/6’) =(1253’) (46) =(1'345) (62’), 
(1263’) (4’5’)=(1'345) (62’), 
(1342’) (5’6’)==(1345’) (26”) =(1563’) (472) =(1562’) (3/4), 
(1452’) (3’6’)==(1452’) (3’6) =(1234’) (5’6), 
==(1234’) (5’6’)—(1236) (45), 
(1562’) (3’4’)==(2345’) (167). 


These factors reduce as indicated above to the three, 
(1234’) (5’6’), (3452’)(61’), (43257) (16’). 


Type G. In this type m,n must be successive integers and so must j,k. 
We let 1 —1, 2,3 in turn and so get the six factors, 


(12’) (13745), 12’) (13756), 13”) (14’56), 
(23’) (2456), (31’) (32745), (31’) (32’56), 


and six similar factors making twelve in all. 
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Type H. In this type r,m must be successive integers and so must at 
least two of t,7,k%. We accordingly have 


1’(2’345), 1/(2’846), 1’(2’356)== 6’(1235’), 1/(2’456), 
2/(3/145)== (1235’)4’, 2’(37156)== (1236’)5’, 2/(3'456), 
3’ (4/126) == 1’(2/346), 3’(4/125)= 1’ (2/345), 
3/(4/156)== 6’(1345’), 3’(4’256)= 6’(2345’), 


and similar factors. But these reduce as indicated above to the four factors, 
1’(2/345), 1/(2’346), 1/(2’456), 2”(37456), 
and four simiiar factors. 
Type I. In this type i,j; k,r; m,n must all be distinct and must all be 


pairs of successive integers. Accordingly there is only the one possibility 
(123’5’") 4’6”. 


Type J. In this type i,j and k,m must both be pairs of successive 


integers and so we have the types. 
1’(2’84), 1/(2’45), 1°(256), 27(3’45), 27(3’56), 3’(4’56). 


Further u-factors. Since types I’, G, H, J and J only arise when no 
variable w is present, we need only consider types A, B, C, and D in the 
formation of new u-factors. Let us first consider C —=(ijkrm’) (ijn’ | Y). 
If one of the variables of Y is to be convolved to form wu and none of the 
components of wu occur in a four-factor, then all three variables in Y may be 
taken as forming part of wu. Thus we have the possibilities, (1jkrm’) (1jn’ab), 
(ijkrm’) (ijn’a’’b), (ijkrm’) (ijn’a"b”) &”, (ajkrm’) (ijn’a’’b’”’).* In the first 
case neither of a, b =i, 7,m or n and so ab must be kr. By the fundamental 
identities + this reduces. Similarly the second and the fourth obviously 
reduce. In the third case, none of a,b,c is i or 7; hence two of them are 
m,n or k,r and if ab mn, ck. We have then the type 


(ijkerm’) (ijn’m’’7’’) n”, 


which is reducible. Since k,r and n,m are interchangeable in C, this type 
reduces in every case. But, if one of the variables of w occur in a four-factor, 
we have to consider the possibility (1jkrm’) (i’j’) (n’abed). This is obviously 
reducible, if abcd includes 17. Let now abcd involve 1 but not j, then since 





*The symbols ’ ” ’” after a letter mean that the letter so marked belongs to a 
convolution of letters even though the other members of the convolution are omitted. 
¥ Loc. cit., p. 408. 
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k,r and m,n are interchangeable in C, (ijkrm’) (1j’) (n’imnr) is typical. But 
this last is equivalent to (tkrm’) (in’) (jimnr), which is a product of factor 
types already considered. We are left to consider («jkrm’) (1’7’) (n’mnkr) 
=(ikrm’) (v’n’) (7”’mnkr), and this latter can -be obtained from two A fac- 
tors and appears in the consideration of the Q-factors. 

We next consider type B—=(tjkrm’) (in’| Y). If one of the component 
variables of Y is convolved to from wu, we have the types, (1jkrm’) (n’abcd)’’, 
(ijkrm’) (v’n’abc), (1jkrm’) (v’n’a”f’s) (abede”). Of these, the first two are 
obviously reducible to simpler types and the last, formed from two B factors 
is also reducible. For a=41,m, or n and soa=j, k or r and 


(ijkrm’) (in’af’s) (abcde) 
=(ijkrf’) (inams) (abcde) + (tjkrs) (inaf’m) (abcde’’). 


Both of the last two terms have a simple bracket factor as an actual factor 
and hence this type is also reducible. 

Since, in the formation of new w-factors, A and D can only occur with 
simple factors of the type (1), (ijk) etc., it is easily seen that A and D 
do not give rise to any new u-factors. Thus there are no new w-factors. 


New p-factors. Type C cannot occur with a p-factor, for * 
(ijkr’m) (ijn’s)=(ijkrs) (tjnm) + (ijkr) (tjnms). 


Thus C yields only six factors of the type (tjkrm’u) (ijn’P). Further type B 


cannot occur with a p-factor, for (ijkrm’) (in’a’’b’”’ 


) is reducible,* where 
a and 6 appear from factors of types A, D, F, G, H or I. Also (ijkrm’) (in’ab) 
is reducible, since a, b must be two of r, j, k. We are left to consider 
(ijkrm’) (in’a’b’”’) (c’def) arising from a B and an H factor. But this is 
impossible, since 7 cannot be one of a,b,c¢ or one of d,e,f, since a,b,c and 
d,e,f are interchangeable. If however one of the components of w occur in 
a three-factor, we have the type (ijkrm’) (n’abc)i’, where abe cannot contain 
tor both of m,n. If a= m, we have (ijkrm’) (n’mkr) Vv =(wkrm) (n’m’kr)v’, 
and this latter is reducible, being the product of (ijkrm) and 7’(n’m’kr). 
Hence abe = jkr and (ijkrm’) (n’jkr)V =(akr) (n’m’jkr)v’, and the latter is 
a product of two simpler factor types. 


Type Ff =(tjkr’)(m’n’) cannot occur with a p-factor, for as before 
(1jkr’) (m’n’ab) and (ijkr’)(m’n’a"b) are both reducible and 


(ijkr’) (m’n’a’b”) (cde), 





* Loc. cit., p. 408, formula (17). 
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from two F' factors, i8 impossible, since two of a,b,c cannot be the same as 
two of r,m,n or two t,j,k. Hence we must consider (tjkr’) (n’abc)m’. In 
this a,b,c cannot contain two of r,m,n and must therefore contain two of 
i,j, which is impossible. 

Type G cannot appear with a p-factor, for (ijkr’)(im’s’a’”’) and 
(ijkr’) (im’sa) are reducible.* But in (ijkr’) (im’ae’”’) (abed”), formed from 
two @ factors, a is distinct from 1, r, 7, m and & and must therefore be equal 
to n. Similarly 7 is not equal to any of a, b, c, d, e. Accordingly we must 
consider (ijkr’) (im’nm”) (nr’’7k)==(ajkr’) (imnr) (nm’jk), which is reducible, 


and 
(ijkr’) (im’nr’’) (nk’’mj) =(aigkn) (imrr’’) (nk m7) + (ajkr’’) (imnr) (nk’m)), 


and this is reducible, unless n,7,k are successive integers. Similarly 1, 7, k; 
i,m,7r; n,m, 7 must all be sets of successive integers and on trial this is found 
to be impossible. We have still to consider the type (ijkr’) (m’abc)i’, where 
a,b,c cannot contain 7 or both of 7, m or both of j,k, since r,m and j,k are 
interchangeable in G. Hence we have (ijkr’)(m’njr)v’ and this type is 
reducible, if 1,m,n or t,7,k are not successive integers. But 


(ijkr’) (m’njr) i” ==(ijkn’”) (mr jr’) 7 


and this latter is reducible unless n,r are successive integers. Similarly j,r 
must be successive integers. Since the only possible type of G factor now is 
(3124’) (35’), m6 and accordingly n,j,7 cannot be successive integers. 
Since factors of the type A, #’, H and J can only appear with factors of 
the types (77), (ijk) or with factors in which the symbols are not convolved, 
it is easy to show that no new p-factors arise from considering them. We 
take type H as an illustration. In the type (tkr’)(m’abc) a,b,c cannot 
include 7 or m and must be 1, j,k or i,j,n. But (ajkr’)(m’tjk) is reducible 
and (tjkr’) (m’ijn)=(tjkn) (mrij), where n is still convolved with 7 and j. 
The only other possibilities are (ijkr’) (m’abs”) and (ijkr’) (m’ab’’c”’) both 
of which are obviously reducible. Accordingly there are no new p-factors. 


New P-factors. The types F and G cannot occur with a P-factor, for f 
(igkr’) (im’s)==(aks) (amr) + (147k) (amsr) 


and no convolutions of successive symbols have been disturbed. A similar 





* Loc. cit., formula (17). 
+ Loc. cit., formula (17). 
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proof holds for the type /. Accordingly F’ yields onby three factors of the 
type (ijkr’p) (m’n’Q) and G twelve of the type (ijkr’p) (im’Q). 

If type B occur with a further P-factor, it may occur with a single 
symbol thus yielding (1jkrm’) (in’a), where a is not equal to i,m, or n and 
so this reduces to type C. But B may occur with a simple two-factor giving 
the type (ijkrim’) (in’a’”’)b”, where neither of a,b is equal to 7 or one of n,m, 
since (tkrm’) (in’a’”) b” ==(17’k’) (r’tmna”)b”. Therefore we may take 
(ijkrm’) (in’j”)k” as typical. But this reduces to (ijkrm’)(kn’j)i, unless 
1,m,n are successive integers. From the list of B factors we have only four 
possible types, (371456) (12’4”)5”, (3/1456) (12’5”)6”, (34562’) (31/4) 5”, 
(34562’) (31’5”)6”. Of these the first is equivalent to 


(145) (123674’) 5’ 
=(145”) (12345) 6” + (145) (1772’"5'64/) 3” =(145) (12/564) 3’, 


and this last is a product of two simpler factors; similarily the second is 
reducible; the third is equivalent to 


(34’5’) (312674) 5” ==(345) (4561/2’) 3’, 
and so is reducible; the fourth is equivalent to 
(34/5’) (31256’) 6” ==(356) (1/2456) 3’ 


but is not reducible, since 3,4, which was originally convolved, is no longer 
convolved. Thus we have the new factor type (34562’) (31’5”)6” and the 
factor similar to it. This type need not be considered farther, for, if the 
extra variable attached to 6” appear in a P-factor, the resulting factor type 
obviously reduces except in the case (34562’) (31’5”) (617), where i,7 are 
successive integers. But neither of i, 7 can be 5 or 3 and so ij must be 12 and 
(34562’) (31’5”) (6712 )==(34562’) (312) (561’), which is reducible. Further 
(315’) (677)==(311) (65) + (381) (657), and so, if the extra variable is con- 
volved to form Q, no new factor type is obtained. 

If a new P-factor is formed from two B factors, we have the general 
type (ijkrm’) (abcde”) (in’a’”)f”. This type is reducible, unless i,n,m and 
a,e,f are both sets of successive integers and also if these two sets coincide. 
From the list of B factors we see that we must consider 


(126) (14563’) (63214) 5”, (12’5”) (43216”) (14563) 4”, 
(31/4) (34562’) (43216) 5”. 


Of these the first is equivalent to 











or 
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(1276) (145637) (673214) 5” + (12/3””) (14563’) (6672/1'4”) 5”, 
== (12/6) (14563’) (123, 456) + (123) (145637) (654271’) 6, 
= (12’6) (14563’) (123, 456) ; 
similarly. the second and the third are reducible. 


We now consider the possibility of a new factor type formed by a B 
factor and one other factor of the types A, D ete. in turn. 


Types A and B. B=(ijkrm’) (in’), A =(abcede’)f’. In such a factor 
e,f is not the same as m,n nor is one of e,f equal tot. If e—m, we have 
(ijgkrm’) (ijknm”) (77in’) 
=(1’imnj’) (tk’r’) (ijknm”)=(rimn]’) (irk’) (ijknm), 
and the last of these is reducible. Hence e,f—j,k and we must consider 
(ijkrm’) (inmrj”’) (in’k’”’). But there is only one type of A factor and so, 


from the list of B factors, we are left with 


2/3456 ) (1’65”’) (673214” )==( 2/3456 ) ( 174562”) (6371), 
== (23456) (14562) (63771 )==( 23456 ) (14562) (631”), 
and 
(2/3456) (438215”) (4617) i 
== (2/3456) (4382”) (4651/1” )==(13456 ) (432”) (46512), 


both of which are reducible. 


Types Band D. B=(ikrm’) (in’), D =(abed’e’)f’. Since abe and def 
are interchangeable in D, 71 may be taken equal to e and we have the type 
(ijkrm?) (in’f”) (abcid”), which is the same as a factor arising from one A 


and one B factor and accordingly has already been considered. 


Types Band H. B=(ijkrm’) (in’), H =(cdeb’)a’. We have the factor 
type (ijkrm’) (in’a”) (b’cde), which reduces as before, if either of a,b is one 
of i,m,n. Farther, since (ina’) (b’cde)=(i’ba) (n’cde)+(inab) (cde), this 
type reduces, unless 1,m,n are consecutive integers and also if 7 is equal to 


one of c,d,e. Accordingly i =f, and we have 
(fabcd’) (fe’a’’) (b’’cde)==(fabcd’) (be’a) (fede) +-(fabed’) (fe’ab) (cde), 
and both terms on the right are products of simpler factor types. 


Types Band I. B=(ijkrm’) (in’), I =(abe’e”)d’f’. This type is not 
possible, since ab, cd, and ef are interchangeable in J and neither of c,d can 


equal 7 in B. 
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Types Band J. B=(tjkrm’) (in’), J =(bcd’)a’. As in previous cases 
1,n,m must be consecutive integers and none of a,b, c,d can belong to i, n,m 
and this is impossible. 


P-factors involving type A but not type B. If A occurs with an ordinary 
two-factor, the resulting factor is obviously reducible. The only other 


possibility is 


(ijkrm’) (n’a"b”’) ==(ijkra’”’) (mnb”’) 
+ (ijkrb’’) (mna’’) + (07’k’) (2’mna’’b’”’) = (i'7’k’) (r’mna’’b’”’). 


Accordingly, if a,b arise from two other A factors, this type is reducible, 
since there are only two distinct A factors. Thus there is no new P-factor 
formed by three ‘A factors. Further, since in A mn 12 or 56, the com- 
bination of an A factor an F factor and any other factor cannot occur. More- 


over, since 
(ijkr’) (m’ts)=(1jk) (rmts) + (ajkt) (rms) + (ijks) (mtr), 


any factor formed from factors of types A, H, I or J is reducible. Similarly 
type J cannot appear with types H, I or J. If D occur with an ordinary 
two-factor, we have (tjkr’m’) (n’mj), and this is of type C. 

We must now consider the types H, I and J with ordinary simple 
factors (ab). In type H =(ijkr’)(m/’ab) neither of a,b is equal to one of 
r,m and so we have (tjkr’) (m’ab)=(tjk) (rmab)+ (ijka”) (rmb”’) and this 
is reducible, since at least one of a,b is the same as one of i,j. The factor 
I =(uk’m”)r’n” with the simple factor (ab) is impossible, since neither of 
k,r in I can equal one of a,b and since k,r; m,n; 1,7 are interchangeable 
in J. But J and the simple factor (ab) yield the new type (ijk’)(m/’ab) 
—(123’) (4/56). 

The only type, which we have neglected, is (ijk’m’”) (1’n”a), and this 


is reducible, for 
(ajk’m”) (1’n’’a)=(tjkr) (mna) + (ijk’a) (r’mn) + (i7k’) (mnr’a), 


and each term on the right has at least one less broken convolution. 


New Q-factors. Type J cannot occur with a new Q-factor, for (1jk’) (m’a) 
=(ija) (km)+ (tj) (mka). Two factors of the type A yield the new factor 
type (12345) (6’1”) (23456). The only possibility from one A factor and 
one D factor is 
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(12345’) (6’1”) (23456) =(12345’) (6’6”) (12345”), 
= (1/2) (34566’) (1234/5) = (12) (34456) (12356), 
—=(1/4) (3’2’456) (12356), 


and this last is reducible. From A and H we have the type 
(ijkrm’) (n’a’) (b”cde)=(ijkrm’) (n’abe”) (de) ==(ijkra’) (mnb’c’’) (d’’e”), 


where we have neglected terms, which are reducible. From the first identity 
we see that neither of n, m can be the same as one of a, b and from the second, 
that neither of a,b can be the same as one of 1,j,k,7r. But this is impossible 
and so the type reduces. Since in J i,j; k,r; m,n are interchangeable, no 
new factor arises from A and J. From two D factors wé have the type 


(1234’5’) (66) (12345) =(12345”) (1236” | a’y’2’w’) (456 | ayt’)=0 


by the convolution of 4,5, 6 in the first factor. From D and H we have the 
possibility (ijkr’m’) (n’a’) (b’cde)=(tjkr’m’) (n’abe”) (de). This latter is 
reducible, if @ and b appear among r,m,n or among 1,7,k. Accordingly 
a,b = 3,4 and cde is of the type 126 or 125. Therefore a,b and c,d can 
be interchanged and since cd = 12, this new factor reduces. Similarly the 
combinations of D with J, and H with J are reducible. From two H factors 


we have the type 


(igkr’) (m’a’) (b’ cde) ==(ijkr’) (m’abe”) (d%e”) 
=(ijke”) (rmab) (de) + (ajka’) (rmb’c’’) (d”e”). 


From the first identity we see that neither of a,b is the same as one of r,m 
and that therefore one of a,b must equal one of i,7,%. Accordingly this type 
reduces by the second identity. No new type arises from two I factors, but 
the single J factor yields the new type (123/75) (4’6”); 

We have now found all possible cases, in which @ convolution of suc- 
cessive symbols has been disturbed. These new factor types, together with 
the 63 simple factors form the prepared system. In $1 these factors are 
listed and defined in terms of the symbols a, r ete. of the two quadratics, 
and if the factors J are removed from this list, we are left with a prepared 
system similar to that used by Turnbull in his paper on Two Quaternary 


Quadratic Forms.* 
THE JOHNS HOPKINS UNIVERSITY. 





*H. W. Turnbull, “The Simultaneous System of Two Quadratic Quaternary 
Forms,” Proceedings of the London Mathematical Society, Ser. 2, Vol. 18 (1917), 
parts 1 and 2, pp. 70-94. 








A VARIETY REPRESENTING PAIRS OF POINTS OF SPACE. 


By F. R. SHARPE. 





1. Introduction. If X =(a1, Xe, Xg, Ze) and Y =(y1, Yo, Ys, Ys) are 
any two points in space, the 10 quantities, 
(1) GJij = LiYj + Ti, (t, 7 = 1, 2, 3,4), 
may be taken as codrdinates of a point P in Sy. The locus of P, when X and 
Y, vary is a six-dimensional variety V.. It will be shown that V, is rational, 
being mappable on the S¢, (941, 942, 943, 944. Joa, Jai» Ji2). When X and Y 
are corresponding points of an involutional transformation, the locus of P is 
a three-dimensional variety. The case of the cubic inversion y;= 1/2; has 
been partially discussed by Emch,* but the reasons given for rationality are 
insufficient. The general cubic involution will be shown to -be rational by 
mapping it on the S3, (941, 942, 94s, Jas). The proof differs essentially from 
and is much simpler than the proof given by Sharpe and Snyder.t+ It is also 
shown that the complex of lines joining corresponding points of the general 
cubic involution can also be mapped on S3, (941, 942, 943, Jas) and its equation 
is obtained. 

2. The variety Vo. If pij—aviyj —xjyi are line codrdinates of XY, 
they are connected with the gij;, by the identities, 


(2) Pij Put = GJilJ ix — JirGjr- 

Hence 

(3) PsePs3 = 942943 — J44J23 = J, PssP41 = 913941 — 944931 = Jo) 
Par ps2 = Jai Js2e — 944912 93 

so that 

(4) Pat = (9293/91) *; ps2 = (9391/92) *; Pas = (9192/93) *, 

where the signs of the radicals are all + or all —. We have therefore 


(5) 2YsU4 = Gas; : 24401 = Jar —(G293/91) *, 
RYsL2 = Jaz — (9391/92), 2Y 123 = Jas —(9192/9s)*, 


and hence 





* A. Emch, American Journal of Mathematics, Vol. 41 (1926), pp. 21-44. 
7+ F. R. Sharpe and Virgil Snyder, Transactions of the American Mathematical 


Society, Vol. 25 (1923), pp. 1-12. 
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(6) 911944 = 9741 — 9293/95 9229 44 = 9" 42 — 9391/92; 

933944 = 9743 ao 9192/93. 
It follows from (6) that V, is rational, being mapped by (6) on the 
So(G415 9429 G43. 944) Yes, Js1, Ji2)- The equations (5) express the (1, 2) 
correspondence between the spaces S(z,y) and S¢g. 

3. The general cubic involution I between X and Y. The involution 
is defined by three equations bilinear in (#) and (y), which, by choosing as 
vertices of the tetrahedron of reference four of the eight invariant points, 
can be taken in the form.* 

(7) J23 FJ 41 + A242 + 39435 Ga bigss + bod 42 + b3943, 
912 C19 41 + C29 42 + C39 43- 

When account is taken of (7), the equations (5) express the (1, 2) 
correspondence between the spaces S(x) and S3(G41, Ja2, Yass 944)- 

Hence J is rational. From (5) it can be seen that the image of a plane 
in S(z) 

(8) Ait, os Aste + A323 -L Auk, == () 

is the surface in 83; 

(9) (Argar + Asgaz + Asgas + AsGss)?9192ga—=(Argegs + Azgegi + Asgige)’, 
which is apparently of order 8 in the gij. The terms independent of ga 
however, vanish identically, so that gs, is a factor and the image of a plane 
in S(z) is a surface Ff; of order 7 in S;. The image of F is the original 
plane (8) and the cubic surface 

(10) Ayy1 + AsY2 + As¥s + Aays = 0, 

the yi being found from (8) by substituting from (1) and solving in terms 
of the 2. 

The surfaces 
(11) Cs941 + CoG 42 -+- C3943 + C4944 = 0, 
images of the planes in S83 are quartic surfaces through the sextic curve 
common to the cubic surfaces y; —0 and through the three straight lines, 
z,=0, and one of 2, —0, 22 =0, v3; = 0, in which a—0 meets ys=0. 
Any two of the surfaces (11) meet in a residual curve of order 7, image of a 
line in 8;. It can be shown from (9) that the images of the three invariant 
points (1,0,0,0), (0,1,0,0), (0,0,1,0) in S(a#) are the three quadrics 
91 = 9, g2 = 0, gs = 0 in 83. 

The three quadrics meet in the vertices of the tetrahedron of reference 





* Compare F, R. Sharpe and Virgil Snyder, Transactions of the American Mathe- 
matical Society, Vol. 25 (1923), pp. 1-12. 
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and in four other points. These four points and (0,0,0,1) in Ss; are the 
images of the four invariant points which are not vertices in S(x) and of 
(0, 0,0, 1). 
4. The complex of lines X Y. From (2) we have, in addition to (3), 
the relations 
(12) Pa1Pes = 913912 — J42Ja1 = Ja, Pa2Ps1 = G41J23 — 9439i2e = Js 
PasPi2 = 942931 — J4iJe23 = Jo, 
and therefore the quadratic identity 
Ps1P23 + Ps2Ps1 + PasPi2 = 0. 
From (4) and (12) we find 
(13) Pas /92Js = Ps2/GsG1 = Pss/GsG2 
= Po3/ 9491 = Psi / 9592 = P12/969s =(919293)~%. 
The pi; and gi; are connected by the identities 
(14) GiiPei + ginpri + Gjipix = 9. 
Hence 
(15) Ji2Ps4 + J23P41 + Jaepis = 0, Ji2Pa3 + G4i1Ps2 + Jsipos = Y, 
931P42 + JasPo1 + J2e3Pi14 = 0, J41P23 + Ja2Ps1 + JssPri2 = Y. 
Any three of these equations are linearly independent, but the sum of the 
four vanishes identically. 
From (14) we also have 
(16) JasPe23 + Js2Ps4 + JasPs2 = 0, J44Ps1 + JasPr4 + Jsipss = Y, 
JasPi2 + Jai pos + JaoPpa = 0. 
When 941, 942, Jas, Jas are given, then (7) and (13) determine the pi; which 
satisfy (15) and (16). If we eliminate the gi; from (7) and (15) we have 
the equation of the cubic complex. 





ay Ao ls —1 0 0 
b, bs 3 0 —1 () 
(17) ote ? ee 
0 Dis OO psi 0 — ps3 
De 0 0 0 — Paz Pas | 
0 0 Dor — pay Dao 0 | 


Conversely if the pi; satisfy (17) and the quadratic identity, then (7), 
(15), and (16) determine the gi;. Hence the complex is mappable on 93. 
The cubic inversion is the special case when a, = b,—c;—1, the other 
coefficients in (7) being zero. 


CORNELL UNIVERSITY. 











ON SEMI-METRIC SPACES.* 


By WaA.LLace ALVIN WILSON. 





1. Let Z be a set of points to each pair of which corresponds a positive 
real number called the distance between them. If a and b are any two points, 
we designate this distance by ab, and postulate that the following axioms 
are satisfied : 


I. ab=ba. 


II. ab—0O if and only if a=b. 
A space which satisfies these conditions and in which limiting points are 
defined in the usual way is called by Frechet an E-space and by Menger a 
sem:-metric space. 

As a semi-metric space becomes metric when the so-called triangle axiom 
is added, it is natural to classify these spaces by the degree to which the 
triangle axiom is approximated. Hence we are led to the following additional 


axioms. 


III. For each pair of points a and b there ts a positive number r such 
that for every point c,ac+be=r. 


IV. For each point a and each positive number k there is a positive 
number r such that, tf b is a point for which ab =k and c is any point, 
ac+be=r. 


V. For each positive number k there is a positive number r such that, 
if a and b are any points for which ab =k and c is any point, ac + be =r. 


If Axiom V is further strengthened by requiring r to equal k, our space 
becomes metric. Furthermore, E. W. Chittenden + has shown by an equivalent 
definition that a semi-metric space in which Axiom V is valid is homeo- 
morphic with a metric space. It is the purpose of this article to supplement 
Chittenden’s work by investigating this question for the weaker Axiom IV 
and also to discuss certain other properties of these spaces. 


2. Examples of spaces consisting of enumerable sets of points can be 





* Presented to the American Mathematical Society, February, 1931. 
7+ “On the equivalence of ecart and voisinage,” Transactions of the American 
Mathematical Society, Vol. 18, pp. 161-166. 
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constructed, which show that Axiom V is effectively stronger than Axiom IV, 
and that Axiom IV is effectively stronger than Axiom III. 

In demonstration it is often convenient to make use of the following 
easily proved properties. For Axiom III to be valid it is necessary and suffi- 
cient that there do not exist two points a and b and a sequence {ci} such 
that acx + bce, ->0. For Axiom IV to be valid it is necessary and sufficient 
that there do not exist a point a and two sequences {bi} and {ci} such that 
ac; + biti >0 but not abi > 0. For Axiom V to be valid it is necessary 
and sufficient that there do not exist three sequences {ai}, {bi}, and {ci}, 
such that aici + bici > 0, but not aibi > 0. 

In the case of each of the three axioms it is readily shown that there is 
a greatest r for which ac+be=r. In future reference to the axioms it 
will be understood that r represents this greatest value. In Axiom III, r is 
a function of a and 6; in Axiom IV, r =f (a, &) ; and in Axiom V, r= f(z). 
In Axioms IV and V, r is a monotone increasing function of &. Since ¢ may 
coincide with a or J, it is clear that in-the_last-two-cases r= k-and in the 
first r Sab. Finally, in the last two cases the inequality ac + bc < r implies 
that ab < k. 


3. The scope of our work is limited by the following theorems: 


I. For Axiom III to be valid in a semi-metric space it is necessary and 
sufficient that no sequence converge to more than one limit. 


II. In a semi-metric space satisfying Axtom IV every derived set 1s 
closed. 

The proof of the first of these theorems is self-evident. To prove the 
second let A = {a} be any set, A’== {b} be the derived set of A, and ¢ be 
a limiting point of A’. If c does not lie in A’, there is a k > 0 such that 
for no point a in A—c is ca<k. 

Since Axiom IV is valid, let rf (c, k) ; then for every point x, cx + ax 
=r. Take e<7r/2. Since c is a limiting point of A’, there is some point b 
for which cb <e. Since 6 lies in A’, it is a limiting point of A, and also 
of A—c. Hence there is a point a in A—ce for which ba<e. Then 
cb + ab <r, contrary to the statement at the beginning of the paragraph. 
Hence c¢ lies in A’ and A’ is closed. 


Corottary. In a semi-metric space satisfying Axiom IV the set of 
inner points of any set is a region. 


It can be shown by an example that the converse of Theorem II is not 
valid, and that the theorem itself is not valid in general if only Axiom III 
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holds. Consequently it does not seem profitable to give any attention to 
spaces satisfying Axiom III only. 


4. The simpler theorems regarding closed sets and regions in general 
metric spaces may now be proved valid for semi-metric spaces satisfying 
Axiom IV in the usual way. In working with these concepts, however, it is 
necessary to keep in mind two respects in which these spaces differ radically 
from metric spaces. These are: 


In a semi-metric space satisfying Axiom IV the Cauchy criterion for the 
convergence of a sequence of points to a point is not necessary, and the dis- 
tance function may have discontinuities. 


To see this consider a space Z consisting of a point a and an enumerable 
set of points {a;}, where the distances are defined as follows: aa;—1/1 and 
aaj =1if tj. It is easily seen that Axiom IV is valid. Obviously a; >a, 
but the Cauchy property is not valid. Finally, as a,a—=1/2 and a.aj—1 
for every 1 = 2, it is evident that a.a; does not converge to a2a, and so the 
distance function is not continuous. 

It is convenient to call the set of points {x} whose distances from a fixed 
point a are less than some fixed & a sphere, but on account of the possible 
discontinuity shown above a sphere may fail to be a region; also the sets for 
which az S k or ax = k may fail to be closed sets. However, if S is a sphere 
of center a and radius k, and r=f(a,k), it readily follows from Axiom IV 
that every point of the sphere of center a and radius r is an inner point of S. 
Likewise, if 7 denotes the set {2} for which az =k, T contains no point y 
for which ay < 1. 

Furthermore, if s is a sphere of radius 7” <r and center a, s’ CS. 
Hence, if ” —f(a,r) and r” <7’, the sphere s of center a and radius r” 
is such that §- 770. Such a sphere may be called an inner sphere corre- 


sponding to a and k. 


5. Before proceeding further, we turn to a brief consideration of semi- 
metric spaces in which Axiom V is valid. We first note that in such a space, 
every convergent sequence satisfies the Cauchy convergence criterion. For 
otherwise we would have a sequence {a;}, where a; >a, and a constant k > 0 
such that for every integer i’ there would exist an i and a j greater than 7’ 
for which awa;=Zk. But, as i > 0, aja+aja—0, which contradicts 
Axiom V. 

Now let Z be any semi-metric space and a, b, and ¢ be any three points. 
Also let g(e) be a positive function of the positive real variable e which 
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converges to zero with e, and let the relations ac < e and bc < e always give 
ab <g(e). Such a space Frechet calls a space with a regular ecart. 


THEOREM I. A semi-metric space in which Axiom V is valid has a 
regular ecart, and conversely. 

Proof. If Axiom V is valid, there is a monotone increasing function 
r=f(k) such that ab =k implies that ac+bc=r for any three points 
of the space. If & has a lower bound k’ > 0, r has a lower bound 7’ > 0; 
in this event let us define r—=f(k%) for0 =k SF by the relation r/k = 1’ /F’, 
Now let h =h(r) be 4/3 the lower bound of all values of & for which r= f(k). 
Then h is one-valued and converges to zero as r>0. If ac<r/3 and 
be < r/3, then ab<h. Taking e—r/3, h=g(e)—Ah/(r) is the required 
function. 

To show the converse, assume that Axiom V fails. Then there would 
be a k > 0 and®sequences {a;}, {bi}, and {ci} such that aibi = k& for every i, 
but aici + dics > 0. Taking e so that g(e)< k, there is an 7 such that 
aici; < e and bic; < e, while ajbi =k > g(e), contrary to the definition of 
regular ecart. 

The above theorem together with Chittenden’s theorem (loc. cif. in § 1) 


gives the following result. 


THEOREM II. For a semi-metric space Z to be uniformly homeomorphic 
with a metric space it is necessary and sufficient that Axiom V be valid. 

That the condition is sufficient is proved by Chittenden. It remains to 
prove that it is necessary. 

Let Z = {x} and let M = {y} be metric and uniformly homeomorphic 
with Z. If Axiom V is not valid in Z, there is a k > 0 and three sequences 
{xi}, {vi’}, and {ai} such that a;’2,;”7 =k and xizi’ + xix” 0. Let the 
corresponding sequences in M be {yi}, {yi’}, and {yi”}. Since the homeo- 
morphism is uniform, yiyi’ + yiyi’” > 0 and consequently, by the triangle 
axiom, yi’yi’” > 0. But again this result requires that x;’x;" > 0, which is 
a contradiction. 


6. THrorEM. Let Z be a semi-metric space satisfying Axiom IV. Then 
Z is homeomorphic with a semi-metric space satisfying Axiom V. 
Proof.* For each point z of Z define two descending sequences {1;(z) } 


and {s;(z)} as follows: 





* The following proof is based upon one by Alexandroff and Urysohn, “ Une condi- 
tion nécessaire et suffisante pour qu’une classe J soit une classe D,” Comptes Rendus 
des Séances de V Académie des Sciences, Vol. 177, pp. 1274-1276. 
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So(x)= 1, r(x) = Yof (#, 1), 
r2(x)—= Yof[a, 1 (x) ], 8:(@) = Yor2(z),° °°; 
Si-a(Z)= Yorai- (2), Peis (t) = Vof[a, sis(z)], 
12i(t)—= Yo Le, reia(x)], Si (x)= Yorei(z),* °°. 


Here f is the function of Axiom IV. It is clear that s;(7)S 14% for every 7 
and 2. For each 1 and x let U;(x) be the sphere of center z and radius s;(z) 
and K; be the set of spheres {Ui(x)} as x ranges over Z. 

We now prove that, if Dj = Ui(x)-Ui(y)~0 for some 1=1, then 
U;(z) + Ui(y) is contained in either Uj_.(2) or Ui+z(y). Let u be a point 
of Dj. There are two cases: sj(x)= si(y) or si(z) < si(y). 

In the first case vu + uy < 2si(2%)—=12i(x), whence zy < rei+(z) by 
Axiom IV. If z lies in Ui(y), ye<si(y)Ssi(z). Hence zy+ yz 
< 2reis(x)—f[a, sir(x)] and so zz < si.(x) by Axiom IV. Obviously 
az < Sis(a) if z lies in Ui(r). Hence U;(x)-+ Ui(y)C Ui-+(@) in this case. 

In the second case 2z < si(x)< si(y) for any z in Ui(x); whence 
ty + 2z < 2reir(y) and yz < si+(y). Obviously yz < sis(y) if z lies in 
Ui(y). Thus in this case U;(x)+ Ui(y)C Uialy). 

Now let us define a new distance d(x, y) for each pair of points of Z as 
follows and call the new space Z’. If no sphere of any K; contains x + y, 
let d(x, y)=1. If no sphere of K;,, contains x + y, but some sphere of K; 
contains z + y, let d(x, y)= Wi. 

We first show that Z’ is semi-metric. If xy, d(z,y) exists and is 
positive unless some sphere of every A; contains x+y. Then there would 
be a sequence {U;(ci)} of spheres whose respective centers and radii are {c;} 
and {s;(ci)}, each of which would contain « + y. Since sj(ci)—> 0, this gives 
the contradiction that c; >a and c; > y in Z. 

If x, y, and z are three points, d(x, z)—=1/2', and d(y, z)—=1/2/, 7 =1, 
we have two spheres U;(a) and Ui(b) of K; containing «+z and y+ z, 
respectively. Then by the above, these spheres are contained in either Uj-,(@) 
or U;,(b). In both cases d(x, z)S 1/2*1, and so the distance d(z,y) is a 
regular ecart. Hence Axiom V is valid in Z’ by § 5, Theorem I. 

Let a be a fixed point, k > 0, and S be the set of points {a} for which 
d(a,z)<k. Take i so large that 1/2'<k. Then Ui(a)CS. For, if x 
lies in U;(a}, a+ lies in U;(a) for 0=j7 Si and hence d(a, x)= 1/2¢. 
That is, S contains every point x for which az < s;(a). 

Now let § be the set of points {x} for which ax << k. Take 7 so large 
that si1(a)< k and 7 so large that 2/23/ << sj(a). Let 8’ be the set of 
points {x} for which d(a,xz)< 1/24. Then for each z in 8’, a+ 2 lies in 
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some U;(b); i.e., ab + bx < 28;(b) < 2/234 < si(a), whence ar < s;_,(a) 
<k. That is, S contains every point 2 for which d(a, x) < 1/2/. 
The last two paragraphs prove that Z and Z’ are homeomorphic. 


Corotuary. Let Z be a semi-metric space satisfying Axiom IV. Then 
Z ts homeomorphic with a metric space. 


This is an immediate consequence of the above theorem and Chittenden’s 
theorem (§ 5, Theorem II). Note, however, that in this case homeomorphism 
between a semi-metric and a metric space does not imply that Axiom IV is 


valid in the former space. 


7. A semi-metric space Z which satisfies Axiom IV and contains an 
enumerable set H = {aj} such that every point of Z is the limit of a sub- 
sequence chosen from E will be called separable, as usual. Following Frechet, 
we shall call Z perfectly separable or p-separable, if for each k > 0 each point 
x of Z lies in an inner sphere corresponding to & and some aj. (See § 4.) 

The author does not know whether separability implies p-separability or 
not. It is possible to construct a space Z containing an enumerable set EF 
dense in Z and such that for a given k > 0, Z is not covered by a set of 
inner spheres having their respective centers in # and corresponding to k, 
but this does not show that there is no enumerable set having the desired 
property. Since by the previous section a separable semi-metric space satis- 
fying Axiom IV is homeomorphic with a separable metric space and a 
separable metric space is always p-separable, it might appear that separability 
implies p-separability in semi-metric space also. This does not follow, how- 
ever, because the homeomorphism between the two spaces may fail to be 
uniform. 

It is easy to show that a p-separable semi-metric space satisfying Axiom 
IV is homeomorphic with a separable semi-metric space without using Chitten- 
den’s theorem. In brief we first prove the theorem that, if A-B+4A-B=0, 
then there are disjoint regions R and S containing A and B, respectively, in 
much the same way as for metric spaces. Then Urysohn’s proof * that for 
two disjoint closed sets A and B, there is a continuous function f(2) such 
that f(z)=0 in A, f(z)—1 in B, and 0OSf(z)S1 in Z—(A+ B) is 
applicable. Then, for each k; of a descending sequence {k;} converging to 
zero and each point a; of the set F used in defining p-separability, we define 
a continuous function fi;(x) such that fj;(~)—0 in a closed set Ai; con- 
taining a; as an inner point, fi;(~)—1 in a closed set Bi; containing every 





* “Zum Metrisationsproblem,” Mathematische Annalen, Vol. 94, pp. 310-311. 
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a for which ax = kj, and 0 S fij(x) 1 elsewhere in Z. Then the distance 


oO 


; | fis (x)— fis (y) | /2*7. 


i,j= 
between two points z and y is defined by > 
inf 


8. The result of § 6 would appear to be useful in handling upper semi- 
continuous decompositions of metric spaces into disjoint closed sets. Under 
certain broad conditions the space whose elements are the closed sets is known 
to be metric, but the distance between two such elements has no simple relation 
to the distance between the closed sets in the original space. The following 
theorem together with § 6 makes it possible to use the distance in the original 
space as the distance in the new space. 


THEOREM. Let Z = {x} be a metric space and Z = S[X] be an upper 
semi-continuous decomposition of Z into disjoint closed sets. Let Z’ be the 
space whose elements are {X} and for any two elements X and Y of Z’ let 
XY be the distance between the sets X and Y as measured in Z. Then Z’ 
is a semi-metric space satisfying Axiom IV and, if Z is connected, so 1s Z’. 


Proof. By the distance between XY and Y in Z we mean the lower bound 
of zy as the point 2 ranges over X and the point y ranges over Y. If then 
XY = 0, there are sequences {2z;} and {yi}, chosen from X and Y, respec- 
tively, such that ziy; 0. By the definition of upper semi-continuous de- 
compositions it follows that for any e > 0 every point of X has a distance 
from Y less than e and every point of Y has a distance from X less than e. 
As X and ¥ are closed, this makes X = Y. Hence Z’ is semi-metric. 

If Axiom IV were not valid, there would be some element A, a constant 
k > 0, and sequences {X;} and {Yi} such that AX;=k, but AY: + XiYi 
—0. Take a positive e<k/3. Since AY; —0 and the decomposition is 
upper semi-continuous, there is an 7?’ such that every point of Y; has a dis- 
tance from A less than e for every i>7. Since X;Y;—0, there is an 7” 
such that for every 1 > 7” there is a point 2; in XY; and a point y; in Y; for 
which ziy; < e. But then for i greater than both i and ¢” some point of Y; 
has a distance less than 2e from some point of A, and consequently AX; < k, 
which is faise. 

If Z’ were not connected, it would be the sum of two disjoint non-void 
sets H’ and K’ such that H’- K’ + H’-K’=0. In Z let H be the union 
of the sets {X} which are elements of H’ and K have a similar relation to K’. 
If H-K 0, there would be a point y in K which is the limit of a sequence 
{vi} of points of H. Now y lies in some element Y and each 2; in some 
element X;, whence X¥;Y ~0. But X; is an element of H’ and Y is an ele- 
ment of K’, and H’- K’=0, which is a contradiction. Hence H-K=0 
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and, in like manner, H:K—~0. This is again a contradiction, because Z 
was connected. Hence Z’ is connected. 
In connection with this theorem it should be noted that, in general, 


Axiom V is not satisfied. 


9. We shall now investigate certain relationships between semi-metric 
and topological spaces, defining the latter by these axioms: 


A. Every point x has at least one vicinity U(x) and x lies in U(z). 

B. If U(x) and V(x) are vicinities of x, there is some W(z) 
C U(z)- V(z). 

C. For each U(x) there is a V(x) such that, if y lies in V(x), some 
U(y)C U (2). 

4. If xand y are two distinct points, some U(x) does not contain y. 


Axioms A and B are taken directly from Hausdorff’s Mengenlehre (pp. 
228, 229). Axiom C is the weaker form of Hausdorff’s Axiom C suggested 
by Frechet. This is more convenient, since in semi-metric spaces satisfying 
Axioms IV or V, a sphere is not necessarily a region, but merely contains a 
region containing in turn the center. In Axiom 4 “ vicinity ” has been used 
instead of “ region,” since this is more consistent in forming a set of vicinity 
axioms. 

Before proceeding further it will be as well to call attention to two known 
points which are sometimes overlooked or insufficiently stressed. The first 
is the fact that it must not be understood that, if some U(x) contains a point 
y different from z, then U(x) is a vicinity of y. Such an assumption in 
certain cases vitiates the work. The second is the difference between equiva- 
lence and homeomorphism, the former being in some cases an effectively 
stronger property than the latter. It may be remarked here that the axioms 
given above are equivalent to the corresponding axioms of Hausdorff. 

It is clear that relations between semi-metric and topological spaces will 
involve enumerability axioms of some kind. Consider the following. 


9. There is an equivalent set of vicinities such that every point x has 


an at most enumerable set of vicinities. 


9. If x 1s a point and {U(x)} the set of its vicinities, there is an 
enumerable sub-set {Vi(x)} of these vicinities such that x is the divisor of 
the set {Vi(x)} and each U(x) contains some Vi(z). 


10. There is an equivalent set of vicinities which is enumerable. 








a 
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Axioms 9 and 10 are essentially the same as Hausdorff’s axioms with 
these numbers. It is shown below by an example that Axiom 9’ is effectively 
weaker than Axiom 9. On the other hand it is readily seen that the restriction 
of the class of vicinities in Axiom 9’ does not affect the definition of limiting 
points. This is a case where homeomorphism and equivalence are not the 
same and it is well illustrated by the following example. 

Let Z be the sum of two disjoint sets A and C, where A consists of the 
points of the interval 02 <1 and C is a set {y} of cardinal number c. 
For each y let U(y)=y; for x ~0 let U(x) be any open interval of center 
x contained in A; for x0 let U(x) be any half-open sub-interval of A whose 
left end-point is 0 or-any such sub-interval plus any point of C. Here Axiom 
9 is not satisfied. If we restrict the lengths of the sub-intervals to rational 
numbers and require U(0) to be either such a sub-interval or such a sub- 
interval plus the point of C corresponding to its length in some correspondence 
between the rational numbers and an enumerable sub-set of C, Axiom 9 is 
valid. On the other hand, Axiom 9’ is valid in the original space, since the 
vicinities of points of C and the vicinities of points of A consisting of ‘sub- 
intervals of rational length satisfy the requirements. The two spaces are 


homeomorphic, but not equivalent. 


THEOREM I. Let the topological space Z satisfy Axiom 9’. Then we 
can take the partial set of vicinities so that for each point Vi(r) > V2(z) 
= V;(7)°--. 


Proof. Let {U(x)} be the original set and {W;(x)} be any partial set 
satisfying the requirements of Axiom 9’. Take Vi(rz)—W,(r). Now 
W.(2) + W2(x)> some U(x) some Wi,(z). Set Vo(x)—Wi,(r). Like- 
wise the divisor of the first 1. +1 vicinities {W;i(x)} contains some U(z), 
which in turn contains some W;,(a) ; this we take for V3(z). Continue this 
process indefinitely. Clearly every U(a) contains some Vn(a) and z is the 


divisor of the monotone descending sequence {Vn(z) }. 


THEOREM II. Let the topological space Z satisfy Axiom 9. Then there 
is an equivalent set of vicinities so that for each point V(x) > V2(z)2°--. 

This is proved in the same way as Theorem I. 

10. It is apparent that there is an intimate connection between Axioms 


III, IV, and V of semi-metric spaces and Tietze’s separation axioms * for 
topological spaces. But in studying this connection we meet the following 





* See Hausdorff, Mengenlehre, p. 229, Axioms 5-8. 
9 , 
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difficulty. If in a semi-metric space the sequence of points {ai} converges 
to a point a, there is for every r > 0 an ?’ such that a sphere of center a and 
radius r contains every a; for which i > 7’ and for such values of i the spheres 
of radius r and centers a; all contain a. But this does not hold for topological 
spaces. There, although each vicinity of a contains every a; for i greater 
than some 7, it may be that no vicinity of any a; contains a. Therefore it 
seems well to the author to propose the following axioms in place of Haus- 
dorff’s Axioms 5-8 for use in topological spaces satisfying Axioms 9 or 9’: 


5’. For every pair of points a and b and every integer n there is an 
integer m = g(a,b,n) such that m increases indefinitely with n and the rela- 
tion Vn(a) - Vn(b) 0 implies that b lies in Vm(a) and a lies in V(b). 


6’. For each point a and each integer n there is an integer m = g(a, n) 
such that m increases indefinitely with n and the relation Vn(a) - Vn(b)~0 
implies that b lies in Vm(a) and a lies in Vm(b). 


Vv. For each integer n there is an integer m= g(n) such that m increases 
indefinitely with n and the relation Vn(a) -Vn(b)~O0 implies that b lies in 
Vin(a) and a lies in Vm(b). 


It is a simple matter to show that Axiom 5’ implies Hausdorff’s Axiom 5. 
For Axiom 6’ we get the following theorem, which is analogous to a theorem 
of Tychonoff.* 


THEOREM I. Let Z be a topological space satisfying Axioms A, B, C, 4, 
and 9 or 9. If it also satisfies Axiom 6’, it satisfies Hausdorff’s Axioms 6, 
7, and 8. 


Proof. Let our vicinities be monotone descending as in the theorems of 
§9. Let A and B be two point-sets such that 4-B-+A-B=0. Let a be 
a fixed point not in the closed set B and b be any point of B. Then there 
is an n such that Vn(a)-Vn(b)=0. If n is unbounded as b ranges over B, 
there is for each n a point b, in B such that Vn(a)-Vn(bn)~0. If 
m =g(a,n) as in Axiom 6’, Vm(a) contains bd». But m increases indefinitely 
with n; hence every Vm(a) contains points of B, a contradiction. Therefore 
for some n we have Vn(a) --Vn(b)—0 for every point b in B. 

In consequence of this result there is for each integer i a sub-set A; of A 
such that for each point a in A; and each point 0d in B, Vi(a) - Vi(b)—0. 
The set A; may be void for a particular value of 7, but Ai, C A2 C A; GC: : 
and A is the union of the sets {Ai}. Likewise, B is the union of a monotone 





* “Uber einen Metrisationssatz”’ von P. Urysohn, Mathematische Annalen, Vol. 95, 
pp. 139-141. 
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increasing sequence of sets {Bi}, such that for each b in B; and each a 
in A, Vi(a) - Vi(b)=0. 

Each Vi(@) contains a region v;(a) which contains a, by Axiom C, and 
likewise for Vi(b). Let U; be the union of the regions {v;(a)} as a ranges 
over A;, and W; be the union of the regions {v;(b)} as b ranges over By. Let 
i and j be any two integers and ij. If a@ lies in Ai, Vi(a)- Vi(b)—=0 


for every b in B, and consequently in Bj. Since V;(b)C Vi(b), we have 
Vi(a) - Vj(b)=0 for every a in A; and b in B;. Consequently Uj; W;—0 
for this case, and similar reasoning establishes the same fact for the case that 
+> j. If then R and S are the unions of the sets {Ui} and {W;}, respectively, 
we have ACR, BCS, and R-S=0. As R and S are obviously regions, 
we have shown that A and B are contained in disjoint regions, which is the 
requirement in Hausdorff’s Axiom 8. A fortiori, Axioms 6 and 7 are also 
valid. 


THEOREM II. Let Z be a topological space satisfying Axioms A, B, C, 
4, 6’, and 9 or 9’, and {ai} a sequence of points converging to a. Then for 
each m there is an im such that ai lies in Vm(a) and a lies in Vm(ai) for 
every t > tm. 


Proof. As usual we assume that our vicinities are monotone descending 
in accordance with the theorems of §9. Since by Axiom 6’, m= g(a,n) 
increases indefinitely with n, there is for each integer m an integer n such 
that Vn(a) - Vn(b)340 implies that a lies in Vm(b) and 6b lies in Vm(a). 

Since a; >a, there is an t% such that each a; lies in Vn(a) for 1 > %. 
But then Vn(a@)-Vn(ai)340. Consequently the previous paragraph is ap- 
plicable and we have the theorem on writing tp as im. 


11. THerorEM. Let Z be a semi-metric space satisfying Axiom IV(V). 
Let 1. > 12 > 13° + + and 71-0. For each point a of Z let Ui(a) denote 
a sphere of center a and radius r;. If these spheres are taken as vicinities, 
Z is a topological space satisfying Axioms A, B, C, 4, and 9, and also 6’(7’). 


Proof. It is clear that Axioms A, B, 4, and 9 are satisfied. Now take 
a fixed Ui(a). Then for some j > i, it follows from § 4 that U;(a) contains 
only inner points of U;(a) and so for any point z in U;(a) some Ux(zx) 
C Ui(a). Hence Axiom C is also valid. 

Now suppose that Axiom 6’ were not valid. Then there would be a 
fixed integer m and a sequence of points {bn} such that Un(a) - Un(bn)~ 9, 
but for every n either a would not lie in Um(bn) or b» would not lie in Um(a). 
The former statement requires the existence of a sequence {cn} such that 
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acn —> 0 and Ontn—>0. But then by Axiom IV we have ab,—0. Then for 
some M and every n > N%, abn < rm, which contradicts the second statement. 
Hence Axiom 6’ is valid. 

Suppose now that Axiom V is valid, but Axiom 7% is not. Then there 
is a fixed m and sequences {a,} and {b,»} such that Un(dn) - Un(bn)~ 09, but 
either bn is not in Um(an) or dm is not in Um(bn). Then for a sequence {cn}, 
we have @nCn + Dnén—>0, whence dnbn—>0O. This gives a contradiction as 
above. 


Remark. The above theorem is a fortiori true if 9’ is substituted for 9. 


12. THEOREM. Let Z be a topological space satisfying Axioms A, B, 
C,4,and 9. If also Axiom 6’(7’) is satisfied, Z is equivalent to a semi-metric 
space satisfying Axiom IV(V). 


Proof. In accordance with §9 we assume that the vicinities of each 
point form a monotone descending sequence of sets. For a pair of points 
a and 6b set fn(a,b)—0 if b lies in Vn(a) and fn(a,b)—1 if b is not in 
Vn(a). Likewise define fn(b, a). Let dn(a, b)—dn(b, a)=[fr(a, bd) 


+ fn(b,a)]/2" and ab = ba=S dn(a,b). Let Z’ be a space having the 
1 


same points as Z and distances defined in this manner. 
It follows at once from Axiom 6’ that there is an integer n’ such that 


Vn(a) + Vn(b)=0 if n2=n’. Hence ab = > 2/2" = 1/2"-2 > 0 and so Z’ 
is semi-metric. : 

Now let a be any point andr > 0. Take m so that r > 1/2". In con- 
sequence of Axiom 6’ there is an n such that, if 6 lies in Vn(a), then b lies in 


Vm(a) and a lies in Vm(b). Hence ab < >> 2/2¢==1/2"™1 <r. That is, 


m+1 


each sphere of radius r contains some V,»(a). On the other hand, let Vm(a) 
be any vicinity. If r<1/2™ and ab<r, dn(a,b)—0O for every n= ™m. 
Hence by the definition of dn(a, b), b lies in Vn(a) and ain Vn(b) for every 
nm =m. Thus every vicinity of a contains some sphere of center a. Hence 
we have proved that the spaces are equivalent. 

If Axiom 6’ does not imply Axiom IV, there are two sequences {bi} and 
{ci} and a constant k >0 such that abi =k and aci+ dic: 0. These 
relations show that for a fixed n’ there is an 7 such that d,(a,ci;)—0O and 
dn (bi, c;)—= 0 for every i= i’ and every nn’. Then for such values Vn (ci) 
contains a and bj, and c; lies in both V,(a) and Vn(bi). If m=g(a,n) 
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as defined in Axiom 6’, this means that D; lies in Vm(a) for iz’. As m 
increases indefinitely with n, we have }; approaching a, which is impossible. 

If Axiom 7% does not imply Axiom V, we have three sequences {a;}, 
{bi}, and {ci}, and a k>0, such that aibi =k and aici +bdici 0. As 
above, we have for each n’ an 7’ such that Vn(ai) - Vn(bi) 40 for i=vV and 
nn’. Let m=g(n) as defined in Axiom 7’. Then dn(ai,bi:)—0 for 
n =m; and, as m increases indefinitely with n, this means that aibi > 0, 


a contradiction. 


Corottary. Let Z be a topological space satisfying Axioms A, B, C, 4, 
and 9. If also Axiom 6’(7’) is satisfied, Z is homeomorphic with a semi- 
metric space satisfying Axiom IV(V). 

For by § 9 the space Z is homeomorphic with a topological space satis- 
fying Axioms A, B, C, 4, and 9. 


Remark. <A study of the proof of the theorem of § 6 shows that in the 
above theorem Axiom 6’ is sufficient for equivalence with a semi-metric space 
satisfying Axiom V, and an analogous remark is true for the corollary. 


13. In the theorem and corollary of the previous section a distinction 
has been drawn between homeomorphism and equivalence. The same thing 
is necessary in connection with Urysohn’s theorem regarding the equivalence 
of a topological space satisfying Axioms A, B, C, 6, and 10 to a metric space, 
which has been referred to in §7. In his proof it is tacitly assumed that 
every vicinity containing a point is a vicinity of that point; without that 
assumption the proof given does not apply and in fact there is homeomorphism 
and not equivalence. This in part explains the necessity for such axioms as 
6’ and 7. 

Since it has been shown that a semi-metric space satisfying Axiom IV 
is homeomorphic with a metric space, it follows from the previous section that 
this is also true for a topological space satisfying Axioms A, B, C, 4, 6’, and 9’. 








CONCERNING HEREDITARILY LOCALLY CONNECTED 
CONTINUA. 


By G. T. WHyBuRN. 





A continuum every subcontinuum of which is locally connected is said 
to be hereditarily locally connected. The principal contribution of the present 
paper is the establishing of the proposition that Every hereditarily locally 
connected, compact and metric continuum is a rational curve in the Menger- 
Urysohn * sense, that is, each point of such a continuum M&M is contained in 
arbitrarily small neighborhoods having countable boundaries relative to M. 
This theorem was proved formerly ¢{ by the present author for subcontinua 
of the plane, but the demonstration in the present article is independent of 
the containing space and is therefore valid for subcontinua of any compact 
metric space. It is thus demonstrated that in the Menger—Urysohn classifi- 
cation of curves, the hereditarily locally connected continua form a distinct 
class occupying an intermediate position between the class of all regular curves 
(= continua each of whose’ points is contained in arbitrarily small neighbor- 
hoods with finite boundaries) and the class of all rational curves. In other 
words, all regular curves are hereditarily locally connected, but not conversely ; 
and all hereditarily locally connected continua are rational curves, but not 
conversely. 

In the course of the demonstration of the proposition announced above, 
the author has found and used a number of strong properties of hereditarily 
locally connected continua, each of which, incidentally, characterizes these 
continua among the compact metric continua. Proofs for these properties, 
together with some of their corollaries, form § 2 of the present paper. In §3 
there is given two lemmas of a general character which also are needed in the 
proof of the main theorem of the paper, given in § 4. 

We shall employ the usual terminology and notation of the theory of sets. 
Our hypotheses ordinarily concern a compact metric continuum M and its 
subsets, and in such cases we shall consider M as a space and shall speak of 
the open subsets of M as neighborhoods or open sets. If V is such a set, 
F(V) will denote the boundary of V, i. e., the point set V—V. <A com- 
ponent of a set K’ is a connected subset of K which is contained in no other 





*See Menger, Mathematische Annalen, Vol. 95 (1925), pp. 272-306 and Urysohn, 
Verhandelingen der Akademie te Amsterdam, Vol. 13 (1927), No. 4. 
t See Bulletin of the American Mathematical Society, Vol. 36 (1930), pp. 522-524. 
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connected subset of K. The quasi-component of a set K containing the point 
p of K consists of p together with all points such that K is not the sum of 
two mutually separated sets, one containing p and the other z. A collection 
of sets will be called a null family provided that all save a finite number of 
these sets are of diameter less than any preassigned positive number. A 
countable sequence of sets whose elements form a null family will be called 
a null sequence. 


2. Properties equivalent to hereditary local connectivity. 


(1). In order that the compact metric continuum M should be heredi- 
tarily locally connected it is necessary and sufficient that if K is any subset 
of Mand G is any; collection of open sets covering some subset H of K, the 
boundary of no one of which contains a point of K, then there exists a null 
sequence V1, Vo, Vs3,: ++ of mutually exclusive open sets covering H each, of 
which 1s a subset of some element of G and its boundary ts a subset of the 
sum of the boundaries of a finite number of the sets of G. 


The condition is necessary. For by the Lindelof Theorem there exists a 
countable sequence G, G2, G3,--- of the sets of G whose sum covers H. Set 
G2 ° G,=U>, G3 — Gs°- (4, + G2) = Us, ° aes 


n-1 — 


Gun — Ga? > Gi =U n,- °°. 
1 


G; ais U;, Ge 





Then clearly U,, Uz,-- + is a sequence of mutually exclusive open sets covering 


H, and for each n, 
n-1 — n-1 n 
(i) F(Un) = F[Gr— Ga- ~ Gi] CF(Gr) +S F(Gi) = 2 F(Gi). 
1 
Now set U => Uy. Then UV is an open subset of M, and hence the com- 
1 


ponents of U may be arranged into a sequence V;, Vo, V3,-- +, which clearly 
must be a null sequence, since M is hereditarily locally connected. Since the 
sets [Un] are mutually exclusive, it follows that for each n there exists an i 
such that V,»C U; and F(Vn) C F(Ui). Hence Vn C Gi, and by (i) we 


have F(V,) C } F(G;), which completes the proof. 
1 


That the condition is sufficient follows at once from the fact * that every 
continuum M which is not hereditarily locally connected contains an infinite 
sequence V,, N2, N;,- ++ of mutually exclusive continua, all of diameter greater 


* See R. L. Moore, Bulletin of the American Mathematical Society, Vol. 29 (1923), 
p. 296; also C. Zarankiewicez, Fundamenta Mathematicae, Vol. 9, p. 134. 
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than some « > 0, which converges sequentially to a limit continuum N having 
fo) 

no point in common with the continua [Ni]. For, taking K =H => Nj 
1 


and, for each i, letting G; denote the set of all points x in M such that 
p(z, Ni) < (1/3) p(Ni, H — Ni), then the collection [Gi] covers H and the 
boundary of no one of these sets contains a point of K, but clearly no null 
sequence exists satisfying the terms of our condition. 


(2). In order that the compact metric continuum M be hereditarily 
locally connected it is necessary and sufficient that if K is any subset of M, 
and p is any point of a quasi-component C of K, and R is any neighborhood 
of p, then there exist a neighborhood U of p such that R-C CU CR and 
F(U)-KCF(R)-C. 

The condition is necessary. For let H denote the set (K —C)-F(R). 
Then since no point of H belongs to C, there exists, for each point x of H, 
a separation of K into two mutually separated sets one containing x and the 
other C; and hence there exists an open set Gz containing 2 but not C and 
such that F(G,)-K 0. The collection G of all sets [G,] for all points x 
of H covers H, and the boundary of no one of these sets contains a point of K. 
Therefore, by (1), there exists a null sequence V;, Vs, Vz,-- - of open sets 
covering H each of which contains at least one point of H and is a subset of 


io.) 
some G, and has no boundary point in K. Therefore } V; contains H but 
1 


co 
contains no point of C, and K->F(Vi) =0. But since [Vi] is a nuli 
1 
sequence and since each V; contains at least one point of F'(P), it follows 
that F(> Vi) CS F(Vi) + F(R), and hence K-F(S Vi) CK: F(R), 
because K- SF (Vi) =0. Then since H, which is = F(R) -(K—C), isa 
subset of } Vi, therefore F(} Vi)-K C F(R) -C. 
fo, @) 
Now set V—=> Vi. We have just shown that V contains H but no 
1 


point of C and that F(V)-K CF(R)-C. Set V=R-(M—V). Then 
R-CCUCR and F(U) CF(V) + [F(2£) — H], and therefore 


F(U)-KCF(V)-K+F(R)-CCFR(R) -C. 
To prove the sufficiency of the condition, take the sets V, Ni, N2,: - 
as in the proof of the sufficiency part of (1). Let K = N+ > Ni, let p be 
1 


a point of N, and let R be a neighborhood of p of diameter < </2. Then 
although WN is a quasi-component of K, there can exist no neighborhood U of 











4 De le 





CONNECTED CONTINUA. 377 


p satisfying the terms of our condition, because any such U would contain a 
point of some N; and since 5(Ni) >«, we would have Ni: F(U) A0. 


(3). In order that the compact metric continuum M should .be heredi- 
tarily locally connected it is necessary and sufficient that the quasi-components 
and the components of any subset of M be identical. 


The condition is necessary. For let K be any subset of a hereditarily 
locally connected continuum M. Clearly it is sufficient to prove that every 
quasi-component of K is connected. Suppose, on the contrary, that some 
quasi-component C of K is the sum of two mutually separated sets C, and C2. 
Then there exists an open set FR containing C; but no point of C, and such 
that F(R)-C=0. Now by (2) there exists an open set U such that 
k-CCUCRand F(U)-KCF(R)-C=0. Thus U contains C; but not 
C., which is impossible since C' is a quasi-component of K and F(U)-K =0. 

The condition is also sufficient. For consider the sets NV, Ni, No,- - - 
as in the preceding proofs. Let a and b be distinct points of N, and let 


fe 8) 
K=a+6+2 Nj. Then obviously a is a component of K, whereas a+ b 
1 


is the quasi-component of K containing a. Thus our condition is contradicted 
in any continuum which is not hereditarily locally connected. 


(4). In order that the compact metric continuum M should be heredi- 
tarily locally connected tt is necessary and sufficient that the components of 
any subset of M form a null family. 


The condition is necessary. For let M be any hereditarily locally. con- 
rected continuum and suppose, contrary to our theorem, that there exists an 
infinite sequence K,, Ke, K3,--- of distinct components of some subset of MM 
all of which are of diameter greater than some given positive number «. Set 


ao 
K==> Ky. Then for each n, K, is a component of K. By (3), Kn is also a 
1 


quasi-component of K, for each n. Thus there exists a separation of K into 
two mutually separated sets H, and H,. containing K, and K, respectively, 
and hence there exist two mutually exclusive open sets G; and Q, containing 
H, and H, respectively and such that the boundary of neither of these sets 
contains a point of K. One of these sets, say Q,, contains infinitely many 
of the sets [K,]. Likewise there exists a separation of K - Q, into two non- 
vacuous mutually separated sets Z, and Ls, and hence there exist two mutually 
exclusive open subsets Gz and Q» of Q, containing LZ, and Lz respectively, the 
boundary of neither of which contains a point of K. One of these sets, say Qe, 
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contains infinitely many of the sets [Ky]. There exists a separation of K - Q, 
and so on. Continuing this process indefinitely, we obtain an infinite sequence 
of mutually exclusive open sets G1, G2, G3, + ~°, such that for each 7, Gj con- 


co 
tains some component Kn, of K and F(Gi):-K~—0. Set H= > Kn,. Then, 
5 | 


by (1), there exists a null sequence V;, J’2,--~- of opem sets covering H each 
of which is a subset of some Gj; and is such that its boundary contains no 
point of K. But since the sets Gi are mutually exclusive, no set Vn» can 
contain more than one of the sets Kn, But then clearly the fact that 
5(Kn,) > for all 7s contradicts the fact that Vi, Vo, V3,- -- is a null 
sequence. 

The sufficiency of the condition is an immediate consequence of the 
existence of the sets NV, Ni, N2, N3,---, as previously defined, in any continuum 
which is not hereditarily locally connected, because for each i, N; is a com- 


co 
ponent of >| Nn and 8(Ni) >, which contradicts our condition. 
1 


(5). In order that the compact metric continuum M should, be heredi- 
tarily locally connected it is necessary and sufficient that every connected 
subset of M should be locally connected. (Theorem of R. L. Wilder.) * 


The sufficiency of the condition is obvious. To prove the necessity, let us 
suppose, on the contrary, that some connected subset H of the hereditarily 
locally connected continuum M is not locally connected at one of its points p. 
Then there exists a neighborhood F of p and an infinite sequence p;, po, ps,°*° 
of distinct points of H- # such that p(pi,p) < (1/2)p[p, F(E£)] for every i, 
and no two points of this sequence lie in the same component of K = H- &. 
For each 1 let C; denote the component of K containing p;. Since, by (4), the 
components of K form a null family, it follows that for some i, C;: F (EL) =0. 
Then, applying (2), we obtain a neighborhood U of p; such that E-C; 
CUCE and F(U):-KCF(E)-C,=0. Since F(U) C #, therefore we 
have O=F(U)-K=F(U):-H-@=F(U)-H. But then ZH is the sum of 
the two mutually separated sets H:U and H—H-U, contrary to the fact 
that H is connected. 


Corotiaries. Let M be any compact, metric, and hereditarily locally 
connected continuum and let K be any subset of M. Then: 


*See R. L. Wilder, Proceedings of the National Academy of Sciences, Vol. 15 
(1929), p. 616. This theorem and its proof are included in the present paper for the 
sake of completeness of the treatment. The proof given is the author’s own. 
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(a) If C is any component of K and R is any open set, there exists an 
open set U such that R-CCUCR and F(U):-KCF(R)-C.  [Conse- 
quence of (2) and (3) ]. 


(b) If K is of dimension > 0 at any one of its points p, then p lies in 
a non-degenerate connected subset of K. [Consequence of (2) and (3) ]. 


(c) Dither K is of dimension zero, or it contains non-degenerate con- 
nected sets but no continua, or it contains continua. [Consequence of (b) ]. 


Remark. Corollary (c) states that the subsets of any hereditarily locally 
connected continuum fall into three mutually exclusive classes as follows: 
(a) sets containing continua, (8) punctiform sets which contain non- 
degenerate connected sets, and (y) zero-dimensional sets. Sets of all three 
classes are known * to exist in hereditarily locally connected continua, and 
it is now definitely established that there are no others. This classification 
is actually a restrictive one, because it tells us, for example, that sets such as 
the totally disconnected one-dimensional sets are not to be found among the 
subsets of hereditarily locally connected continua. The classification is all 
the more restrictive in view of the theorem of Wilder [see (5) above] that 
every connected subset of such a continuum is locally connected. 


3. Lemmal. In any separable metric space R there exists a countable 
set of points D such that if p and q are any two points whatever which can 
be separated by some countable set, then p and q can be separated by some 
subset of D.t 


Proof. There exists a countable set of points Q9=2,-+a.+24;+°:°:-> 
which is dense in R. Order all possible pairs of points z;, 2; of Q such that 
x; and x; can be separated by some countable set into a sequence P;, Ps, P3,°°:. 
For each n there exists a countable set of points £, which we may suppose 
closed,{ which separates the two points x; and 2; in R. There exists a positive 
real number a such that F also separates in R the point sets Va(ai) and 





*See similar remarks by the author concerning the subsets of regular curves in 
Monatshefte fiir Mathematik und Physik, Vol. 38 (1931), and note references therein 
to examples by Knaster, Kuratowski, Sierpinski, and Mazurkiewicz. 

7 It is evident from the proof of this lemma that the same argument suffices to 
establish the following general theorem: Jf S is any class of closed subsets _of a 
separable metric space R, there exists a countable sub-class [S,] of S such that each 
pair of points which may be separated by some set of the class S may also be separated 
by some set of the class [S,;]. This general proposition together with some of its 
eonsequences will be considered by the author in a later paper. 

¢ See Tietze, Mathematische Annalen, Vol. 88, p. 310. 
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Va(x;), where V,(x) denotes in general the set of all points of the space 
whose distances from the point x are less than the positive real number r, 
With the aid of the Dedekind Cut-Postulate it is seen that there exists a 
number Qn, 0 < dn S (1/2)p(2i, v;), such that for every positive number 
a < Gn, but for no number > dp, there exists some countable set which sepa- 
rates the point sets Va(azi) and Va(z;). For each n let D, denote some 
countable set which separates the point sets V»,(2i) and V»,(2;), where 


oO 
bn =An—1/n. Let D=> D,. Then D has the required properties. 
1 


For let p and q be any two points which can be separated in R by some 
countable set #. We may suppose F closed, and hence there exists a positive 
number uw such that H also separates the sets Vu(p) and Vu(q). Since Q is 
dense in R, it follows that there exists an integer n > 8/u such that the points 
x; and a; of the pair P» satisfy the relations p(vi, p) < u/8 and p(2j, q) 
<u/8. Hence Vu;2(ti) C Vu(p) and Vus2(2;) C Vu(q), and therefore 
a, = Uu/2. Thus bd» ~—d,—1/n > d,—U/8 > u/2 —u/8 > u/4, because 
1/n<u/8. Hence Vi,(2i)  p and Vi, (x;) © q, and therefore the set Dn, 
which is a subset of D, separates p and q in R. 


Definitions. Any connected open subset of a locally connected space NV 
will be called a region in that space. A region FP is said to join two point 
sets A and B provided F contains at least one point of A and at least one 
peint of B. Two regions R, and FR, will be said to be strongly separated 
provided that they have no points and no boundary points in common, i. e., 
R,- RB, = 0. 


LemMa 2. If N ts any connected and locally connected metric space 
which has no cut point and A and B are any two mutually exclusive non- 
degenerate subsets of N, then there exist two strongly separated regions mw N 


joining A and B. 


Proof. We may suppose that A and B are closed, for obviously they 
contain closed and non-degenerate subsets. Let p denote some point of A. 
Since N — p is connected, there exists * a region Ry, joining A and B and 
such that p- Ray =0. There exists a region Rar containing p and such that 


Raz* Ray =0. Thus there exist points x of N such that two strongly sepa- 





* See R. L. Wilder, Bulletin of the American Mathematical Society, Vol. 34 (1928), 
pp. 649-655. It is only necessary to cover N — p with a set of regions no one of which 
contains p or has p on its boundary and then take RF, equal to the sum of the elements 
of a finite simple chain of these regions joining some point a of A and some point 
b of B. 
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rated regions Ra, and Rar exist joining A and B and A and z respectively. 
Let S denote the set of all such points x of N. We shall show that S= JN. 
Suppose this is not so. Then since obviously S is open in N and N is con- 
nected, it follows that some point y of N —S is a limit point of S. Since 
N—y is connected, it follows just as above in the case of p that there exist 
two strongly separated regions Ga, and @ such that Ga» joins A and B and 
G contains y. The region G contains a point x of S; and hence there exist 
two strongly separated regions Ra, and Aa, joining A and B and A and x 


respectively. ; 
Now let 2, and Rz respectively denote components of Ray — G- Rav and 
Raz — G+ Raz each of which contains at least one point of A. Inasmuch as 


N is locally connected and y does not belong to S, it follows that G-R,~0 
i G@-R».. Let K denote the set A +k.-+ R, », and let U be a component of 
Gay — K - Gav which contains at least one point of B. At least one point f 
of K is a limit point of U, because N is locally connected. Let Z denote one 
of the sets R, and Rz such that Z does not contain f and let T denote the 
other one of these sets. Let g denote some point of G@-Z. Since f cannot be- 
long to G, there exist strongly separated regions U; and Uy containing f and g 
respectively and such that U;- (G+ Z) =0 and U,:(7+U) =0. Clearly 
U-+U;-+T contains a region V joining A and B and Z+U,+G isa 
region Vay joining A and y, and the regions V and Vay have no point in com- 
mon. But V contains a region Va» joining A and B and such that Va, C V; 
for it is only necessary to cover V with regions [V,] each lying together with 
its boundary wholly in V, and then take V.» equal to the sum of the elements 
of a finite simple chain of these regions: [Vp] joining some point a of A and 
some point b of B. This is impossible, because the regions Vay and Vay are 
strongly separated and join A and B and A and y respectively, contrary to 
the fact that y does not belong to S. Therefore SM. Accordingly S con- 
tains a point x of B, and thus there exist two strongly separated regions Rap 
and Ra, joining A and B. Q.E.D 


4, THrorEM. Lvery hereditarily locally connected, compact and metric 
continuum is a rational curve. 


Proof. Suppose, on the contrary, that some continuum M exists satis- 
fying our hypothesis but which is not rational. By Lemma 1 there exists a 
countable subset D of M such that if any two points p and qg can be separated 
in M by some countable set, then p and q can ‘be separated by some subset 
of D. Now there exists at least one non-degenerate component C' of M—D. 
For if every point of M— D is a component of M — D, then by § 2, results 
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(2) and (3) or Corollary (b), it follows that M— D is zero-dimensional at 
every point and hence that M is rational at every point of M — D, for D is 
countable. But D being countable, it follows that M is rational at all of its 
points, contrary to hypothesis. Thus there exists a non-degenerate component 
C of M—D. 

Now no two points of C can be separated in 0 by any countable set of 
points. For if, on the contrary, some two points p’ and q/ of C can be sepa- 
rated in C by some countable set E, it follows that some two points p and q 
of C can be separated in CI by F; and hence there exists a neighborhood F of p 
such that R does not contain g and F(R) -C is countable. By § 2, result (2), 
there exists a neighborhood U of p such that UCR and F(U)-: (M—D) 
C F(R)-C, and hence such that F(U)-(M—D) is countable. But 
F(U)-M=F(U)-(M—D) + F(U)-D, and hence F(U) - M is countable. 
Thus p and q are separated in M by the countable set F(U) - W, and therefore 
they can be separated in M by some subset of D. But this is impossible, 
because C' is connected and contains both p and q but contains no point of D. 
Consequently no two points of C can be separated in C by any countable set. 

For convenience of notation we set C—N. Then N is a hereditarily 
locally connected continuum no two points of which can be separated in NV 
by any countable set of points. Now the local separating points* of any 
connected subset H of M which are not rational points of H must be countable. 
For if G is any uncountable set of local separating points of H, then since, 
by (5) in § 2, H is locally connected, it follows that there exists a region R 
in H and an uncountable subset F of G every point of which is a cut point 
of R. Now it is a consequence of a theorem of the author’s + that there 
exists a point p of FE and a countable subset D of R such that p is a com- 
ponent of R—D. Then by § 2, Corollary (b), R—D is zero-dimensional 
at p, and therefore both R and H are rational at p. Thus every such set G 
contains a point in which 7 is rational, and accordingly the local separating 
points of H which are not rational points of H are countable. Now since N 
is not rational in any of its points, it follows that the set D, of all local sepa- 
rating points of N = N, is countable. Hence N,; = N— D, is connected, 
because D, cannot separate any two points of N. Now N, cannot be rational 
at any one of its points, because a point of rationality of N, would be also a 
point of rationality of N, since D, is countable. Thus it follows that the set 





* The point p of a connected and locally connected set H is a local separating 
point of H provided that p is a cut point of some region in H. 

7 See my paper “ Non-Separated Cuttings of Connected Sets,” Transactions of the 
American Mathematical Society, Vol. 33 (1931). 
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D, of all local separating points of N, is countable. Hence N, = N,—D, 


is connected, and so on. For any ordinal number a of the first or second 
class, let us suppose we have defined the sets Ng and Dg for all ordinal numbers 
B<a. Then > Dg is countable, and therefore N— > Dg is connected. 


B<a B<a 


Set N— > Dg=—N, and let Dg denote the set of all local separating points 
B<a 
of Ng. It follows just as above that D, is countable. Thus we have defined 


the sets N, and D, for all ordinal numbers a of the first and second classes. 

We shall now show that for some a, Dz 0. Suppose, on the contrary, 
that Da ~ 0 for every a of the first and second class. Then for each a there 
exists a point pa of Da, and pa is a local separating point of N, but not of Ng 
for any 8B <a. Since the set of points [p.] is uncountable and since for each 
a there exists an «, >0 such that pa is a cut point of the component of 
Na‘ Veqg(p) containing pa, it follows that there exists some e« > 0, a point p, 
and an uncountable subset [a,] of [pa], where ag < da if B’ <a, such that 
for each da, p(p, Poa) <«/4 and pa, is a cut point of the component C, of 
Nog Ve(p) which contains paz. Now inasmuch as C; — pn, has at least two 
distinct components, there exists at least «ne component F; of C;— pa, and 
an infinite subset FH, of [pu,] such that H,-F,—0. Let Pap, be the first 
point in the sequence [pa,| following pu, which belongs to #;. Then, just as 
before, there exists at least one component F, of Cn, — Pay and an infinite 
subset H, of H, such that #,-F.—0. Let Pay, be the first point in the 
sequence [Pag] following pa, which belongs to H,. There exists a component 
F, of Cn, — Pay, and an infinite subset FE, of EF, such that F;-F; 0, and 
so on. Continuing this process indefinitely we obtain an infinite sequence of 
sets ’,, F2, F'3,- - +. Now since for each 1, Fj is a component of Cn, — pas 
since p(Pp, Pa,,) < ¢/4, and since C», is connected and locally connected and 
clearly c.. - F[V.(p) ] € 0, it follows at once that (Fi) > «/2 forall i’s. Now 
for each 7 > 1%, we have Nan, ea Nan, — a5 and therefore Cn, C Cn, — Pan, 
Thus since Pay, E; and E;: F; =0, it follows that Cn,-Fi—0; and as 
F; C Cy,, therefore F;-F; =0 for every pair of integers 1 and j. Since for 
each 7 it is true that for every j >%, Cn, Cn,— pa,,, and hence that 
Cn,: F; =0 as above, and since F; is a component of Cn, — pa,, and Cn, is 
locally connected, it follows that no point of F; is a limit point of > Fy; 


n=i+1 
and therefore no point of F; is a limit point of F—Fi, where F => Fy. 
1 


But then for each i, F; is a component of F, which is impossible by virtue of 
result (4) in § 2, because the diameter of every set Fi is >e/2. Thus the 
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supposition that D=40 for every a leads to a contradiction. Accordingly 
there exists an a of the first or second class such that Dz, = 0 and hence such 
that the set Ng, which is = N.— } Dag, has no local separating point. Since 


<a 
N—WN, (= = Dg) is amide therefore N, is connected. 
<a 

The set Nag, then, is connected and locally connected, [by (5) in § 2], 
and has no local separating point. Let A and B be two mutually exclusive 
open subsets of N, such that A-B=0 and hence such that p(A,B) > 0. 
Since NV, has no cut point, it follows by Lemma 2 in § 3 that there exist two 
strongly separated regions f, and S; in the space Ng each of which joins 
A and B. Since Ng has no local separating point, S,; can have no cut point. 
Thus by Lemma 2 there exist two strongly separated regions R, and S2 in 
S;, (Si considered as a space), each of which joins A and B, because A- 8, 
and B-S, are non-degenerate sets. Likewise S. can have no cut point,.and 
hence by the same reasoning it follows that there exist two strongly separated 
regions #; and S3 in the space S, each of which joins A and B, and so on. 
Continuing this process indefinitely, we obtain an infinite sequence of sets 
R,, R2, R3,- ++ each of which is a region in the space Ng which joins A. and B 
and such that each pair of these regions are strongly separated. But then 


oO 
for each n, R, is a component of >} fi, which is impossible in view of result 
1 


(4) in § 2, because for each n, RP, joins A and B and hence 6(Ff,») = p(A, B). 

Thus the supposition that our theorem is false leads to a contradiction, 
and accordingly the theorem is established. 

In conclusion it will be noted that our theorem is equally valid for metric 
continua which are locally compact as for compact metric continua. This is 
evident at once, because any locally connected and locally compact metric 
continuum M which is not a rational curve clearly contains compact continuum 
which is not a rational curve, namely, a closed and compact region in M con- 
taining any point p of M in which M is not rational. And if M is hereditarily 
locally connected, this is impossible by our theorem. 
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GENERALIZATIONS OF BICONNECTED SETS. 
By P. M. SwIncte. 





INTRODUCTION. 

The problem of the infinite divisibility of space is one which has in- 
terested philosophers ever since Zeno stated his paradoxes while geometry 
was having its origin in ancient Greece. It is a problem which the greatest 
philosophers of the past centuries gave thought to. 

Hume insisted that the mind refused actually to subdivide further after 
a few divisions.* It seemed to him that the mind was unable to know parts 
of space, such as present day points, which were obtained by subdivision of a 
bounded space into more than a finite number of parts. For of such the mind 
could not have an impression. Kant came a little nearer to present day 
theory in that he apparently admitted that the mind could continue to sub- 
divide. However in the world of phenomena he did not admit an infinite 
subdivision as a completed process. But he granted that there might be an 
unknowabie world of noumena in which infinite divisibility existed.t+ 

Thus, in the light of the historical development of mathematics, all kinds 
of sets, which do not admit of a type of infinite divisibility, are of interest, 
even though in their definition the type of divisibility objected to is used. 
Biconnected sets are such sets.{ For they are connected sets which cannot 
be subdivided into two distinct § connected subsets. Here infinite divisibility 
into distinct subsets may exist according to present day mathematics. But 
infinite divisibility into distinct connected subsets does not exist. 

In this paper the various definitions of biconnected sets will be gen- 
eralized as well as various known theorems concerning them. While these 





* David Hume, “ A Treatise on Human Nature.” 

+ Immanuel Kant, “ Critique of Pure Reason.” 

t For definitions, theorems, and examples of biconnected sets see B. Knaster and 
C. Kuratowski, ‘Sur les ensembles connexes,’ Fundamenta Mathematicae, Vol. 2, 
pp. 206-253. See also J. R. Kline, “A Theorem Concerning Connected Sets,” Funda- 
menta Mathematicae, Vol. 3, pp. 238-239. For an interesting example see R. L. Wilder, 
“A Point Set Which Has no True Quasi-Components and Which Becomes Connected 
upon the Addition of a Single Point,” Bulletin of the American Mathematical Society, 
Vol. 33 (1927), pp. 423-427. For further theorems see also R. L. Wilder, “On the 
Dispersion Sets of Connected Point Sets,” Fundamenta Mathematicae, Vol. 4, pp. 214- 
228. For an unsolved problem see C. Kuratowski, Fundamenta Mathematicae, Vol. 3, 
p. 322 (19). 

§$ In this paper two sets A and B are said to be distinct if A X B=0. 
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generalizations will give sets which admit of an infinite divisibility, the main 
results obtained are for sets which admit only a finite subdivision into dis- 
tinct connected subsets. 

Due to the few known types of biconnected sets and the difficulty of 
developing the theory of such sets, a number of unsolved problems are stated 
in this paper in the hope that they will suggest further interesting sets or 
development of theory. 

The results obtained will hold for any space in which the sets exist, unless 


otherwise stated. 
Two EQUIVALENT GENERALIZATIONS. 
Definition. An n-divisible connected set, where n is a given cardinal 


number, is a connected * set which is the sum of n but not of a greater number 
of distinct connected subsets. Such a set will be said to be n-divisible. 


Definition. An n-containing connected set, where n is a given cardinal 
number, is a connected set which contains n but not a greater number of 
distinct connected subsets. Such a set will be said to be n-containing. 


Exampies of biconnected sets, which are both one-divisible and one- 
containing, have been given for the euclidean plane by B. Knaster and C. 
Kuratowski in their paper “ Sur les ensembles connexes.” + In the example a 
there given let b be the point (0,0), c the point (1,0), and a@ the point 
(1/2, 1/2), where a is the point which totally disconnects the biconnected set. 
The notation (bac), with necessary subscripts, will be used in this paper to 
denote such a set, wherever a, b, and c may be in the plane. The set (bac) 
will be undérstood to contain b, c, and whatever other possible points are 
desired below. ‘ 

If (biaici) (t—=1,2) are distinct except, that c:—=c2, then (b,a1¢1) 
+ (bedece) is an example of both a two-divisible and a two-containing con- 
nected set. A simple continuous arc would be an example of an n-divisible 
and n-containing connected set, where 7 is the power of a countable infinity. 
Since in a euclidean space the greatest number of points therein contained is 
the power of the linear continuum, it is seen that such a space does not contain 
an n-divisible or n-containing set, where n is greater than the power of the 
linear continuum. But if n is the power of the linear continuum, a euclidean 





* A set M will be said to be connected if it contains at least two points and for 
every two distinct non-vacuous subsets of M, whose sum is M, at least one of these 
contains a limit point of the other. By this definition a point will not be considered 
connected. 


} Loc. cit. 
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space of dimensions greater than one is itself both an n-divisible and an 
n-containing connected set.* 


LemMA 1. If the connected set M contains n distinct connected subsets, 
(NV), where n 1s a given cardinal number, then, for any positwe integer w 
not greater than n, M 1s the sum of w distinct connected subsets, (C), such 
that each set of (C) contains at least one set of (N). 


Let Ni, No,- + -;Nw be w of the sets of (N). Let Cy be the maximal 
connected subset of M—(N2+ N3+:°+:-++ Nw)—=4Z which contains Nj. 
Let M—C,—M,+ M.+:-:+:+ My separate.t It is necessary that k be 
less than w. For if not there exists an Mj, Mn say, which does not contain 
a point of M— Z, and so, as M,-+ C, is connected, C; is not a maximal 
connected subset of Z. It is necessary then that each of the sets M; 
(i=1,2,---+,k), where & has its maximum value, be connected and con- 
tain a point of an Ny (g =2,:--,w). Let C, and each Mj, which contains 
one and oniy one Ny, be each a set of (C). The remaining sets M; can now 
be treated as M was above. Thus the sets of (C) are obtained. 

The truth of the following corollary is now evident, giving a type of an 
“any to finite” property. 

Corotuary 1. If the connected set M contains infinitely many distinct 
connected subsets, then M is the sum of w distinct connected subsets, where 
w is any positive integer. 


That lemma 1 does not hold if both n and w are the power of a countable 
infinity is seen from the following example. Let (biaici) (1 =1,2,° °°) 
be a countable infinity of biconnected sets, which are distinct except that 
(biaici) X (0i-14i-+Ci1)—= ci = bi, for every 7; let these biconnected sets have 
the further property that they have a simple continuous are ¢ as sequential 
limiting set, which has nothing common with any (biaici). Let q be any 
point of ¢t. The set (b,a,¢,)+ (bed2e2) +++ - +++ q will be called a set (bq) 
in this paper. The set (bq) is an n-containing connected set, where n is a 
countable infinity, which contains the n distinct biconnected sets (biaici)— Di. 
However (bq) is not n-divisible as there do not exist n distinct connected 
subsets of M, one of which contains qg, of which M is the sum. This set is 
an example of a set defined as follows. 





* For a space containing more elements than the power of the linear continuum 
see F. Hausdorff, Grundziige der Mengenlehre, Leipzig 1914, p. 68. For other spaces 
see also pp. 284-290. 

+ By the notation M,+M,+-.-+M;, separate is meant that. the sets M; 
(i=1,2,...,k) are distinct, non-vacuous, sets, no one of which contains a limit 
point of the sum of the remaining ones. 
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Definition. A connected set M is said to be finitely-divisible if it is 
neither the sum of a maximum finite number nor of an infinite number of 
distinct connected subsets. 


Problem 1. It is not determined in this paper if the first part of lemma 1 
holds if n is the power of the linear continuum and if w is either the power 
of a countable infinity or w =n. 


THEOREM 1. In order that the connected set M be n-divisible, where n 
is a positive integer, it is necessary and sufficient that M be n-containing.* 


The condition is necessary. For as M is n-divisible it contains n distinct 
connected subsets. Hence, if it is not n-containing, it must contain more 
than n, and so n + 1, such subsets. Thus by lemma 1 it cannot be n-divisible. 

The condition is sufficient. For, if M@ is n-containing, it is by lemma 1 
the sum of n distinct connected subsets. And, if it is the sum of more than 
n such subsets, it is not n-containing. 


Corottary 2. If M is an n-divisible connected set lying in a locally 
compact metric space, where n is any positive integer, then M is punctiform.t 


For if M is not punctiform it contains a subcontinuum W. And in a 
locally compact metric space any vicinity which contains a point of W con- 
tains a subcontinuum of W. Therefore W must contain n+ 1 distinct con- 
nected subsets and so, by theorem 1, M is not n-divisible. 


THEOREM 2. If M is an n-divisible connected set, where n is any positive 
integer, then M 1s the sum of n distinct biconnected subsets. 


As M is n-divisible it is the sum of n distinct connected subsets, no one 
of which can be the sum of two distinct connected subsets, as M cannot be 
the sum of n-+1 distinct connected subsets. Hence each of the distinct 
connected subsets, of which M is the sum, must be biconnected. 

It is of interest to note that an n-divisible connected set may be the 
sum of less than n distinct biconnected subsets. For consider the three- 
divisible connected set (b:4:C,)-+(bed2¢2)+(bsds¢3), Where bic, = deCo, 
(bsd2ce) is obtained by rotating (bia:c,) 180° about b1c;, a3cz; == dede, and 
otherwise the three biconnected sets are distinct. Then this three-divisible 
connected set is the sum of the two distinct biconnected subsets (bsasc3) and 


[ (b1a1¢1) + (b2A2C2) | =< Dodo. 





* For a proof of this theorem for n=1 see B. Knaster and C. Kuratowski, loc. 


cit., p. 215, theorem 11. 
+ For a proof of this corollary for » =1 see B. Knaster and C. Kuratowski, loc. 


cit., p. 216, theorem 14. 
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THEOREM 3. If M 1s an n-divisible connected set, where n is any positive 
integer, then M contains at most 2n —1 points each of which disconnects M.* 


As M is n-divisible it is the sum of n distinct biconnected subsets by 
theorem 2. Let Ci (t—=1,2,--+,m) be these n sets. Hence each point g 
that disconnects M is contained in one and only one set C;. And either q 
disconnects C; or it does not. Of those points which disconnect both M and 
a C; there can be at most n, since there exists at most one point which dis- 
connects a biconnected set. 

Consider now the set K, each point of which disconnects M but does 
not disconnect the C; which contains it. Consider all points of K that are 
limit points of C,;. They are of three classes, which we now proceed to 
consider. 

Let pi be a point of K in C;. Then M—p,—M,+ Mz separate, 
where M, contains the connected set C;—p, say. Now any set Ci which 
has a point in M;z lies wholly in M;. Let the class of those sets C; that lie 
in M, and have p,; as a limit point be denoted by G;. No set Ci in G, has 
any other limit point then p,; in C;, nor does it contain a limit point of C,, 
as M,-+ Mz, separate. Let p. be another point of K in C,. Then M— pp 
= H,-+ Hy, separate, where C; — pz lies in H, say. As before denote by G2 
the class of those sets C; in Hz that have ps. as a limit point. Since the 
observation made above concerning the sets of G1 apply also to the sets of Gz, 
no set of G, lies also in G». As the number of sets C; is finite, we proceed, 
in this manner, to a finite set of points pi, po, * *, pr, With which are asso- 
ciated, respectively, classes G1, G2,- + - Gx, of sets Ci. 

Let x, be a point of K in some C; that is a limit point of C; and separates 
C, from Cy in M. Obviously Ca is not in any Gi, and Cy has no other limit 
point of C,, nor does it have a limit point in C,. Let F, be the set of all 
those sets C; that have z, as a limit point, and are separated from C, by it. 
Proceed in this manner to get sets 2, F'3,- - +, Fx, corresponding to points 
2, L3y*° * * 5 Vk» Tespectively. As before we see that the classes Fi, F'2,° + *, Fr, 
are distinct, and are distinct from the G’s. As every point of K that lies 
in C, is a point of the set p1,: - -, px,, and every point that is a point of K 
and a limit point of C, and separates C, from the C; containing it is a point 
of the set 2,° * *,2%,, any other point of K must be a point having neither 
of these properties. There may still be for instance a point that is a limit 
point of C, and in a C;, but does not separate C, and Cj. Such points we 
consider next. 





*For the case where n=1 see J. R. Kline, loc. cit.; also see C. Kuratowski, 
loc. cit. 
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Let yi be such a point. It separates Cj from some C;. Then with y, 
associate all sets C; such as Cx; i. e., sets which have y; as a limit point and 
are separated from Cj by yi; denote the class of such sets by T;. No set of 
T,isinan F oraG. That it is not in a G is easy to see. If it were in an F, 
it would be separated from C, by a point tm, which les in a C, Cj; and 
hence is distinct from y,. This is impossible. 

Thus with every point of K that is a limit point of C; we associate at 
least one set C; and in such a way that there is no overlapping between the 
sets associated with different points. Let Z, denote the point set consisting 
of all points in C,, and all points in G’s, I’’s, and T’s, together with the C’s 
which have limit points in these sets which are not contained in K. 

To complete the proof we note that no point of Z7,-+ C, that is in K 
separates Z, + C,, and we can proceed from this set as we proceeded from C;. 
In this manner we associate with each point of K at least one set Ci ~C, 
and in such a way that overlapping is avoided. Consequently the number of 
points in X is less than or equal to n — 1. 

Hence there exist at most n +(nm—1)—2n—1 points each of which 
disconnects M. 


THEOREM 4. If M is an n-divis‘ble connected set, where n is a positive 
integer, then no connected subset C of M 1s irreducible connected about any 
subset N of C such that C—WN contains more than 2n —1 points.* 


By theorem 1 there exists an integer g, not greater than n, such that C 
is g-containing. Let N be any set about which C is irreducibly connected. 
Then any point p of C—WN disconnects ( otherwise C — p is a proper con- 
nected subset of C containing N. Hence C — WN can contain at most 2n —1 
points by theorem 3. 


ANOTHER GENERALIZATION. 


Definition. Let 1, 2,---; 0 o+1, o+2,°°°3 2v, 2+1,°°°35 
-3:° + +,k be the set of the first & ordinal numbers and let Wi, W2: - > We 
be a set of & connected subsets of the connected set W. Then W,, We,- - >, Wr 
is called a k-convergable sequence of W when W,=—W, W, contains Wi, 
where 7 runs over all ordinal numbers not greater than & and g over all less 
than i, and W,— Wy, is a connected subset of W, but for every connected 
subset C of Wx, Wx —C is either a point, a vacuous, or a totally disconnected 


point set. 





* For the case where n=1 see B. Knaster and C. Kuratowski, loc. cit., p. 225. 
theorem 29. 
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Definition. A connected set W is an n-convergable connected set, where 
nm is any cardinal number, if there exists an ordinal number k, the cardinal 
number of which is n, such that W contains a k-convergable sequence, but 
there does not exist an ordinal number q, the cardinal number of which is 
greater than n, such that W contains a q-convergable sequence. The set W 
will be called also n-convergable. 

A biconnected set is an example of a one-convergable set.* 


Definition. A connected set W is a finitely-convergable connected set or 
is finitely-convergable if it contains, for every positive integer N, an n-con- 
vergable sequence such that n is an integer = N, but it does not contain a 
g-convergabie sequence, where q is an infinite cardinal number. 

The example (bq), given above, of a finitely-divisible connected set is 
also an example of a finitely-convergable set. However (bq)—q is an ex- 
ample of a finitely-convergable but not of a finitely-divisible connected set. 

The example (bac)-+ bd, where bd is an are distinct from (bac) except 
for the point b, is an example of an n-convergable set, where n is the power 
of a countable infinity. 

In the euclidean plane S let (t¢) be the set of line segments from (1, 0) 
to (i, 1), where i takes on all real values from zero to one. Let the sets of (/) 
be well ordered by Zermelo’s postulate, obtaining the set (¢;). And let (bac) 
be a biconnected set which has no point common with any of the sets of (t). 
Let T be the set of points of S contained in neither (bac) nor in a set of (t) 
and let (¢); be the points of § contained in the first 7 sets of (t;). Then there 
exists an ordinal number & + 1, whose cardinal number n is the power of the 
linear continuum, such that W,; —=S, W.—S—(t)1, Ws =S—(t)o,° + ° 5 
ee tn » Wi = S—(t)p- + 5° +, We +(bac), and Wes (bac). 
As all the W;’s except Wz, contain T it is seen that they are connected. And 
W;i — Wis: —t; is connected as is also Wi — Wisi —=T. Hence Wi, Wo,:- -, 
Wx, Wasr is a (k + 1)-convergable sequence of S. And as the power of the 
set of distinct points of S is the power c of the linear continuum, there does 
not exist an ordinal number qg, whose power is greater than c, such that S 
contains a qg-convergable sequence. Hence S, and similarly any euclidean 
space of dimension > 1, is a c-convergable connected set, where c is the power 
of the linear continum. 


THeoreM 5. If W is an n-convergable connected set, where n is a positive 
integer, then W is the sum of n distinct biconnected subsets. 


As W is n-convergable it contains an n-convergable sequence Wi:=W, 





* B. Knaster and C. Kuratowski, loc. cit., p. 215, theorem 11. 
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W:,° - +, Wn, where it is known that W, is biconnected. Let Wi— Wi, 
=Vnin (t=1, 2,---,n—1) and let Wn—V;. Let 7 be such that 
Wn-jnr = Vit+ V2+---+-+ Vj, where each of the sets Vi, Vo,--° +: , Vj is 
a biconnected set. Assume that Vj,, is not biconnected and so is the sum 
of the two distinct connected subsets XY and Y. Then as Wa_-j = Wa-jar + Via 
= Wrj+(X + VY), either X + Wna_js1 or Y + Wn-js1 is connected. Take 
for exampie the case where Z,—= Y + Wy_j.: is connected. Let 72, = W,_; 
and Zy = Wn-jsg-2 (9 = 3, 4,° °°, 7+2). Hence 2,, Z2,°°- , Zi is a 
(7 + 2)-convergable sequence of the (j + 1)-convergable connected set Wn_; 
which is a contradiction. It is then necessary that W be the sum of the n 
distinct biconnected sets V1, Vo,---, Vn. 

The example given of an n-convergable set, where n is the power of a 
countable infinity shows that theorem 5 is untrue for such a set. And the 
following example shows that it is untrue for the case where n is the power 
of the linear continuum. 


Example A. In the euclidean plane consider the straight line interval g 
from (0,0) to (1,0) and the set of line segments (¢) from (7,0) to (1,1) 
where 7 takes on the irrational values from zero to one. Let 7 —g-+(t) 
and let (bac) have but the point 6 common with 7 where g contains b. 
It is seen that 7’+ (bac) is a c-convergable connected set, where ¢ is the 
power of the linear continuum. It is seen further that 7 does not contain 
a biconnected set V, for V would have to contain more than one point of g 
and so there would exist more than one point which disconnects the bicon- 
nected set V, which is impossible. Hence it follows that 7’ +(bac) cannot 
be the sum of c¢ distinct biconnected subsets. 


Problem 2. Does there exist a cardinal number q such that a euclidean 
space is the sum of q distinct biconnected subsets? Such a space is the sum 
of ¢ distinct indivisible subsets, that is points, where ¢ is the power of the 


linear continuum. 


Lemma 2. If the connected set W is the sum of the k, k a positive 
integer, distinct connected subsets Ci, C2,- +--+ , Cx, then there exist k con- 
nected subsets Wi—=W, Wo, -:: , We=Cx, where Wi contains Wis 
(1 =1, 2,°--,k—1) and Wi — Wis ts connected. 


As W is connected, either W;—C;, has a limit point in one of the sets 
C1, Co,- + +,Cx-1 or one of these sets has a limit point in Wx. Hence let 
one of these sets, which has either of these properties, together with the set W; 
form the set Wz1. And now either Wz. has a limit point in one of the 
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remaining sets of Ci, C2,- : -,Cx-1 or one of these sets has a limit point in 
Wx-1- Let one of these sets, having either property, together with Wz. form 
the set Wx-2. Proceeding in this manner the truth of the lemma is seen. 


THEOREM 6. If W is an n-dwisible connected set, where n is a positive 
integer, then W is an n-convergable connected set. 


As. W is n-divisible, by theorem 2 it is the sum of n distinct biconnected 
subsets C1, C2,- -+,Cn. Hence by lemma 2 it is seen that W contains an 
n-convergable sequence Wy—W, Wo,: + -,Wn—=Cn, as Cn is biconnected. 
And as an n-divisible connected set contains at most n distinct connected sets, 
W does not contain a q-convergable sequence, where q is greater than n. Thus 
W is n-convergable. 

As a simple continuous arc is n-divisible, where n is the power of a 
countable infinity, but is not n-convergable, it is seen that theorem 6 does 
not hold for such an n. And in Example A the set T is c-divisible but not 
c-convergable, where c is the power of the linear continuum. 


Problem 3. Does there exist a finitely-divisible connected set which is 
not finitely-convergable? An example has been given above of a finitely- 
convergable set which is not finitely-divisible. 

A theorem will be proven now for finitely-convergable connected sets 
which corresponds to theorem 5 for n-convergable sets, n finite. 


THEOREM 7. Let W be a finitely-convergable set. Then either W con- 
tains an infinite sequence of distinct biconnected sets ---,Ms3, Mo, My or 
for every integer k there exists an integer q greater than or equal to k such 
that W is the sum of the q distinct biconnected sets Mg, Mgs,: - +, Mo, My. 
The set My +M2+°°:-:+Mi=H: (t—1, 2,--+-+) may be taken con- 
nected and W — H; the sum of a finite number of maximal connected subsets 
such that, if C ts one of these, then Hi: + C also is either the sum of a finite 
number or contains an infinite number of biconnected sets. And the set 
W— Hoo does not contain a biconnected set which for every finite t, is con- 
tained in the maximal subset of W— H; which contains Mt,1. 


For any integer & there exists an integer n, greater than k, such that 
W contains an n-convergable sequence W,, Ws,- ++, Wn. Then, as in the 
proof of theorem 5, we obtain the sets V1, V2,- ++, Vn, of which the first 
is known to be biconnected, and if it is assumed that the first 7 of these sets 
is biconnected but that Vj,, is not, one obtains the (j + 2)-convergable se- 
quence of W,y-; obtained in theorem 5. Let this sequence be Z, = Wh_j, 
Gy = Wo-jar + Y, Ze = Wo-jary Zs = Wn-isas* * ~» Zina = Wn. If now Gi 
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— Z, is not a biconnected set, it can be treated as Vj,; was above, obtaining 
a (j-+3)-convergable sequence Z,, G1, G2, Z2, Z3,° - +,Zju- Proceeding 
in this manner it is seen that either there exists an integer h such that there 
exists a (j + h-+ 1)-convergable sequence Z;, Gi, G2,- - +, Gn, Zo, Zs,° * *, 
Zijx1, such that Gx — Z, is biconnected, where h may equal one, or one obtains 
the m-convergable sequence, where m is the power of a countable infinity, 
W1, We,- > +, Wa-j =Z1, Gi, Go,- > +; Vj. As the latter is contrary to the 
fact that W is finitely-convergable, there exists the (j7 + h + 1)-convergable 
sequence of which G,— Z,— Mj, is biconnected. Hence by mathematical 
induction it follows that either W must be the sum of q distinct biconnected 
subsets, where qg is greater than or equal to &, or W contains the infinite 
sequence of distinct biconnected subsets - - -,M@; = V3, M.—= V2, M, = Vi. 
From the derivation it is seen that H;:, ¢ finite, is connected and W— H; 
is always the sum of a finite number of maximal connected subsets, of which, 
if C is one, H: + C is either the sum of a finite number or contains an in- 
finite number of distinct biconnected subsets. And W— Hoo does not contain 
a biconnected subset B which for every finite ¢, is contained in the maximal 
connected subset of W—  H; which contains M;,,, for W1, W2—W— A,, 
- + +3 Bor a similar sequence, is an m-convergable sequence, where m is the 
power of a countable infinity, which is impossible. 

This theorem suggests the existence of the following interesting and more 
complicated example of a finitely-convergable set. Let (bq) be a set similar 
to the example of a finitely-convergable set given above. Let (bigi) (i=1, 
2,- - +, 6) be six such sets distinct except that (b1q1) X (b2qg2), (b2q2) X (039s), 
(boqe) XK (bags), (bags) X (bsqs), and (b19:) X (begs) say each contain one and 
only one point, which is neither a qi nor is it a point which totally disconnects 
one of the biconnected subsets. Then (big:)-+(beg2)-+°-°-+(begs) is a 
finitely-convergable set. The theorem further suggests the following problem. 


Problem 4. Is a finitely-convergable connected set ever the sum of a 


finite number of distinct biconnected subsets ? 
The foliowing example of an n-convergable set, where n is the power of 


a countable infinity, is of interest in this connection. 


Example B. Let (baca’) be the biconnected set (bac) together with the 
biconnected set (ba’c) obtained by rotating (bac) 180° about be. Let 


(biaiciai’) (1; 1, 2,- - -) be an infinite number of such sets, whose sum is 
bounded, which are distinct except that a; = d2—az;—=* + -, and let (bac) 
be a biconnected set such that be of (bac) contains a,’ +a.’ +---, but 


(bac) contains nothing else common with the sets (biaiciai’). Then 


W =(b,a,¢,0;’) + (bedeCod2”’) + - - -+(bac) is both an n-convergable and an 
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n-divisible connected set, where n is the power of a countable infinity. It 
has the interesting property that it is the sum of q distinct biconnected subsets, 
where q is either any integer = 2 or is a countable infinity. 

Exampie C. In Example B let (bac) have the further property that 
a=a,. The resulting set W is still both n-divisible and n-convergable and is 
the sum of a countable infinity of distinct biconnected subsets. However 
it is no longer the sum of a finite number of distinct biconnected subsets. 

These examples suggest the following problems. 


Problem 5. If for every integer n, greater than one, the connected set 
M is the sum of n distinct biconnected subsets, is M then the sum of infinitely 
many such distinct subsets? In previous theorems conditions have been given 
which cause a connected set to be the sum of a finite number of distinct 
biconnected subsets. Here it is asked what conditions cause a connected set 
to be the sum of infinitely many such subsets. 


Probiem 6. If the connected set J is the sum of a finite number of 
distinct biconnected subsets but is not the sum of an infinite number of dis- 
tinct connected subsets, does there exist a finite » such that M is n-divisible? 
This problem is of interest in connection with theorem 2. 


Problem %. If the connected set M does not contain a maximum finite 
number of distinct connected subsets, must it contain an infinite number of 
such subsets, i. e., does there exist a finitely-containing connected set? 


n-CONVERGABLE SETs. 

A number of other theorems will now be proven concerning n-convergable 
sets, where n is a positive integer. In theorem 6 it was shown that if a con- 
nected set is n-divisible it is n-convergable. Thus we have the following 
problem. 

Problem 8. Does there exist an n-convergable connected set, where n is 
a positive integer, which is not n-divisible ? 

The foilowing theorems will be of interest in connection with this and 


other problems. 


THEOREM A. Let W be an n-convergable connected set, where n is a 
positive integer, which is not also an n-div'sible set, if such a set exists. Let 
OC; ((=1, 2,:--+,n) be the n distinct biconnected subsets of which W is 
the sum and let Nj (j =1, 2,- > -,n +k) bea fimte number, greater than n, 
of distinct connected subsets of which W is the sum. Let C be any C; and 
N be any Nj. Then (1) N is not biconnected; (2) if M 1s any connected 
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subset of W which is the sum of more than n distinct connected subsets, as N 
is, then CX M40; (3) C—NXC is totally disconnected; and (4) 
N—C XN is totally disconnected if it contains more than one point. 

It foliows at once that (1) is true, since by lemma 2 W would contain 
an (n-+ k)-convergable sequence otherwise. 

Assume that C X M, in (2), is vacuous. As W—C is the sum of a 
finite number of maximal connected subsets, one of these, Z say, contains M. 
Hence by lemma 1 Z is the sum of more than n distinct connected subsets. 
Thus it foliows that W is also, and one of these distinct connected subsets 
is the biconnected set C, which is a contradiction according to (1). It also 
follows from (1) that NW is a set such as M. 

Assume that C—N XK C=(N+C)—WN contains the maximal con- 
nected subset K, which must be biconnected as C contains it. Then (NV + (@) 
— K is connected and contains N, and, as by (2) N contains a point of every 
Ci, W—K must be connected. Since W—K contains NV, by lemma 1 it is 
the sum of more than n distinct connected subsets, and so a contradiction 
with (1) is obtained as K is biconnected. 

Assume that VN—C XK N=(N+0C)—C contains the maximal con- 
nected subset XY. Then by (1) X cannot be the sum of a finite number of 
distinct connected subsets, one of which is biconnected; for W—X, which 
contains C’ and the connected subset (NV + C)— 4X, is connected, since by (2) 
C contains a point of every Ni; and W—¥YX is the sum of more than n dis- 
tinct connected subsets by lemma 1, since it contains an N;. Hence XY must 
be the sum of more than n distinct connected subsets. But this is impossible 
by (2) aaX X C=0. 


Lemma A. If W is an n-convergable connected set, where n is a positive 
integer, but W ts not n-divisible, then there does not exist a finite subset 
which disconnects W. 


Assume that the set Q, which contains q points, disconnects W. Let g 
be an integer greater than both n and g. Hence as W is not n-divisible it is 
necessary by theorem A (1) that W be the sum of g distinct connected subsets 


Ni ((=1, 2,---+,g). Thus one of the Ni’s, N say, does not contain a 
point of Q@. Let VW—Q=—M,+ M, separate, where M, contains N. As by 
theorem A, N contains a point of each biconnected set Cj (7 =1,2,:--,n), 


of which W is the sum, M, does also. Let C be a Cj; which contains also 
points of M,. Hence C—C X Q=K,+ Kz separate, where M, contains 
K, and M, contains K,. As C—WN XC, which is totally disconnected by 
theorem A, contains Ke+QXC,K2+90 XK C=24,4+242.+:-:-++2Z, sepa- 
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rate, where by x Q = (). Hence C= (K, cL Zi -L Ze + Nee + Zo-1) a Zo 
separate, which is a contradiction. Thus no finite subset disconnects W. 


THEOREM 8. If W is an n-convergable connected set, where n is a positive 
integer, then W contains at most 2n—1 points each of which disconnect W. 


If W is not n-divisible the truth of the theorem follows from lemma A. 
And if it is n-divisible it follows from theorem 3. 
The truth of the following corollary is now evident. 


Corotuary 3. If W ts an n-convergable connected set, where n is a 
positive integer, then W is not irreducibly connected about any set N such 
that W—WN contains more than 2n —1 points. 


In the previous theorems on n-convergable connected sets, where n is 
a positive integer, the full power of the definition of such sets has not been 
used. Only properties have been made use of which are given by the follow- 
ing definition. 

Definition. A connected set W will be said to be n-convergable on a 
finite range, where n is a positive integer, if W contains an n-convergable 
sequence but does not contain an (n + 1)-convergable sequence. 

The theorems proved this far for n-convergable connected sets hold for 
all sets n-convergable on a finite range. It is evident that an n-convergable 
set is n-convergable on a finite range. But we have the following problem, 
since a set n-convergable on a finite range might contain a q-convergable 
sequence, where the power of q is a transfinite cardinal number. 


Problem 9. Does there exist a set n-convergable on a finite range which 
is not n-convergable ? 

Two theorems will now be proven which use in their proof more than is 
given apparently in the definition of sets n-convergable on a finite range. 


THEOREM 9. If B is a biconnected subset of an n-convergable connected 
set W, where n is a positive integer, then W is the sum of a finite number, 
less than or equal to n, of distinct biconnected subsets, a number of which 
form a connected set Z containing B, such that Z—B is either vacuous, 


a pont, or a totally disconnected set. 


By theorem 5 it is seen that the theorem is true unless W — B contains 
a maximal connected subset. 

Assume then that W—B contains the maximal connected subset 7’. 
Then W is the sum of the two distinct connected subsets 7 and W—T, 
the latter of which contains B. Consider for example the case where 7’ is not 
the sum of a finite number of distinct connected subsets one of which is bi- 
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connected. Then TJ is the sum of two distinct connected subsets U, and Vj. 
Consider for example the case where U; +(W—T') is connected, since if it 
is not, Vit+(W—T) is. Also U; is the sum of two distinct connected 
subsets U2 and V2, where U2 is such say that U2-+(W—T) is connected. 
Proceeding in this manner one obtains the k-convergable sequence, where k 
is a countable infinity, W, = W, W. =U, +(W—T), W; = U.+(W—T), 
-+ +3 B. As this is a contradiction it follows that 7, and likewise the set 
composed of all maximal connected subsets of W— B, must be the sum of a 
finite number, less than n, of distinct biconnected subsets. Let (B) represent 
the sum of these distinct biconnected subsets of W— B. Hence W—(B)=—Z 
is connected and so is composed of a finite number of distinct biconnected 
subsets. And it is evident now that Z— B is either vacuous, a point, or a 
totally disconnected point set. 


THEOREM 10. Let W be an n-convergable connected set, where n is a 
positive integer. Let B be a biconnected and C a connected subset of W. 
Then (1) no connected subset of W contains more than n distinct connected 
subsets where one of them contains a biconnected subset; (2) either C is the 
sum of not more than n—1 distinct connected subsets or CK B00; (3) 
either C and C+ B are the sum of not more than n distinct biconnected 
subsets or B — B X C is vacuous or totally disconnected; (4) either (C + B) 
is the sum of not more than n distinct connected subsets or C—BX C is 
totally disconnected; and (5) tf C is not the sum of distinct biconnected 
subsets then C—C XB contains at most one biconnected subset F and 
C — F is totally disconnected. 


Assume that W contains the connected subset K which is the sum of 
more than n distinct connected subsets one of which contains the biconnected 
subset FE. Then by lemma 1, W is the sum of more than n distinct connected 
subsets, U;, U2,- - +, Ug, where Ug contains Z. Hence there exists, by lemma 
2, the sequence of connected sets Wi—W, We, +--+ , Wg—=Ug, where 
Wi—Wit+1 («=1, 2,- --,g—1) is connected, but by (1) of theorem A 
it is not biconnected. Thus the k-convergable sequence W:, We,: - +, Wo-1, 
Z;, Z2,: + + ; E is obtained, where & is a countable infinity, Wy. — Wy, con- 
tains Z; —Zju (7 =1, 2,°-- +) and Z; contains Wy. As this is a contra- 
diction, (1) is true. 

Assume that C is the sum of at least nm distinct connected subsets and 
that CX B=0. Then by lemma 1, W is itself the sum of more than n dis- 
tinct connected subsets, one of which contains the biconnected set B. As 
this is contrary to (1) it is seen that (2) is true. Also it is seen that if 
CX B=0;, C+ B is the sum of not more than n distinct connected subsets. 
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Assume that B— BX C=(B+0C)—C contains the maximal con- 
nected, and so biconnected, subset . Then, as H K C =0, by (2) C is the 
sum of not more than n — 1 distinct connected subsets. And as (B+ C)—E£ 
is connected, and has nothing common with the biconnected set EL, by (2) 
it must be the sum of not more than n — 1 distinct connected subsets. Thus 
by (1) B+ C is the sum of not more than n distinct biconnected subsets. 
Hence (3) is true. 

Assume that C— BX C==(B+C)—B contains the maximal con- 
nected subset . Then, as F K B= 0, by (2) F is the sum of not more than 
n—1 distinct connected subsets and so of less than n distinct biconnected 
subsets. Similarly (B+ C)—F is the sum of distinct biconnected subsets 
and so B+ C is the sum of not more than n distinct biconnected subsets 
by (1). Hence (4) is true. 

Assume that C is not the sum of distinct biconnected subsets and that 
C — BX C contains the biconnected subset /. Then by (4),as C+ F =—C, 
C — F is totally disconnected. Hence (5) is true. 





Problem 10. Does an n-convergable connected set, where n is a positive 
integer, contain a connected subset which contains no biconnected subset? 


OTHER THEOREMS. 

THEOREM 11. Any connected set M, in a locally compact metric space, 
which contains both a subcontinuum C and a biconnected subset B which is 
locally connected at a point q, contains also a k-convergable sequence, where 
k 1s a countable infinity. 


There exists a region R, containing qg, and so containing a biconnected 
subset H, and a region R, containing a point of C such that R,’ x R.’ = 0 
and R.’ X C contains a subcontinuum K. There exists a proper subcontinuum 
K, of K such that K — K, contains a subcontinuum. Let 7, be a maximal 
connected subset of MJ — K, which contains a subcontinuum of K — K;. 
Then M — T;, is connected and contains K,. Hence M is the sum of the 
two distinct.connected subsets 7; and M— T, one of which, 7, say, contains 
EF and a.subcontinuum C;. Proceeding as above it can be shown that T, is 
the sum of two distinct connected subsets: 7, and T,— F2, one of which, 
T, say, contains / and a subcontinuum C2. Thus it can be shown that M 
contains the k-convergable sequence W,; = M, W2=T1, Wg =T2,-- +; £. 


Corotuary 4. If a finitely-convergable set M, in a locally compact metric 
space, contains a biconnected subset which is locally connected at a point, 
then M is punctiform. 
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Problem 11. Is a finitely-convergable or finitely-divisible set, in a locally 
compact metric space, always punctiform ? 


Lemma 3. Any connected set which is the sum of a finite number of 
distinct connected subsets, one of which is biconnected, is not irreducibly 
connected about a finite point set. 


Assume that the connected set M is irreducibly connected about the 
finite subset H. But as a biconnected set is disconnected by at most one 
point there exists in the biconnected subset of M a point q, not contained in H, 
such that M — q is connected. Hence the lemma is true. 


Corotiary 5. A finitely-convergable set M is not irreducibly connected 
about a finite subset. 


This follows at once from lemma 3. 


Lemma 4. Any connected set M is either the sum of a finite number 
of distinct connected subsets, one of which is biconnected, or it contains a 
connected subset which is the sum of a countable infin'ty of distinct con- 
nected subsets. 


If M is not the sum of a finite number of distinct connected subsets, 
one of which is biconnected, it is the sum of two distinct connected subsets 
U, and V,. And U, is the sum of two distinct connected subsets U. and V2, 
where V2 is such say that V,-+ Vz is connected since if it is not V, + U, 
must be. Proceeding in this manner it is seen that the theorem is true. 


THEOREM 12. A finttely-divisible connected set M is not irreducibly 
connected about a finite subset. 


Assume that M is irreducibly connected about the finite subset Q, which 
contains g points. Then by lemmas 3 and 4 it is seen that M contains a con- 
nected subset H which is the sum of a countable infinity of distinct connected 
subsets. Then M—H—M,-+--+-+ Mg, separate, as M is not the sum 
of a countable infinity of distinct connected subsets. Say for example that 
M,+M.+:-:-+WM, contains Q—H XQ. Then H+M,4+M.+::-: 
++ Mg is a proper connected subset of M containing Q. As this is impossible 
under our assumption, it is seen that the theorem must be true. 


OunI0 STATE UNIVERSITY. 
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SOME METRIC PROPERTIES OF DESCRIPTIVE PLANES. 
By J. L. Dorrox. 





INTRODUCTION. 


This paper is concerned with the study of certain properties of planes 
in which Axioms I-VIII of Veblen’s System of Axioms for Geometry * are 
satisfied. Such a plane will be called a descriptive plane. A point P of a 
descriptive plane § will be said to be a limit point of a subset L of S if and 
only if every triangle of S which incloses + P also incloses a point of L 
distinct from P. 

From the results obtained in Part I, it may be concluded that a neces- 
sary and sufficient condition that a descriptive plane S be metric is that 8 
contain a countable set of distinct points which has a limit point. In Part IV, 
it is shown that not every descriptive plane is metric. 

A conclusion which may be drawn from Part II is that a necessary and 
sufficient condition that a descriptive plane S be in one-to-one continuous 
correspondence with an everywhere dense subset of the number-plane is that 
S contain a separable segment. In Part III, it is shown that not every metric 


descriptive plane ts separable. 


Part I. 


Let S denote a descriptive plane which contains a countable set of dis- 
tinct points which has a limit point. The first of the following theorems 


can be established by means of projections. 





*O. Veblen, “ A System of Axioms for Geometry,” Transactions of the American 
Mathematical Society, Vol. 5 (1904), pp. 343-384. 

+A polygon will be said to inclose a point P if its interior contains P. The 
term “ polygon” is used, in this paper, in the sense of “simple polygon” as defined 
by Veblen, loc. cit., p. 363, Definition 9. For a definition of the interior of a triangle, 
see Veblen’s Definition 5, ibid., p. 345. A simple polygon separates the plane into 
just two domains (Veblen’s Theorem 28, loc. cit.) ; if K is a polygon which separates 
the plane into the domains D, and D,, just one of these domains—say D,—is a subset 
of the sum of the interiors of a finite number of triangles; D, will be called the interior 
of K, and D, will be called the exterior of K. 


‘ 


401 
11 








402 J. L. DORROH. 


THEOREM 1. Jf A and B are two distinct points of S, there exists a 
sequence of points P,, Ps, P3,- ++, such that: 


(1) AP:B* (1—1, 2,3,-- -). 
(2) APP. 
(3) A is the sequential limit point of the P;. 


THEOREM 2. S is metric. 


In order to establish Theorem 2 a method for defining distance in 8 
will be indicated. 

Let A, B, C, D, Q denote distinct points of S such that A, C, D are 
non-collinear, ABC and DCQ. Let ¢:, cz, ¢3,- - - denote the positive rational 
fractions less than or equal to 144 (c,—=14, and c= c; if i+j) which in 
their lowest terms have for their denominators integral powers of 2. For 
each positive integer 7 a point p; will be selected to correspond to cj, the 
pi being selected so that: 


(1) ApiQ. 

(2) If ci < cj, then Apipj. 

(3) If c is the lower limit of a subset [c]x of the ci, then px is a limit 
point of the subset of the p; which correspond to the fractions in [c]x. 

(4) A is a limit point of the pi. 


A method for so selecting the p; will now be described. Let p, denote 
a point in the order Ap,Q. Let 91, go, gs,° °° denote a set of segments of 
the line AQ such that gi contains A, g, does not contain p., gi contains the 
end-points of gis, and A is the only point common to the gi.t Let Pa 
denote a point in gz such that AP2,p,. Let Ps: correspond to 1/4. For each 
positive integer nm > 1 let Cni, Cn2,° * *, Cn2"*? denote the positive rational frac- 
tions less than 14 which in their lowest terms have the denominator 2”, and 
let the second subscripts be chosen so that Cai < Cnisr (O<1< 2"). If 


points Pni, Pno,- - +, Pno"* have been put into correspondence with these 
fractions (Pni corresponding to ¢ni) by a process previously described, let 
H,; denote a set of segments hi, ho, hs,: ~~ of the line AQ such that hi 


contains P,;, h, contains no point selected to correspond to a positive fraction 
less than or equal to 14 with the denominator 2" (0 << r<n-+1) except Pni, 
h; contains the end-points of hi,;, and Pni is the only point common to the hj. 
Let the points which have been put into correspondence with fractions which 


*If A, B, C are points, “ABC” used as a statement means A, B, C are in the 


order ABC. 
+ That such a set of segments exists is a consequence of Theorem 1. 
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have for their denominators powers of 2 not greater than the n-th be denoted 
by Qniz Qnoy* * *, Qno™+ in such a way that AQniQnin (0<t1< 2""). For 
each 1 (0 <i < 2"1-+-1), let Pnsiyi denote a point such that Qni-1P(ns1yiQni 
(Qno== A) and such that Poni is in A’nyz where h’n,, denotes gn if +—=1 
and h’ny, denotes the n+ 1-st segment Hjx if Qnir+t=Pjx for some j and 
some kK(1l1<j<n+1;0<k < 24241). Let Pons correspond to Ccns1)i- 
Let [P] denote the set of all the points obtained by continuing this process 
for n= 3, 4, 5,- - +, together with p, and P.;. Let p; denote the point of 
[P] which corresponds to c; (t=1, 2, 3,- * -).* 

For each point x of AQ ¢ let f(A, x)—f(z,A) denote a number deter- 
mined as follows: 


(1) f(A, 7)=—0 if c=—A. 

(2) If 2=KA, let [p]a denote the set of all points p of the p; such that 
Apz, and let [c]« denote the set of all fractions ¢ such that a point of [ple 
corresponds to c; let f(A,a) denote the upper limit of [c]c. 


Then if AzQ, f(A, z)> 0, and if Aza’Q, f(A, 2’)— f(A, x)= 0; indeed, 
if both z and 2 belong to [P], this difference is positive. Also, for each 
positive integer & there exist points P:, P2,- + -, P2*, all of which belong to 
[P], such that f(A, Pi)—=1(14)*. 

If V and W are points such that AVC and W—=A, W=—YVJ, or AWY, 
let f(V, W)—=f(W,V) be defined as follows: let Tpw(V) denote the pro- 
jection through D of V on QW, and let Ty (V) denote the projection through 
C of Tow(V) on AQ. Let f(V,W)—f[A, Tcow(V)]. Then f(V,W)=9, 
and is zero if and only if WV. If Z is also a point of the segment AC, 
and if WVZ, then f(V,W)Sf(W,7)=%. For each positive number e 
there exists a subinterval s of AC containing W such that W is not a limit 
point of AC —s and such that if z is a point of s then f(W,z)<e. Also, 
if s denotes a subinterval of AC which contains W and such that W is not 
a limit point of AC —s, then there exists a positive number d such that 
if y is any point of AC —C —s, then f(W,y)> d. 

If V and W are points of AB, let 6(V, W)4(W, V) denote the upper 





*That A is a limit point of the p; is a consequence of the fact that it follows 
from the definition of limit point that a point A of a line l is a limit point of a 
subset L of 1 if and only if every segment of | which contains A contains a point of L 
distinct from A, and the p; have been so chosen that every segment of the line AQ 
which contains A contains one of the p;. 

+ If A and Q are distinct points, the Symbol “AQ” unmodified by a word such 
as “line,” “segment,” “ray,” etc. means the interval AQ; that is, A and Q together 
with all points X such that AXQ. 
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limit of | f(Z,W)— f(Z, V) | for all points Z of AC —C.* The function ¢ 
is a distance for points of AB; that is it satisfies the following conditions: 


(1) If V and W are points of AB $(V, W)>0 if V+ W, and ¢(V, W) 
—0if V—=W. For if V+W|f(zZ,W)—f(Z,V) | >0 for Z=—V, and 
if V=W, f(Z,W)=—f(Z, V) for each Z. 

(2) If V, Y, W are points of AB, then ¢(V,W)+ 4(W,VY)=4(V,Y), 
for {(Z, V)—f(Z, Y)=f(Z, V)—f(Z, W)+ f(Z,W)—f(Z, Y), and hence 
| #(Z,V)—F(Z,¥) | S| f(Z, V)—F(Z, W) | +1 (2, W)—F(Z, ¥) |. 

(3) If V isa point of AB and is not a limit point of a subset M of AB, 
then there exists a positive number e such that if z is any point in M, then 
¢ (V,z)>e. For there exists a subinterval s of AB which contains V and 
which contains no point of M distinct from V and such that V is not a limit 
point of AB—s; hence there exists a positive number e such that if z is 
in M, then f(V,z)>e. By letting Z— V, it is seen that ¢(V,z) is at least 
as great as f(V,z). 

(4) If V is a point of AB and is a limit point of a subset M of AB, 
then for each positive number e there exists a point z of M such that z is 
distinct from V and ¢(V,z)< e. 


To establish (4) it will be assumed that AVB. The modifications of the 
argument necessary to establish the property for VA and VB will be 
pointed out at its conclusion. Let & denote a positive integer such that 
(1%4)* < e/4. Let P;, Po, +--+ , Po denote points of [P] such that 
f(A, Pi)=1(14)*, then APiPin (151 < 21). Let Foy (Pi) denote the 
projection through C of P; on QV, and let x; denote the projection through D 
of Foy (Pi) on VC. Then V2,22---22*2C. If x is a point of Va, and 
Z is also in Va, then f(Z7,V)S(%%)* and f(Z,7)S(%)*, and hence 
| f(Z,V)—f(Z, 2) | S(4)*. Let 0; denote the intersection of CPi- 
(t—=1, 2,---, 2*1) with DFcr (Pi), where P)> =A. On account of the 
order of the P; and the order Dea, and since the P; are all on the A-side 
of the line DQ, the common part of the interiors of angles zjDzj,, and biQV 
is interior to angle Pii.CPi,. (1SiS 2%1—1). Let b,’ denote the pro- 
jection through Q of bj on VC. Then for 1 Si 2*1—1 if z is a point 
of Vb,’ and Z is in ivi41, V2Z (or Z=2), Tey(Z) is in PiPisn, and Tor(Z) 
is in Pi1Pis.. Hence (i—1)(%)*Sf(Z,2)S(4+1)(%)* and i(%)* 





* Cf. E. W. Chittenden’s definition of écart in terms of a Hahn function which 
he defines in terms of voisinage in his paper “On the Equivalence of Ecart and 
Voisinage,” Transactions of the American Mathematical Society, Vol. 18 (1917), 


pp. 161-166. 
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< f(Z,V)S(i +1) (%4)*, and hence | f(Z, V)—f(Z,«) | S2(44)*%. Ie Z 
is in 22*"C —C and z is in Vb’,*, then Tey (Z) is in P2**Q and Tez2(Z) 
is in P2*_,Q, and hence (2*1—1)(%4)*Sf(Z,2)S% and f(Z, V)—=%. 
Then if XY. denotes a point such that VX-bi’ (t=1, 2,- - -,2*1), | f(Z, V) 
—f(Z,x) |S2(%)* if Z is in VC—C and z is in VXe. 











(for the determination of XY, and ¥,)- 


Let V> denote the projection through D of V on AQ. If AV oP; or if 
Vo =P,, then if Z is in VA, f(Z, V)S(44)*, and if a is a point of VX.’ 
(where X,’ denotes a point in the orders VX.’C and DX.’P2), f(Z,<x) 
S 2(%)*. 

If AP,Vo, Xe’ will be selected differently. Let j denote the greatest 
integer for which APjVo, and let a;, a2, - -~* , aj denote the points on VA 
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such that QQiai, where Q; is the intersection of VV, with CP;. Let Q’i,, 
denote the intersection of Qa;j with CPi. (Pju—=Q if 72%"). Let 5; 
denote the interval aj4a; (1 = 1, 2,---,7-+1), where a= V and aj,, =A. 
Let 2’, denote a point of VC such that Dz’iQ’is1. Then if Z is in s; and 
Vea is (jan = C0 if j= 24—1), (i—1) (14)! Sf(Z, V)Si(4)* and 


Q 











Fia. 2 


(for the determination of X,’ and Y,’). 


((i—1)(*%)F¥Sf(Z,2)S((+1)(%)*% Let Xe’ denote a point such that 
VX lei. for i—1, 2,--+, 7 +1. Then | f(Z,V)—f(Z,z) [S2(%)* 
if VaX, and Z is in AV. 
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Let X-* denote a point such that VX.*X,’ and VXe*Xe. Then if z is 
in VXe*, (V,2)S2(W)* <e. 


In the determination of X- a set of points 4, @, °° * , %*+ was defined. 
Let yo denote a point such that Vy.A and the segment Qyo intersects the 
ray Da, within the angle P,CP,. For i=1, 2,--- , 2*1—1 let yi denote 


a point in the order Vy;A and such that the segment Qy;: intersects the ray 
Deis. Within the angle PiyCPis. (P21=—@Q). Let y*t*=—A. Let Ve 
denote a point such that VY.yi (t=0, 1, 2,--- , 2*1). Then if Z is 
VC —C and z is in V¥e, | f(Z, V)—f(Z,2) | S2(%)*, for if Z is in 
titivr (= V and 2*4,—C), and Z+C, and z is in Vy, then 
i(Yy)*S F(Z, VS(i+ 1) (14) and i(14)* S F(Z, 2) S(i + 2) (14) 

[Employing the notation used in the determination of X-’, suppose that 
V, is in AP3;; then if both Z and z are in AV, | f(Z, V)—f(Z,2| S3(%)*, 
for neither f(Z, V) nor f(Z,) is greater than 3(14)*. Suppose, secondly, 
that V, is not in AP;, then 7 > 2. For 21S}, let yi’ denote a point of 
the segment AV such that the common part of the interiors of angles VDy;’ 
and ai:Qai., is within the angle Pj_,CPi,,. If both x and Z are in Vas, then 
neither f(Z, V) nor f(Z,2) is greater than 2(14)*. If a is in Vyi’ and Z 
is in Ai@iz. (2 StS 7), then neither f(Z, V) nor f(Z, x) is outside the limits 
(i— 1) (144)* and («+ 1)(%)*. Tf Vo is in APs, let Ye’ =A. If Vo is 
not in AP3;, let Ye’ denote a point such that VY.’a, and VY¢’y;’ for each 1 
(2SiS7j). Then if Z is in AV and z is in VY¢, | f(Z, V)—f(Z,2) | 
<3(14)*. 

Let Y-* denote a point such that VY;*Ye and VY.*Y-’, then if a is 
in VY.*, $(V,2)S 3(%)* <-e. Let s denote the segment X-*Y.*, then 
s contains V and a point of M distinct from V, and if z is a point of s, 
o(V,2)< e. 

If V = A, only the point X¢ need be determined to establish the property 
(4) of ¢; if V = B, only the point Y,’ is required. 

The distance ¢ for AB will new be used to define a distance for all of S. 
Let By denote a point such that DBB, and AB,Q, and let R: and R, denote 
points such that AR:R,By. Let L; denote the point set consisting of the 
triangle ABD and its interior. If a is a point of Z4, let ta denote the pro- 
jection through FR: of a on AB, and let va denote the projection through Ry of 
aon AB. If 6 is also a point of L,, let d,(a,b)—d,(b,a)=— d(ta, tr) 
+ (va, vn). Then d, is a distance for Z;. Let Kr, K,, Kz denote three 
non-collinear points within the triangle ABD, and let DL. denote the point 
set consisting of the triangle ABD and its exterior. If p is a point of La, 
let wy denote the intersection of the ray Kup (wz, y, z) with the triangle 
ABD. If q is also a point of Le, let 
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d2(p, Y= de(q, p)=(1/8) [di (Xp, tq) + Ai (Yn, Ya) + 41 (Zp, 2a) ]- 


Then dz is a distance for Ze, and, for points of the triangle ABD, dz is 
identical with d,. If, now, p and q denote any two points of S, let d(p, q) 
== d(q,p) be defined as follows: 


(1) If both points belong to Li, d(p,q)= 4d: (p, q). 

(2) If both points belong to L2, d(p, g)= de2(p, q). 

(3) If p is in the interior of the triangle ABD and q is in its exterior, 
let d(p,q) denote the lower limit of [d,(p,x) + d2(2,q)] for all points x 
of the triangle ABD. Then d is a distance for S. 


Part II. 


Let S* denote a descriptive plane which contains two points A» and By 
such that the segment A,B, is separable. The assumption that a segment 
of S* is separable is not stronger than the assumption that the interior of some 
triangle of S* is separable, for it is easily seen, by means of projections, that 
if the interior of a triangle of a descriptive plane is separable, then each of 
its sides is separable. 


THEOREM 3. Every line t+ of S* is separable. 


Proof. Let C denote a point such that Ao, Bo, C are non-collinear. Let 
D and E denote points in the orders CDA, and CBE, respectively. Let H 
denote a countable point set everywhere dense on AyBy. Let T denote the 
set of all points X of the ray Bof such that X is collinear with D and a 
point of H. The ray BoH is a subset of T. Hence it is separable. Similarly 
the ray B,C is separable, and therefore so is every segment of it. In view 
of the argument just given it follows that every line intersecting the line BoC 
is separable. If 7 is a line not intersecting the line B,C, there exists a line 
intersecting both 7 and B,C and since this*line is separable so is /. 

Corottary. If A and B are two distinct points, there exists, on the ray 
AB, a countable set of points P,, Ps, P3,- + + such that 'APnPn.. and such that 
if x is any point of the ray AB then either x—A or AP, for some n. 


THEOREM 4. If A and B are two distinct points and a and b are two 
distinct real numbers such that a < b, there exists between the points of AB 
and a subset of the numbers of the interval (a,b) a one-to-one reciprocal 





} In this paper, the word “ line,” unmodified, is used in the sense of “ straight line.” 
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correspondence in which every rational number of (a,b) corresponds to some 
point of AB, A corresponds to a, B corresponds to b, and wf c and f are 
numbers of (a,b) corresponding to points p and q, respectively, of AB and 
axc<f<b, then ApqB. 

Proof. Let pi, po, ps,* * * denote a countable subset of the segment AB 
everywhere dense on AB and such that pi=- pj if t==j. Let G1, Co, C3,° * * 
denote the set of all the rational numbers of (a,}) distinct from a and from }, 
cc; if t=—j7. Let p, correspond to ¢,. Let po: and poo denote the p; with 
smallest subscripts such that Apoipip22B, and let co; and C22 denote the cj 
with smallest subscripts such that a < C2 < ¢; < ¢22 <b. Let po: correspond 
to Co, and poe to Coe. If j points have been put into correspondence with j 
numbers in this way, let the points be denoted by pji, pjo,- - *, pj; so that 
ApjiPjinPjiveB (1 St1Sj—2), and let the corresponding c; be denoted by 
Cj1, Cj2,° * *,¢jj, USing the same subscripts for corresponding points and 
numbers. Let k= j-+ 1 additional points px, peo,- °°, prx and k additional 
numbers Cx, C2," * *, Cx be selected as follows: px: is the pi with smallest 
subscript such that Apxipj:; pre is the p; with smallest subscript such that 
pjipmB, and, for l1<n<k, pin is the pi with smallest subscript such that 
Pjn-1PknPin; Ce: 18 the c; with smallest subscript such that a< tm < ¢j13 
Cx; is the c; with smallest subscript such that cj) < cx < b, and, for l<n 
<k, Cen is the cj with smallest subscript such that Cjn-1 < Cen < Cjn. Let 
Pen correspond to Cen (1S nSk). Let A correspond to a and B to b. If 
q is a point in the order AgB and q is not one of the pi, let q correspond to 
the number which is the lower limit of the rational numbers corresponding 
to the p; which are in qgB. 


Definition. If A, B are distinct points and C, D are distinct points, the 
term “a segment from AB to CD” means a segment which has one of its 
end-points on the segment AB and the other on the segment CD and which 
has no other point in common either with AB or with CD. 


Definition. If A, B, C are three non-collinear points, a set G of segments 
from AB to BC is said to fill the interior of the triangle ABC if no two seg- 
ments of G have a point (or an end-point) in common and every point of 
the interior of the triangle ABC belongs to some segment of G. 


Definition. If A, B, C are three non-collinear points and D and E are 
points in the orders ADB and BEC, respectively, a set H of segments from 
AD to CE is said to fill the interior of the quadrilateral ADEC if no two 
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segments of H have a point (or an end-point) in common and every point of 
the interior of the quadrilateral belongs to some segment of H. 


In order to show the existence of a set G of segments from AB to BC 
filling the interior of the triangle ABC, let ’ denote a point such that AQF, 
and let G consist of all the segments from AB to BC which are subsets of 
lines through /. In order to show the existence of a set H of segments from 
AD to CE filling the interior of the quadrilateral ADEC, let K denote a point 
in the order EDK f¢ and let H denote the set of all segments h from AD to CE 
such that h is a subset of a ray which either starts at F’ and is interior to the 
angle KFA or starts at K and is interior to the angle FKE or coincides wiih 
the ray KF. 

The definitions just given will be of use in proving the following theorem: 


THEOREM 5. If O is a point of S*, there exists between the points of S* 
and an everywhere dense subset of the number-plane a one-to-one continuous 
correspondence in which the image of each line of S* which contains O is an 
everywhere dense subset of a line of the number plane through the origin, and 
the wmage of each line of S* is an everywhere dense subset of an open curve 


of the number-plane.t{ 


Proof. Let A, and B, denote two distinct points each distinct from O 
and such that O, A,, B, are non-collinear. Let C,; and D, denote points in 
the orders A,OC, and B,OD,, respectively. Let Az, As, Aa: + * 3 Bo, Bs, Ba, 
-+ +302, Cs, Ca,* > - 3 Do, Ds, Ds,* + + denote sequences of points on the rays 
OA,, OB,, OC1, OD,, respectively, and such that each of the sequences A,, As, 
Ae Ma? * 5B ay Be Ba «5 Cis Ca Cy Cay * 3 By Da Da, Da? 
has, with respect to the corresponding ray, the properties stated in the Corollary 
to Theorem 3. Let the points of OA, correspond to numbers of the interval 
(0,1) in the manner indicated in Theorem 4 and so that A, corresponds to 1. 
For each positive integer i let the points of ‘A;Ais correspond to numbers of 
the interval (i,¢-+ 1) in the same manner and so that A; corresponds to 1. 
Let the points of A,B, correspond in this way to numbers of the interval (0, 1) 
so that A, corresponds to 0, and let the points of B,C, correspond in the 
same manner to numbers of the interval (1,2), B, corresponding to 1. If 
p is a point of C,D,, and q is a point of A,B, collinear with O and p, let x 





+ In addition, let K be on the D-side of the line AC, and let F be in the order ACF 
and within the angle ADE. 

+ Cf. R. L. Moore, “On a Set of Postulates Which Suffice to Define a Number- 
Plane,” Transactions of the American Mathematical Society, Vol. 16 (1915), pp. 27-32. 
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denote the number to which g corresponds (x0 if g—A,), and let p 
correspond to 2-+ 2. If p is a point of D,A,; — Ai, and q is a point of B,C, 
collinear with O and p, let x denote the number to which q corresponds, and 
let p correspond to 2-++2. In this way, the points of C,D, correspond to 
numbers of the interval (2,3), and the points of D,A;— A, to numbers of 
(3,4), Di corresponding to 3. 

For each rational number u (0 =u< 4) let 7, denote the ray Opy 
where py is the point on the quadrilateral A,B,C,D, which corresponds to u. 
For each wu let pui, Puz, Puss’ * * denote a sequence of points on the ray ry 
such that Opuipuis: and such that any point of the ray ry except O is between 
O and some pui. Let poi Ai, piri = Bi, poi = Ci, psi = Di. 

Let the interiors of the triangles A,OB,, B,OC,, C,OD, be filled with 
sets Gy, G2, Gs, of segments from OA, to OB,, from OB, to OC,, from 
OC, to OD,, respectively. For each positive number z to which there corre- 
sponds a point of the ray OA, let gz denote that point. For ¢ <1, let gic 
denote the segment of G, which has gz for one end-point, let g2z denote the 
segment of G. which has an end-point in common with g,2, and let gs denote 
the segment of G; which has an end-point in common with gee. Let g’s1;2 
denote the segment from the end-point of 93,172 on OD, to qis2 (this segment 
is interior to the triangle D,OA,). Let gjc (1 Sj < 4) denote the end-point 
of gjc on Op; (pi = Bi, po= C1, ps = D1). 

For each positive integer n, by definition, ps1/n) denotes the point on 
D,A, which corresponds to 4—1/n. Let g 4-1/2),172 denote the intersection 
of g’s1,2 With r4-172). Let Gs denote a set of segments from OD, to Op(s-1/2) 
which includes the segment q3,1/24(4-1/2),1/2 and which fills the interior of the 
triangle D,Opis-1/2). That G, may contain the segment specified and fill the 
interior of the triangle follows from the fact that it may consist of a set of 
segments filling the interior of the triangle q3,1/20q(4-1/2),1/2 plus the seg- 
ment 43,1/ 241 4-1/ 2),1/2 plus a set of segments filling the interior of the quadri- 
lateral D1Q3,1/ 29 (4-1/ 2),1/ 2P(4-1/ 2)> 

Let gs2 denote the segment of Gs which has an end-point in common 
with gs. Let qc4-1/2),2 denote the end-point of gsr on Opya-iy2). Let 9’s,1;3 
and g’s,273 denote the segments g(4-1/2),1/39173 aNd qc4-1/2),2/392/ 3, Tespec- 
tively, and let g’s,1;2 denote the segment q¢4-1/2),1/ 21,2 Let q¢4-173),17 3 
Qi 4-1/ 3),1/ 29 9(4-1/8),2/3 denote the intersections of Opcs-+;s) With g’s,1/3, 9’s,1/25 
J's,2/3, Tespectively. Let G; denote a set of segments from Opy4-1;2) to 
Op(s-1/3) Which fills the interior of the triangle p¢s-1/2)Opis-1+/3) and which 
includes the subsegments of g’5,1/2, 9’5,1/2) 9’s,2/3 Which are within this 
triangle. 
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If for an integer n and for each integer m (1<m<_n) a set Goim of 
segments from Opts-1/(m-1)} to Opcs-1/ my filling the interior of the triangle 
whose vertices are the end-points of the segments just named has been se- 
lected, in the manner described for m2, 3, let Cni, Cno,* °°, Cnn Genote 
the proper rational fractions which in their lowest terms have a denominator 


=n (WN denotes the number of these fractions), and let J 2+n,cn, denote the 
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segment 9[4-1/ (n-1)},cnjJeny (1 Sj SN), where qcs-1/m),2 denotes the end-point 
Of Joum,e OD Opcss/m) (Jem, is the segment of Gsm which has an end-point 
in common With gom-1,2). Let Goin denote a set of segments from Opra-1/ (n-1)] 
to Opcs-+yn) Which fills the interior of the triangle pp4-1/(n-1)}0 P(4-1/n) and 
which contains the subsegments of the g’ssn,c,, within this triangle. Let 
Join, Aenote the segment of Gon which has an end-point in common with 


J2+n-1,2- 








tks he ted: 
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If ¢ is a proper rational fraction which in its lowest terms has the de- 
nominator m, the point set gic + goe + gse +: -**-+ g’2sm,c plus the end- 
points of these segments is a polygon which has q- as a vertex or as an inner 
point of one of its sides, for g- is a common end-point of gic and g’24m,c, and 
in the sets of segments described in the preceding paragraph gxe for k = 2 + m 
is a subsegment of g’24m,c- For each real number 2 to which there corresponds 
a point of the segment OA,, let Jiz denote the interval obtained from gia 
by adding to the latter its end-points. For each such number z, let 
K,= 3 Lie Then qz is a limit point of the common part of Kz and the 

i= 
interior of the triangle D,OA,, and no other point of the ray OA, is a limit 
point of Kz. The subset of K, within the triangle D,OA, will be called a 
broken line from OD, to OA; and qz and qse will be called its end-points; 
the collection of all such broken lines—that is, for all values of z corre- 
sponding to points of OA,—will be said to fill the interior of the triangle 
D,OA;. 

For each integer ¢ (¢ > 1) let 7 denote the number of rational numbers 
greater than or equal to 0 and less than 4 which are integers or which in 
their lowest terms have a denominator less than or equal to ¢. Let these 
numbers be denoted by bi, Dio, - -,b+r in such a way that bei < Deis 
(0<t<T). Then bi;—0. Let M, denote the quadrilateral A,B,C,D, 
and let M; denote the polygon with the vertices Pi, Pts,- - -, Pr which 
are points determined as follows: on the ray 7»,, there has been selected a 
sequence of points p»s,,j (j= 1, 2, 3,---) such that Opo,,jpo,,j4. and such 
that any point of the ray except O is between O and one of these p’s. Let 
P;, denote the first of the po,,; outside of Mi1. Then Pt; = At. 

It is to be noted that IM; incloses M;,. It may be seen that the rays 
from O through the vertices of M; intersect M;+_, in such a way that if Qi 
denote the point on M;_, such that OQ:iP:i, then the interval QtiQtin 
(Qtr: = Qt1) is a subinterval of a side of M;_,. Let Ve; denote the quadri- 
lateral with vertices Pti, Pris, Qtiu, Qti (Ptru.—=Pt). The interiors of 
the V+; are mutually exclusive. Let the interior of Vii (0 << i< T) be filled 
with a set of segments from Q1iPti to QtisPtis. Let the interior of the 
quadrilateral Vir be filled with a set of broken lines from QirPir to QtiPt, 
in a manner analogous to that in which the interior of the triangle DiOA, 
was filled with broken lines from OD, to OA,; that is, with a set of broken 
lines each consisting of a finite or infinite number of segments such that each 
point of the segment Q:rP:r and each point of the segment QP: is an 
end-point of one and only one broken line of the set, each point of the in- 
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terior of Vir belongs to one and only one element of the set, and such that 
the set has the property now to be defined: for each real number g¢ 
(t—1<2z<_t) to which there corresponds a point of the segment A+_,Aj, 
let It12 denote the interval obtained by adding its end-points to the segment 
of the set filling the interior of Vi, which has gz for one end-point, for 
1<t<T let Itiz denote the interval obtained by adding its end-points to 
the segment of the set filling the interior of V+; which has an end-point in 
common with I1,i-1,¢; let I:rz denote the point set obtained by adding its 
end-points to the broken line of the set filling the interior of V+r which has 
an end-point in common with J+,7-1,2, then gz belongs to Itrz. If O0<t—1 


<a < t, let Kz denote the point set defined as follows: K,= 3 Tiga. For 
each positive integer z, let Kz denote the polygon Mz. sia 

Then if p is any point of S* except O, there is one and only one positive 
number zx such that p belongs to Kz; for each p let zp denote this number. 
The point in which the ray Op intersects the quadrilateral A,B,C,D, corre- 
sponds to a number, positive or zero and less than 4, by virtue of the corre- 
spondence between the points of this quadrilateral and a subset of the numbers 
of the interval (0,4); let ap denote this number. Let p correspond to that 
point of the number-plane which has the polar codrdinates (1p, ¢,) where 
Tp —=Zp and dp = Yardy, and let O correspond to the pole. 

That the subset of the number-plane which corresponds to the points 
of S* is everywhere dense in the number-plane is evident from the fact that 
it contains all the points whose polar codrdinates are such that r is rational 
and ¢ is a rational multiple of ~/2. It can be seen from the manner in 
which the numbers zp and dp are determined by a point p of S* that p is a 


sequential limit point of a sequence of distinct points pi, po, ps, - * if and 
only if lim t,—=zp, and lim a), ~dp, unless p = O in which case it is only 
i=00 i=00 
necessary that lim 2),==0. Hence the correspondence is continuous. If 
i=00 


p is a point of S* distinct from O, the points of the line Op correspond to an 
everywhere dense subset of the line in the number-plane whose equation is 
d=Vora,. Let 1 denote a line of S* which does not contain QO, and let 
L denote the image of 7 in-the number plane. It may be noted that if 2’ is 

any positive real number, then there exists a number «>a such that z 
corresponds to a point of the ray OA, and / intersects Kz; hence L is not 
bounded. Let A and B denote two distinct points of 7 such that AB con- 
tains no point of the ray OA,. The image of AB in the number-plane can 
be covered with a simple chain of regions each region of which is the interior 
of a simple closed curve of diameter less than any previously assigned positive 
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number d, for AB can be covered with a simple chain of quadrilaterals * 
whose sides are subintervals of the Kz and of lines through O. These quadri- 
laterals may be chosen so that their images are of diameter less than d and 
so that each incloses at least one point of AB, and since the image of each Kz 
is a subset of the circle r=, the images of these quadrilaterals are subsets 
of simple closed curves composed of segments of lines through the pole and 
of circles with center at the pole. If e is a positive number and (” is a 
chain of the type described covering the image of AB, then there exists 
another such chain covering the image of AB and such that the boundary of 
each region of the second chain is a subset of some region of C’ and is of 
diameter less than ¢.- It follows, since L contains at most one point of the 
polar axis, that any two points of L belong to a continuum _lying in L and 
hence L is a continuum. That the omission of any point of L divides it into 
two mutually separated connected point sets may be seen by observing that 
the line through the pole and a point of LZ divides the number-plane into 
two mutually separated domains each of which contains a connected subset 
of L (the connectedness of the indicated subsets of L can be established in 
the same way in which the connectedness of L was shown). Hence L is an 
open curve. Furthermore, L has the property that no line through the pole 
contains more than one point of it, and if a line whose equation is ¢ = ma/n 
(m and n integers) intersects L the point of intersection corresponds to a 


point of J. 
Part III. 


Definition. If the points of a line 1 of a descriptive plane are divided 
into two sets 8S; and Sz such that no point of one set is between two points 
of the other and no point P is between every point of 8, distinct from P and 
every point of S, distinct from P, the pair of point sets 8S, and 8S. will be 
called a “ gap” in Land will be said to divide | into 8S; and S82. 


Definition. If g is a gap in a line | of a descriptive plane which divides 
l into the point sets 8S; and S2 and p and q are points of 1, pqg will mean 
that both p and q are in 8, (S2) and there exists a point q’ in Sz (81) such 
that paq’; pgq will mean that p is in one of the sets S,, S2 and g is in the 
other. A triangle will be said to inclose g if tt incloses a point of S, and 
a point of So. 


* A finite set of polygons Z,, Z,,- - -,Z,, is said to be a simple chain of polygons 
if the interior of Z; has a point in common with the interior of Z;,,; (lLSt< k; 
1<j<k-—-7) if and only if j=1. A set Z of polygons is said to cover a point 
set M if and only if every point of M is inclosed by some polygon of Z. 
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In his paper “ Concerning a Non-Metrical Pseudo-Archimedean Axiom,” * 
R. L. Moore employed a pseudo-archimedean axiom which may be briefly 
stated: if g is a gap in a line 1 and'A and B are two distinct points on the 
same side of the line l, then if a triangle incloses g it incloses a point C 
on the opposite side of | from A and B such that the triangle ABC incloses g, 


Definition. If it is true of a descriptive plane that this pseudo-archi- 
medean axiom is satisfied at no gap in that plane, then the plane is said to 
be “ quasi-complete.” 


There will now be exhibited an example of a quasi-complete, metric, de- 
scriptive plane which is complete and in which it is possible to define con- 
gruence of segments in such a way that Moore’s set C of congruence axioms + 
is satisfied, but which is not separable nor locally compact. 

The descriptive plane is one described by Hilbert in “ Ueber den Satz 
von der Gleichheit der Basiswinkel im Gleichschenkligen Dreieck” {; the 
definition of congruence, however, is different from the one used by Hilbert. 
The points of the plane are all the pairs (x, y) of elements of the set 7’ of all 
the ideal numbers of the form 2 = a,)¢" + a,("*! + ---, where ¢ is a parameter, 
the number of terms in «@ is finite or infinite, a) (@)=~0), a, - * are any 
real numbers, and n is any integer, positive, negative or zero. An element 
of T is positive if the corresponding ay is positive; z > y if x —y is positive; 
y< ax means x>y. To obtain a congruence satisfying Moore’s axioms (, 
let AB be congruent to DE if and only if 


[ (ts — tp)? + (ys — yn)?]* = [ (2p — 22)? +(yo — yz)?]*.§ 


Collineation and order are defined in terms of the elements of 7 just as they 
are defined in the number-plane in terms of real numbers. Let H denote 
this plane. 

In order to show that H 1s not separable, it suffices to establish the 
existence of a non-separable segment in H. For each real number ) (0 <b 
<1) let s, denote the segment whose end-points are (b,0) and (b+ #,0). 





* Bulletin of the American Mathematical Society, Vol. 22 (1916), pp. 225-236. 

+See R. L. Moore, “Sets of Metrical Hypotheses for Geometry,” Transactions 
of the American Mathematical Society, Vol. 9 (1908), pp. 487-512. Concerning the 
equivalence, in a descriptive plane, of C and Hilbert’s congruence axioms, see Moore’s 
Theorem 1, ibid., §6, p. 504. That the proposition that every segment has a middle 
point is a consequence of Moore’s order and congruence axioms has been shown by the 
present author in his paper “ Concerning a Set of Metrical Hypotheses for Geometry,” 
Annals of Mathematics (2), Vol. 29 (1928), pp. 229-231. 

t Grundlagen der Geometrie, Anhang II, Teubner, 5. Auflage, 1922. 

§ T contains (a)% if a, >0 and n is even. 
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No two of these segments have a point in common, for if 0<b)< 0b’ <1, 
then b’ >b-++¢. Each of these segments is a subset of the segment whose 
end-points are (0,0) and (1,0), and hence the latter segment, since it con- 
tains an uncountable set of mutually exclusive segments, is not separable. 

If H satisfied the pseudo-archimedean axiom quoted, it would follow 
from the results of Moore’s paper on this axiom that H is separable; hence 
H does not satisfy this axiom. If it can be shown that all the gaps in H 
must satisfy this axiom if one does, then it follows that H is quasi-complete. 
A translation of axes disturbs neither collineation nor order in H, and Hil- 
bert has shown the existence of transformations of H into itself which disturb 
neither collineation nor order and which transform any given line through 
the origin into any other given line through the origin. Hence, in order 
to show that H is quasi-complete, it suffices to show that if g is any gap 
in the a-axis and g; is a particular gap in the z-axis, then there exists a 
transformation of H into itself which disturbs neither order nor collineation 
and which transforms g into 4,. 

Let g denote a gap in the z-axis.* It may be supposed that one of the 
sets into which g divides the axis consists entirely of points whose abscissas 
are positive, for, if this is not the case, consider the gap h which divides the 
axis into the two sets each of which consists of the points whose abscissas 
are the negatives of the abscissas of the points in one of the two sets into 
which g divides the axis. Let S, and S2 denote the sets into which g divides 
the axis, and let S2 denote that one of these sets which consists entirely of 
points whose abscissas are positive. Let V denote the subset of 7 which 
consists of all the elements v of 7 such that (v,0) is in S;, and let W denote 
the subset of 7 consisting of all the elements w of T such that (w,0) is in 82. 
Then every element of 7 belongs either to V or to W, every element of W is 
greater than any element of V, and there is neither a greatest element of V 
nor a least element of W. Hence V contains some positive elements. Let V* 
denote the subset of V which consists of all the positive elements of V. 

Let N denote the greatest integer—if one exists—such that if v = apt" 
+a,i1+---+isin V* thenn=WN. Such an integer N exists, for suppose, 
on the contrary, that if m is any integer there exists an element v = dot” 
+a,im1t--- of V* such that n < m; since v is in V* a) >0, and it 
follows that V contains an element greater than any preassigned element of T, 
contrary to hypothesis. Then V* contains elements of the form v = aot¥ 
+a,t¥t1 +--+. Let Vy denote the set of all elements of V* of this form, 
then if v is an element of V there exists an element v’ of Vy such that 





* Every line of H contains a gap, for H is non-archimedean. 


12 
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v>v. Let Aj (t—0,1,2,3,-- +) denote the set of all real numbers a 
such that a is the coefficient of the N + i-th power of ¢ in some element of Vy, 
For each positive or zero integer 1 for which A; has a finite upper limit, let 
A; denote that upper limit. There is at least one value of i for which 4, 
fails to have a finite upper limit, for if all these upper limits are finite, the 
element A,t¥ + A,tNt1 + 4,t'*2 +--+ of T is either the greatest element 
of V or the least element of W, contrary to hypothesis. Let % denote the 
least integer, positive or zero, for which Ax has no finite upper limit. Let 
b=0 if k=0, and if k>0 let b—=A,t) + A,tNt1 4+ - - 4+ Ay tN, 
Suppose that Db isin V. Let vj —b + jt** for each positive integer j, and 
let z; =b +(1/j)t%*1; then if v is in V and w is in W there exists an 
integer j such that w > 2; > vj; >v (vj; is in V and 2; is in W for all j). 
Suppose, secondly, that b is not in V, then & > 0. Let r denote the least 
positive or zero integer less than & for which c—A,tN+ 4,H4N2+4+--- 
+ A,t¥** does not belong to V. Let wj—c— jtN**!, and let v;’~c 
—(1/j)t¥*r, Then w; is in W and 0,’ is in V, and if v is in V and w is 
in W there exists a positive integer j such that w > w; > v;’ > v. 

Let V, denote the subset of 7 consisting of all elements v of J such 
that v < jt? for some positive integer j, and let W, denote the subset of T 
consisting of all elements w of 7 such that w >(1/j)¢ for some positive 
integer j7. Then every element of 7 belongs either to W, or to V;, neither 
of these two sets contains a greatest element of itself nor a least element of 
itself, and each element of W, is greater than any element of V;. Let gq: 
denote the gap in the z-axis determined by the point sets S*, and S*, con- 
sisting of all the points of the z-axis whose abscissas are in V, and all the 
points of the z-axis whose abscissas are in W,, respectively. A transformation 
of H into itself which disturbs neither collineation nor order and under which 
gi is the image of g is the transformation under which the image of a point 
(x,y) is the point (2’,y’), where 2 and y’ are determined as follows: 


(1) If 6 is in V, 2’ =(2 — b) /t'**?, 
and yf = y/tN**2, 

(2) If bd is in W, 2’ =(c—z)/t*-, 
and of =— y/tN*-1, 


In case (1), S; is transformed into S*,, and, in case (2), S; is transformed 
into S*>. 
A complete, compact space is separable.t Since no segment of H is 





7 F. Hausdorff, Grundziige der Mengenlehre (1914). 
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separable, H is not locally separable. .It follows that if H is complete, then 
H is not locally compact. 

The plane H is complete. If zat” + a,t"1 +: --, let the function 
f(z) be defined as follows: 


f(z)=1, if n=1; 
f(z)=1/n, if n>], 


and let f(0)—0. If A is a point of H and B is a point of H, let 
d(A, B)=d(B,A)=f (ts —2s)+ f(ys— ye). Then d is a distance for 
points of H; that is, it satisfies the three conditions: 


(1) d(A, B)=0 if A=B, and d(A, B)> 0 if A+B. 

(2) d(A, C)= f(za — te + te —— 2c) + flys — yw + YB — Yeo) 
= f(ts — 2s) + f(ze — to) + (ys — ys) + flys — Yo) = AA, B) 
+ d(B,C), for it follows from the definition of f(z) that f(z+ 27)S f(z) 
+ f(z}. 

(3) A point A is a-sequential limit point of a sequence of distinct points 
Ai i= 1, 2,3,- - -) if and only iflim d(A,Ai)—0. Let A =(24, ya) and 


4-00 
let Ai =(2i, yi). That d satisfies the second part of condition (3) is verified 
by observing that if A is a sequential limit point of the Aj, then either all 
but a finite number of the points (0, yi) are identical with (0, y4) or (0, ya) 
is the sequential limit point of the points (0, yi); similarly for the point 
(z4,0) and the points (2;,0). Hence if e is any positive element of T, 
there exists a positive integer m such that if 1>m then —e < %4—2j 
+(y4— yi)<e, and therefore the least exponent of ¢ in z4—2; or in 
ya — yi is not less than the least exponent of ¢ in e. To verify that d satis- 
fies the first part of condition (3), note that if lim d(A, Ai)=0, then for 
each positive integer n the rectangle with vertices (a1 +1", ys +"), 
(v4 +t, ya —t”), (ta —t", ys —t"), (ta —t", ya +t) incloses all but 
a finite number of the Aj, and note that if a triangle incloses A it also in- 
closes at least one of these rectangles. To show that H is complete, let 
Pry Po, Ps»* * * [pi =(Xi, yi) ] denote a sequence of distinct points such that 
if h is any positive real number there exists a positive integer m such that 
if k is any positive integer then d(pm, Pmsx)< h, then there exists a point 
Po = (Zo; Yo) Which is a sequential limit point of the p;. For each integer 
r> 1, let m, denote a positive integer such that d(pm,, Pm.x)<1/r for 
every positive integer & Then if 2m,— 2m x —=dot" +a,t%1-+--- and 
Ym, — Yn, +k = bot” + d,t"/t1 +--+, it follows that n>r and vn’ >r. If 
tm, = 0 or if the lowest exponent of ¢ in @m, is greater than 2, let x —=0O-t 
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+ a,’t® + a’t4-+--+- (where a,’ is the coefficient of ¢ in @m,). If 
Lm, == Ath + at+1 +--+ where VN S 2, let a —atY + aiMti4+.-.. 
+ az’t? + a,’t3 + a,’t* +--+ - where a,’ is defined as before. Let yo denote 
the element of 7 similarly determined by the ym,. 


Part IV. 


Let T denote an uncountable, well-ordered sequence of parameters ¢ such 
that no countable subsequence of 7 runs through 7. If ¢ is an element of T, 
let =1. A polynomial with real coefficients in a finite number of the 
elements of 7 will be said to be equal to 0 if and only if the expression 
obtained by replacing the different elements of 7 occurring in it by in- 
dependent real variables is identically zero. An expression at,;™t2."2- - - t,* 
(the exponents are positive or zero integers) is said to be lower than the 
expression Dt,™t,™2---t,™* (a=+-0=+b) if the first of the differences 
Ne — Me, Ns-1 — Ms-1,° * *, N2— M2, M — My Which is not zero is negative. 
Then a non-zero polynomial with real coefficients ina finite number of ele- 
ments of J’ may be represented by a,Y; + a2Y2-+-- +--+ a¢¥x% where the Y; 
(1=1,2,---,k) represent power products of a finite number of elements 
of T, Y; is lower than Yi. (0<1<k), and the a@ (a,=+ 0) are real 
numbers. Such a polynomial will be said to be less than zero if a, < 0 and 
greater than zero if a, > 0. If P and Q are such polynomials and P > 0 
and Q>0, then PQ >0 and P+Q> 0, for the lowest term in PQ is 
the product of the lowest term in P by the lowest term in Q, and the lowest 
term in P+ Q is the lowest term in P, the lowest term in Q, or it is 
(a, + 0,)¥Y, where a,Y, is the lowest term in P and 0,Y, is the lowest term 
in Q. The statement P > Q means P—Q>0. Then if F is also a poly- 
nomial of the same sort as P and Q, it follows from P > Q and Q > F that 
P> F, for if P—Q>0 and Q—F>0, thn P—F—>P—Q+Q-—-F 
>» 2. 

Let R denote the field composed of all rational expressions r such that 
r contains only a finite number of elements of 7, has real coefficients, and 
does not involve division by zero. Then an element r of Ff is either a poly- 
nomial or it can be expressed as the quotient of two polynomials of R. The 
relation “ greater than” has already been defined for the polynomials of R. 
If r is an element of R which is not a polynomial, let P/Q where P and 
Q are polynomials of R, then r > 0 wiil mean either P > 0 and Q>0 or 
P <0 and Q < 0; r—0 means PO and Q=+ 0. If r and 7’ are elements 
of R, r>7 means r—?r >0. If 1r, 7’, 7” are elements of R, there exists 
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in R a polynomial Q > 0 and polynomials P, P’, P” such that r—P/Q, 
r = P’/Q, and 1’ = P”’/Q. Hence if r>7’ andr” >7”,then r>7”. Let 
r<rmeanr>vr’. If r is an element of R and 7 is an element of R, 
”=+-r means r—?r=0. In respect of rational operations and relations 
greater than and less than the elements of R# satisfy all of the rules 1-16 
given by Hilbert on pages 35 and 36 of Grundlagen der Geometrie. It is 
this fact which justifies the statement made below that the plane G, there 
defined, is a descriptive plane. 

Let G denote the plane whose points are all the pairs (z,y) of elements 
of R, in which a line consists of all the points whose coédrdinates satisfy an 
equation of the form Ax+ By+C=0 (A, B, C are elements of R and 
not both A and B are zero), and in which three collinear points NV, N’, N” 


are said to be in the order NN’N” when: 


(1) Their abscissas 2, 2’, 2”, respectively, are such that z > 2’ > 2” 
or ~<a’ <2” if B=0 in the equation of the line containing the three 
points. 

(2) Their ordinates y, y’, y’, respectively, are such that y > 7 > y” 
ory<y <y’ if B=0. Then G is a descriptive plane, but G is not metric, 
for the segment between the points (0,0) and (1,0) contains no countable 
set of points of which (0,0) is a limit point. For let [N] denote a countable 
set of points of this segment and let [t¢]y denote the set of all elements ¢ 
of T such that ¢ occurs in the abscissa of some point of [N], then [#]y is 
countable, and, by hypothesis, there exists an element # of T such that ? 
follows ¢ in T if ¢ is in [t]y. It follows that ?¢’, as an element of R, is less 
than the abscissa of any point of [NV], and hence the point (#,0) is between 
(0,0) and every point of [N]. 


THE UNIVERSITY OF TEXAS. 








CONCERNING METRIC COLLECTIONS OF CONTINUA.+ 


By J. H. Roserts.} 





The notion upper semi-continuous collection of bounded continua, intro- 
duced by R. L. Moore,§ has been very fruitful in the realm of analysis situs. 
In particular, Moore has shown that if G is an upper semi-continuous col- 
lection of bounded continua filling a plane S, then if no element of G 
separates § the collection G is itself homeomorphic with S.|| If the restriction 
that no element of G separates S is removed then G is tt homeomorphie with 
some cactoid.tt 

I have attempted to extend the idea upper sem:-continuous collection 
to apply to collections whose elements were not all bounded. In my paper ff 
“ Concerning Collections of Continua not all Bounded,” I suggest a definition. 
I there show that if G is an upper semi-continuous and metric collection of 
continua filling a plane S and no element of G separates S, then G@ is homeo- 
morphic with a subset of some cactoid.§§ In the present paper it is shown 
that without the restriction that no element of G separates S, G is homeo- 


morphic with a subset of some cactoid. 

Definition. If hi, he, hs,- + + denotes any sequence of elements of a 
collection G of continua, and for each 7 the element h; contains points P; 
and Q; then, granting that the sequence P,, P2, P;,- - - has a sequential limit 
point P in an element gp of G, the collection G is said to be upper semi- 


co 
continuous provided every limit point of >} Qj lies in gp. 
i=1 





+ Presented to the Society, under a different title, June 21, 1929. 

t National Research Fellow. 

§ “ Concerning Upper Semi-Continuous Collections of Continua,’ Transactions of 
the American Mathematical Society, Vol. 27 (1925), pp. 416-428. 

Throughout this paper a point is considered as a special type of continuum. 

|| With respect to a suitable definition of limit element. See Moore, loc. cit. 

+7 Moore, “Concerning Upper Semi-continuous Collections,’ Monatshefte fiir 
Mathematik und Physik, Vol. 36 (1929), pp. 81-88. A cactoid is a bounded con- 
tinuous curve M lying in space of three dimensions and such that (a) every non- 
degenerate maximal cyclic subset of M is a simple closed surface and (b) no point 
of M lies in a bounded complementary domain of any subcontinuum of J. 

tt American Journal of Mathematics, Vol. 52 (July, 1930). Hereafter this paper 
will be referred to as C. C. 

§§ In fact, except for the case where exactly one element of G is unbounded, @ is 
homeomorphic with a subset of the plane. 
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Definition. If G is an upper semi-continuous collection of continua, then 
an element g of G is said to be a limit element of a set K of elements of G 
if g contains a point P which is a limit point of the point set obtained by 
adding together all elemenis of AK except g. 

The preceeding definitions apply to collections all of whose elements lie 
in a space S for which the notion limit point has been defined. Note that 
the elements of an upper semi-continuous collection of continua are mutually 


exclusive. 


THEOREM 1. If G is an upper semi-continuous and metric collection of 
continua filling a continuous curve ¢ M, then G is itself a continuous curve. 


Proof. It is easily seen that G is separable, connected, and locally con- 
nected. I shall show that it is also locally compact. Let g be any element 
of G. There exists a sequence of points Pi, P2, Ps,: - - lying in g such that 

28 
every point of g is a limit point of % Pj. Let d and 8 denote distance 
i=l 
functions for the spaces M and G, respectively. I shall define, for each i, 
a number d;. If the M-domain S(Pi,1/2){ is compact, then let d; be 1/2. 
Otherwise, iet d; be 1/2 the upper limit of d where S(Pi, d) is compact. Now 
n 
let Kn be the point set } S(Pi, di), and let Rn be the set of elements of G 
i=1 
which contain at least one point of Ky». For every n the set Ry» is compact 
and contains g. If for every n the element g is a limit element of G— Ry, 
then there is a sequence of elements g:, go, gs,° * * such that 8(9, gn) < 1/n, 
and gn does not belong to Ry. Then as limit of 8(g,9n)—0 there is, for 


CO 
each n, a point Qn in gn such that >} Qj has a limit point Q in g. Let D 


i=1 
be a compact M-domain containing the point Q. Obviously as MW is metric 
there is an integer n such that S(Pn,dn), and therefore Kn, contains Q. 
But as Ky is a domain containing a limit point Q it must contain, for some 
m greater than n, the point Qm. Then gm belongs to Km, and we have reached 
a contradiction, which shows that for some n the element g is not a limit 
element of the set G—R,. Thus the compact set R, contains a domain 


containing g. 


THEOREM 2. If G is an upper semi-continuous and metric collection of 





+ In the present paper a space M is said to be a continuous curve if it is metric, 
connected, locally connected, separable, and locally compact. 
t That is, the set of all points of M whose distance from P; is less than 1/2. 
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continua filling a plane S, then each cyclic element + of the continuous curve 
G is homeomorphic with a subset of a sphere. 


Proof. Let M be any non-degenerate cyclic element of G. If g is an 
element of M it follows, since M—g is connected, that just one comple- 
mentary domain Ey of g in the plane S contains points belonging to elements 
of M—g. Let g* be S—L£y. If g; and gz are distinct elements of M then 
gi* and g2* are distinct. Let M* be the collection of continua containing g* 
for every eiement g of M. Now M* fills the plane S, for if P is a point of 8 
and gp—the element of G containing P—does not belong to M, then since 
M is a cyclic element of G, some element g of M separates gp and W—g in 8. 
Thus gp is a subset of g*. It follows that M/* is an upper semi-continuous 
and metric collection of continua, homeomorphic with IM, and such that no 
element of 1/* separates S, and every point of S belongs to some element of 
M*. Then by theorems 3 and 4 of C. C. it follows that M*, and therefore M, 


is homeomorphic with a subset of a sphere. 


THEOREM 3. If every cyclic element of a continuous curve G is homeo- 
morphic with some subset of a sphere, then G itself is homeomorphic with 


a subset of some cactoid. 


Proof. Let H, and E: be distinct cyclic elements of G, and let X be a 
simple cyclic chain { of G between FZ, and E:. Let A,Az denote an are such 
that A; lies in £;, but does not lie in any other cyclic element of G except 
when E; is degenerate (11,2). Let K be the set of points of G@ which 
separate A, and Az. Then by a theorem of Whyburn’s,§$ for every maximal 
segment s of A,A,—(K + A,-+ Az) there is a unique cyclic element of G 
containing s. Let 8, S2, s3,- -* denote the maximal segments of A,A2 
—(K-+A,-+A:). Let a be a continuous one to one correspondence throw- 
ing A,A2 onto the interval OS 21, y=0,2—0. For each i let Fj be a 


sphere with z(s;) as diameter. Then the set M [M —z Fi+(K + Ait+ Az) ] 





+ By a cyclic element of a continuous curve M is meant (a) a maximal cyclic 
curve of M, (b) a cut point of M, or (c) an end point of M. See G. T. Whyburn, 
“Concerning the Structure of a Continuous Curve,” American Journal of Mathe- 
matics, Vol. 50 (1928), pp. 167-194. 

~ See Whyburn, loc. cit. A point set X is said to be a simple cyclic chain of G 
between H, and #, provided that X is connected and contains #, and H#, and is the sum 
of the elements of some collection of the cyclic elements of G, and furthermore no 
proper connected subset of X containing H, and EF, is the sum of the elements of such 


a collection. 
§ “ Some Properties of Continuous Curves,” Bulletin of the American Mathematical 


Society, Vol. 33 (1927), pp. 305-308, theorem II. 
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is a cactoid. Moreover, as any two distinct points of a sphere can be thrown 
into any two distinct points of the sphere by a continuous transformation 
of the sphere into itself, it follows that the cyclic chain X is homeomorphic 
with a subset of the cactoid M. 

Now it is easily seen that there exists a sequence Qi, Qo, Q3,° °° of dis- 


oOo 
tinct cyclic elements of G such that every point of G is a limit point of } Q,. 
i=1 


Now for every m and n (mn) G contains a unique simple cyclic chain 
between Ym and Qn. If i, ni, and mj are positive integers, let C; denote 
the simpie cyclic chain of G between Qn, and Qm,. Let ny 1 and let m, = 2. 
For 7 greater than 1 the integers nj and m; will be defined by induction as 
follows: Having defined integers 1, n2,- - -,mi and m1, m2,° + -,m; (121) 
i 
let Nis: be the smallest integer & such that Qs does not belong to } Cj. Let 
j=l 
Mis be the integer & such that Q; is the first element of the chain from 
i 
Qnia to Qn, which belongs to the set }Cj. Clearly every point of @ not 
j=1 
an end point belongs, for some 7, to the chain C;. It has been shown that 
every simple cyclic chain of G is homeomorphic with a subset of some cactoid. 
It can be shown that there exist cactoids D,, D2, D3,- ++, and corre- 
spondences 7, 72, 73,° * * such that (1) 7; is a continuous one to one corre- 
i 
spondence between > C; and a subset of Di, (2) if P is a point of C; then 


j=1 

mi (P)= tin (P)= wisn (P)=- ++, (3) the cactoid Dj is a subset of Dis, 
(4) for every i and & (t<k) the components of Dy, — Dj; can be ordered 
H,, H2,- + +, H» so that if Pj (7S) denotes the limit point of Hj; which 
belongs to Di, and K; denotes the sum of the sets H,, Ho,- - -, Hj, which 
do not contain P;, then the diameter of H; is less than the smaller of the 
numbers 1/4¢ and d(P;, K;)/4‘, and (5) if << j<k, H is a component 
of Dy — Dj, and P is the limit point of H which belongs to Dj, then if P is 
not in D; the diameter of H is less than d(P, D;) /4*. 

Let D denote > Di. From property 4 above it follows that the con- 


i=1 
tinuum D is a continuous curve. If T is a point which belongs to D; and 


is a limit point of Di,, — Di, then for every k (k >1) let gm denote any 
component of D; — D; with T as limit point. Then (see properties 4 and 5) 
the set gre + grus1 + gras) +*:- has no limit point in Dj; except T. 
Moreover, if 7, and J, are distinct points which belong to D; and are limit 
points of D. — Di (& > 7%) then no point is a limit point of both the sets 
Gri + Gry cusry + Otryaer2) °° and grax + Yrakey + Irra2) +°**- It fol- 
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lows that every simple closed curve belonging to D belongs, for some i, to some 
topologicai sphere of the cactoid Dj. Obviously no point lies within any 
sphere of D. Thus D is a cactoid. 

Let P be a point of G not belonging, for any 1, to Ci, and let Pi, Po, 
P;,- + + denote a sequence of points converging to P such that, for each 1, 


i 
P; belongs to } Cj. Obviously for every 1 the points of a subsequence V 
j=l ; 
of P,, P2, Ps, - -, where V contains all but a finite number of points of the 
i 
original sequence, belong to a single component of G—}>C;. Then the 
j=1 
sequence m(P;), m2(P2), 73(P3),° - - converges to a point P’. Moreover 
P’ is uniquely determined by the point P. If P is a point of C; then let P’ 
be wi(P). Thus for every point P of G there has been defined a point P’ 
belonging to D. The correspondence z which is such that r(P)— FP’ is a 
continuous one to one correspondence between G and a subset of the cactoid 
D. Thus theorem 3 is established. 


CorotLary. Jf G is any upper semi-continuous and metric collection of 
continua filling a plane, then G is homeomorph:c with a subset of some cactoid. 


THEOREM 4. If G is an upper semi-continuous and metric collection of 
continua filling a plane S, and is such that (1) no element of G which is a 
bounded continuum in 8 separates S, and (2) every maximal domain D of 
bounded elements of G has at least two elements of G on its boundary, then 


G is homeomorph:c with a subset of the plane. 


Proof. From theorem 1 it follows that the hyperspace G is a continuous 
curve each of whose cyclic elements is homeomorphic with a subset of a sphere. 
But in view of the hypotheses of the present theorem, and theorem 3 of C. C., 
it is clear that no cyclic element of the hyperspace G is a sphere. Thus 
each cyclic element of G is homeomorphic with a subset of a plane. Now no 
element g of G which is a bounded continuum in 8 separates S. Then g 
does not separate G. Hence if M is a cyclic element of G, those elements 
of M which are limit elements of G-—— M must be unbounded continua in 8 
But a correspondence z throwing M into a set as described in theorem 4 
of C. C. throws every unbounded element of G into a point which is arewise 
accessible from the complement of z(M). Thus theorem 4 can be proved by 
a modification of the proof of theorem 3. 


THE UNIVERSITY OF PENNSYLVANIA. 











THE CYCLIC AND HIGHER CONNECTIVITY OF LOCALLY 
CONNECTED SPACES. 


By G. T. WHyYBURN. 





1. Introduction. In this paper we shall consider connected and locally 
connected, separable metric spaces which we shall denote by the letter MZ. By 
a region in such a space is meant any connected open set of points. The point 
set M —R will be called the exterior of the region R. A region will be said 
to join two point sets A and B provided that A-R~0AB-R. Two regions 
FR and S are said to be strongly separated provided that k-S—=0. The point 
p is a cut point of a space M provided J/ — p is not connected. <A point z is 
called an end point of . provided there exists a monotonic decreasing sequence 
[U;] of neighborhoods of x, such that the boundary of U; is a single point 





and such that a —[] U;. A subset N of M is called a nodule of M if N is 
1 


a connected subset of Jf which contains more than one point, has no cut point 
and is saturated in M with respect to these properties. The cut points, end- 
points, and nodules of a space M are called the nodular elements of M.* 

If R& is a region, F(R) will denote the boundary of R, i. e., the set of 
points R—R. For each point p and each positive number r, S,(p) and 
V;(p) will denote respectively the set of all points whose distances from p 
are equal to and less than r; U,(p) will denote the component of V,(p) 
which contains p. 

This paper is devoted to the study of what might be termed, broadly 
speaking, the connectivity properties of spaces V and their relation to similar 
known properties of continuous curves, i. e., spaces M which are locally com- 
pact. The results found effect, in many cases, real generalizations of the 
known connectivity properties of continuous curves to the more general spaces 
M. Before proceeding with the theorems, however, we give in the next section 
an example which illustrates the complexity which may arise even in a greatly 


restricted space M. 





* For a discussion of the structure of spaces M with respect to their nodular 
elements, see the author’s paper in the Transactions of the American Mathematical 
Society, Vol. 32 (1930), pp. 926-943. 
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2. Example. There exists a space M which has no cut point, is both an 
absolute Gs* and an absolute /’o*, and yet is not cyclicly connected.* 

Let a and 0b respectively denote the points (1,0) and (—1,0), and let 
ab denote the interval (—1,1). For each positive integer n let Cn denote 


co 
the semi-circle y = [(1—1/n)*—a*]%. Let Mt =ab + ~ Cn. Then clearly 


$9 has all the desired properties and yet a and 6b lie eee on no simple 


closed curve in Mt. 

Thus it is seen that although the property of arcwise connectivity of 
continuous curves extends ¢ also to spaces M which are absolute (ss, the 
cyclic connectivity property of continuous curves without cut points does not 
extend to absolute Gs spaces M without cut points, even though J/ is at the 
same time an absolute Fo. 

It is interesting to note that even in this example {i there does exist 
two mutually exclusive regions & and S such that R-S=a+b. 


3. The quasi-divisibility of spaces M. 

(3.1). THroremM. If pis any non-cut point of M, there exists a mono- 
tone decreasing: sequence Ri, R2, R3,-- + of regions such that p—I1R, 
Lem d[p + F(Ri) |] =0 and for each 1 the exterior Gi of Ri is come 
and F(G,) = F(R;). 


Proof. Let q be any point of M—p. For each r < p(p,q), let G-(q) 
be the component of M—U(p) containing q, let X,—=F[G-(q)], and let 
R,(p) be the component of J — X, containing p. Then clearly we have 


(i) X, = F[G+(q)] = F(R (p)] C FLU (p)] C Sr(p). 
Now if r; < r2 < p(p, 7), we have 

(i1) Gr.(q) + Xr, ia Gro(q) Cc Gr,(q)> 

and therefore 

(iii) Rr, (p) C Rr.(p), 


for R,,(p) - Xr, = 9 by (ii). 





* A G, set is one which is the product of some family of open sets. An F,, set is 
one which is the sum of a countable number of closed sets. A G; or F, set is called 
absolute provided it is a G; or F, in every metric space in which it is topologically 
contained. A space M is said be be cyclicly connected if every two points of M lie 
together on a simple closed curve of M. 

7 See R. L. Moore, Bulletin of the American Mathematical Society, abstract, Vol. 
33 (1927), p. 141; also K. Menger, Monatshefte fiir Mathematik und Physik, Vol. 36 
(1930), p. 210. 
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Now for all save a countable number of r’s, we have R,-(p) +X, 
+ G,(q) =M. For let / be the set of all numbers e < p(p,q) such that a 
component D. of M—X- other than R-(p) and Ge(q) exists. Then for 
€, < é, it follows by (ii) and (iii) since F[De,] C Xe, that De, C Ge,(q) and 
therefore that D-,: De, =0. Hence # must be countable, for the sets De are 
open. Thus there exists a sequence of numbers 7, 12, 3," * * ; converging monc- 
tonically to zero such that for each i, M = R,,(p) + Xr, + Gr,(q). Now if 
a is any point of M — p, there exists a connected set I containing q + x such 
that J: p=0, for p is not a cut point of M. Hence there exists an integer ¢ 


such that g-+aCICG,,. Therefore p= II R,,(p). Thus if for each i, 
. 1 
we set Ri = R,,(p), Gi = Gr, (q), the sets [Ri] and [Gi] have all the neces- 
sary properties for the theorem. Lim 8[ p+ F(R;)] =0, because 
p+ F(R) —p+Xr,C Va(p) and a[V-,(p)] <2ri. 
Corotuary (3.1a). If H is the sum of a finite number of connected 
sets and H - p=0, then there exists an integer i such that H C Gi and hence 
H-R,=0. 
CorotuaRy (3.1b). The regions R, = R,,(p), Ro=Rr.(p),* + +, may 


| 


be chosen so that for every n, | t—1/n|<1/n*; or more generally, if 
Q1, M2,* * * is any sequence of numbers < p(p,q) which converges mono- 


tonically to zero, then, so that for each n, | tn—Gn| < 1/n?. 


CoroLtitary (3.1c). If M <s locally compact, then each non-cut point 
of M is contained in arbitrarily small regions whose extertors (also whose 
complements) are connected.* 


Note. Corollary (3.1a) yields a very simple proof for the theorem + 

that the set G of all non-cut points of a space M is a Gs set (or that the set 
co 

F of all cut points is an Fo set). For let } p; be a countable set of points 
1 


dense in M. For each n > 0, let Gn be the set of all points x of WM such that 
x lies in some region FR whose exterior is connected and contains every point 





* For theorems closely related to this corollary, see H. M.»Gehman, Proceedings of 
the National Academy of Sciences, Vol. 14 (1928), pp. 431-433, and W. L. Ayres, 
Monatshefte fiir Mathematik und Physik, Vol. 36 (1929), pp. 139-140. Indeed, the 
two theorems in this section of the present paper may be regarded as generalizations 
of the theorems of Gehman—Ayres to be found in these references. 

t See G. T. Whyburn, loc. cit., result (1.3). For the case of compact spaces M, 
see Zarankiewicz, Fundamenta Mathematicae, Vol. 9, p. 163. For a simple proof of 
Zarankiewicz’s theorem, see W. L. Ayres, Fundamenta Mathematicae, Vol. 16. 
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except possibly one of » pi. Then clearly Gn is open, and it follows at once 
1 


co 
from Corollary (3.1a) that G =] Gn. 
1 


(3.2) THrorEM. If p is any point of a space M, there exists a mono- 

oo a 

tone decreasing sequence R,, R2,--- of regions such that p=] Ri, 
1 

Lim 8[p + F(Ri)] =0 and for each 1 the exterior Gi of Ri is the sum of a 

1-00 

finite number, ni, of connected sets and F(Gi) = F(R). Furthermore nj 

does not exceed either i or the number of the components of M — p, and no 

two of these ni sets lie together in the same component of M — p. 

Proof. Let M,, Mz, Mz,- - - be the components of M— p.- For each n 
the set M, + p is connected and locally connected and has p for a non-cut 
point. By virtue of (3.1) and its proof it follows that there exists a sequence 
of number d,, d2,- - - converging monotonically to zero and for each n there 
exists a sequence of regions (relative to Mn+ p) R,", R2",- - - such that 

a 
p =|] &." and for each i the exterior, Gi", in Mn+ p of Ri” is connected 

i=1 
and the boundary Xz, of Ri" and Gi” is a subset of Sz, (p). Now set 
R,—=M—G,}, R.=—M— (G.1+ G.2),---, Pn= u—> Gnt,- ++, it 


being understood that if there are only a finite number, k, of components of 


M — p, then for all ws > k, and all ¢s, M, = R,* = G;* = Xa," —0. Then 
for each n, F(R,) = >» Xa,‘ C Sa,(p) and M— Rn = Gn = > Gn‘; and it 
follows at once that the sets R,, Re,- + - satisfy all the se conditions 


in the theorem. 


CoROLLARY (3.2). If p is any point of a space M and H is a closed 
subset of M— p which is the sum of a finite number of connected sets, then 
there exists a region R containing p whose exterior contains H and is the sum 
of a finite number of connected sets. 


4, Locally divisible spaces M. 


Definition. A space M will be said to be locally divisible in the point p 
provided that p is contained in arbitrarily small regions whose exteriors are 
connected or are the sum of a finite number of connected sets according as 
p is a non-cut point or a cut point of M; a space which is locally divisible in 
each of its points will be said to be locally divisible.t 





7 It should be noted that this notion is a localization of a stronger property than 
that of dwisibility as introduced by W. A. Wilson. See Wilson, Bulletin of the 
American Mathematical Society, Vol. 36 (1930), p. 85. 
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Examples are easily constructed of spaces M which are not locally 
divisible—-indeed which are not locally divisible in any one of their points. 


(4.1) THErorEM. In order that M be locally dwisible in p wt is neces- 
sary and sufficient that p be contained in arbitrarily small regions whose 
complements are connected or are the sum of a finite number of connected sets. 


(4.2) THEorEM. Any space M may be transformed by a biunivalued 
and continuous transformation into a connected, locally connected, separable 


metric space M* which 1s locally divisible. 


Proof. Let @ denote the collection of all regions in M whose exteriors 
and whose complements are the sum of a finite number of connected sets. 
Let M* denote the space whose points are exactly the points of M but in 
which limit point is defined by means of the system of neighborhoods G, i. e., 
the point p* of M* is a limit point of the point set N* in M* if and only if 
every region of the collection G which contains p* contains at least one point 
of N* distinct from p*. Now since every set H* in M* which is open in M* 
is also an open set / in M, it follows that M* may be regarded as the image 
of M under a biunivalued and continuous transformation 7. It remains to 
show that M* is connected, locally connected, separable, metric, and locally 
divisible. Now M* is connected, locally connected and separable because it 
is the image under 7’ of M, and M has these properties. To show that M* 
is metric we need only prove that it is regular and perfectly separable. It is 
regular, because if p* is any point of M/* and U* is any neighborhood of p*, 
there exists a region H* of G containing p* and lying in U*. Since M—E 
is the sum of a finite number of connected sets, there exists, by corollary (3. 2), 
a region V of G containing p whose exterior contains M—L#. Therefore, 
V CE; whence V* C E*, which proves M* regular. To show that M* is 
perfectly separable, let pi, po, ps,° °° pn’ °° be a countable sequence of 
points dense in M. Arrange the positive rational number into a sequence 
11, T2) 35° °° T° + +. For each n and each i, arrange all possible point sets 
Q such that Q is the sum of a finite number of the components of M — V+, (pn) 
into a sequence Q,(t,), Qo(14,”),° - +, Qi(t4,n),°- +. For each j, 1, and n 
and for each point 2 of U;,(pn), there exists, by corollary (3.2), a region G, 
of the collection G containing x but containing no point of Q;(i,n). By the 


oo 
Lindelof theorem there exists a countable collection [Gx(j, 7, n) ] of the 
k=1 


regions Gz whose sum covers U;,(n). Let H denote the collection of regions 
[Gx(j, 1%, n)], for all n’s, 7s, 7’s and k’s. Then £ is countable and is equiva- 
lent to the system G. For let p be any point and let R, be any region of G 
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containing p. There exists an i such that Var,(p) C Ry. There exists an n 
such that pn C U,,(p) and hence such that 


Ur,(p) © Usr,(pn) © Vare(Pn) © Vary(p) © Ro. 


Then since 1 — R, is the sum of a finite number of connected sets, there 
exists a 7 such that Q;(v’,n)  M— Ry, where 7’ is an integer such that 
rj’ =2r;. There exists a k so that Gi(j,v,) contains p but contains no 
point of Q;(v’,n) and hence no point of M—R,. Thus we have 


pC Gi(j, 0,2) C Ry, 


which proves # equivalent to G, inasmuch as F is a subcollection of G. 
Therefore M* is a perfectly separable, regular, Hausdorff space and is then 
metrisable by the theorem of Alexandroff—Urysohn—Tychonoff.t We suppose 
a distance function defined in M*. Clearly IM is locally divisible, because for 
each ¢ the set V*,.(p*) = V* is open in M* for each point p* in M*; and 
thus there exists a region Ry of the collection G which contains p and lies in V. 
Hence p* C R*, C V*,.(p*). Whence 8(R*,) < 2e, and M* — R*, is the sum 
of a finite number of connected sets. 


5. Local end points. 


Definition. A point p which is an end point of at least one region in M 
is called a local end point of M. It is obvious that if MW is compact, its local 
end points are identical with its end points. For general M-spaces, however, 
this is not true. For example, the points a and b of the space Yt described 
in § 3 are local end points but not end points of Mt. 


(5.1) Lemna. If in a space M having no cut point, A, B, and Bz are 
mutually exclusive closed sets such that A is non-degenerate, and there exist 
regions G, and G. joining A and B,, and A and Bz respectively such that 
G,- B. = G.- B, =0, then there exist two strongly separated regions Ra and 
Reg joining A and B,, and A and Bz respectively, such that Ra: B,=Rg- B,=0. 





Proof. Let 8, denote the set of all points z of M such that strongly 
separated regions R, and FR, exist joining A and B,, and z and B, respectively, 
such that Ra: B. = R,: B,—0; similarly let S. be the set of all points 2 
of M such that strongly separated regions f, and Fz exist joining A and Bz, 
and x and B, respectively, and such that Ra: B, = R,-B,=—0. It follows 
at once from our hypothesis that the sets S, and S. are non-vacuous and 
contain B, and By respectively, and that their sum S is an open set. We 








7 See articles by these authors in Mathematische Annalen, Vols. 92-95. 
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shall show that S = M. If this is not so, then there exists at least one point 
y of M—S which is a limit point of S. Since y is not a cut point of M, 
since A contains more than one point, and y does not belong to B, + Bz, it 
follows that there exist strongly separated regions R* and G such that k* 
joins A and B, + B, and G@ contains y but G- (B, +B.) =0. The region 
G contains at least one point x of S, and thus there exist strongly separated 
regions R, and R, such that either R, joins A and B, but contains no point 
of B, and R,z joins # and B, and contains no point of B,, or Ra joins A and 
B., R, joins z and B,, and Ry: B; = R,: B,=—0. The two cases are entirely 
alike, so we shall suppose the former. Let R, and R2, respectively, denote 
components of Ra— Ra: G and R,—R,- G containing points of B, and Bz 
respectively. Then since y does not belong to S, it follows at once that 
R,: G fe 0 3% R, -G. Let K = R, os R, + B, + B:, and let R denote a com- 
ponent of R* — R*-K which contains at least one point of A. Then K 
contains at least one limit point pof R. Hither pC R, + B, or pC R + Bo. 
Here again the two cases are alike, so we shall treat only, the former. Let q 
denote a point of R2- G, and let Up and Uq be strongly separated regions, 
containing p and q respectively, such that Up: (R2+B.+G)—=0 and 
Ua: (R, + By+ R) =0(. Clearly R-+ U,-+ R, contains a region W joining 
A and B,, and Rk, + U,+ G is a region, say Q, joining y and B, and we have 
W:-Q=0, W:-B,.=Q-B,=0. Now obviously W contains a region V join- 
ing A and B, and such that VC W. But then Q and V are strongly separated 
and join A and B,, and y and Bz, respectively, and V:B,—Q- B, =), 
contrary to the fact that y does not belong to 8S. Thus the supposition that 
S = M leads to a contradiction. Accordingly, S contains a point s of A, and 
thus there exist two strongly separated regions Ra = Rg and R, = Rg joining 
A and B,, and A and B,, respectively, such that Ra: B, = Rg: By = 0. 


CoroLtLary (5.1a). If the space M asin the Lemma is imbedded in a 
space Mo, also an M-space, and if B,° and B.° are subsets of My such that 
B,°-M =B, and B.°-M =B, and « is any positive number, then there exist 
strongly separated regions R, and Rz in My joining A and B,, and A and Ba, 
respectively, such that R,- B.° = R.- B,° =0 and every point of R, + Rz ts 
at a distance < « from some point of M. 


Corottary (5.1b). If H and K are non-degenerate mutually exclusive 
subsets of a space M which has no cut point, then there exist two strongly 
separated regions in M joining H and K. 

(5.2). THEorEM. If the point p is not a local end point of a space M, 

13 
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then there exist two regions R, and R, such that R,-R,—p and the sets 
R,+ pand R. + pare connected and locally connected. 


Proof. We may suppose p is neither a cut point nor a local separating 
point of M, for in these cases the theorem is obvious. Hence there exists a 
nodule N of M containing p. Let a and 6 be any two points of NV — p and 
let U, denote the component containing p of N- V.,(p), where « <1 and 
also e, < p(p,a+ 6). Likewise, we may suppose p is neither a cut point nor 
an end point of U,, for it is seen at once that if a point p is a local end point 
of some nodule of a given space M, then p is a local end point of the whole 
space. Hence there exists a nodule N, of U; which contains p. Since N has 
no cut point, then by virtue of the preceding lemma and its corollaries there 
exist two strongly separated regions S*, and S*, in M joining a and N,, and 
b and N;, respectively. Let Sa and S>, respectively, denote the components 
of S*,—N,-S8*, and S*,—N,-S*, which contain a and } respectively. 
Now in case S,- N, and 8, - N;, or either is non-vacuous, then let A, and By 
respectively denote single points of these sets. All cases which may arise 
here, however, are only simpler than that in which these two sets are vacuous; 
hence we shall suppose that Sa--N, = S,-N,—=0. Then let a; and b, respec- 
tively denote points of Sa: N, and 8,- 1; and let Ga, and Gy, denote strongly 
separated regions in M of diameter < 1/2 containing a, and 0, respectively 
and such that Gz,- (Sx + p) = G,: (Sa-+ p) =0. Let U- be a region con- 
taining p and of diameter < 1/2 such that U2- (Sa + Sv + Ge, + Go,) =0, 
and let N2 be the (necessarily non-degenerate) nodule of U2 which contains p. 
Now let N*, be the nodule of the set N; + Go, + %, which contains N, and 
let A, = S,: N*, and B, — 8: N*;. Let A,° = Sa, B,° = S». Then A, and 
B, are mutually exclusive closed subsets of N*, and they contain a; and }, 
respectively but contain no points of N.. Also A, does not separate NV. and 
B, in N*, nor does B, separate N. and A, in N*,; for there exists a point x 
of NV, in G, which can be joined to Nz by a region R in N, having no limit 
points in A;, and hence FR + G,- N*, is a connected set in N*, joining N2 
and B, and having no limit points in A,, and similarly for the sets NV» and -A,. 
Hence by the lemma and corollary (5. 2b), there exist in M two strongly 
separated regions S*,, and 8*;, joining N» and A;, and N» and B,, respec- 
tively, and such that B,°- S*,, = A,°: S*,, = 0, and such that every point of 
these two regions is at a distance < 1/2 from some point of N*,, and hence 
so that S*z,- Sy = S* Sa=0. Let Sa, and S,, respectively, denote com- 
ponents of S*z,— N2- Sa, and S*,, — Nz: S*),, containing points of A, and B, 
respectively. Again we shall suppose, without - loss of generality, that 
Sa. N, = So, N,2=0. Let a, and bz be points of 8 4’ N 2 and Sp,° Ne respec- 
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tively, and let Ga, and G», be strongly separated regions in M containing a2 
and b. respectively, each of diameter < 1/3, and such that 


Gag" (So + 8 + p) = Go," (Sa + 8a, + P) = 0. 
Let U; be a region of diameter < 1/3 containing p and such that 
T° (8a + 8a + So + 8x, + Gag + Gr.) = 0, 


and let NV; be the nodule of U; which contains p. Then just as above it follows 
that there exist in M two strongly separated regions S*,, and S*», joining Sa, 
and N;, and Sp, and N3, respectively, and such that 


S*o,° (So + Sr,) = S*0,° (Sa + Sa) = 0, 


and every point of S*,,-+ S*,, is at a distance < 1/3 from some point of 
N*., where N*, is the nodule of the set VN; + Ga, + Gs, containing N2. Let 
Sa, and S,, be components,: - -, and soon. Continue this process indefinitely. 





co co 
Let R, = Sa + S Sa, and R, == Ss + ¥ So,. Then R, and Rz have the desired 
1 1 


co 
properties for the theorem. For, every point of > (Sa, + S»,) is at a distance 
n 


< 3/n from p and hence it follows that R,-R,—=p and that R, + p and 
R, + p are locally connected. 


Corotiary (5.2). In order that the point p of a space M should be a 
local end point of M, any one of the following conditions is necessary and 
sufficient : 

1) that there should not exist two regions R, and Rz such that Ry: R' 
=pand k,+ pand R.+ pare locally connected. 

2) that there should not exist two mutually exclusive simply infinite 
chains + of regions each converging to p. 

3) that p should not be a cut point of any connected and locally connected 
subset of M. 


6. <A Characterization of end points. 

Definition. If a and p are points of a space M, the subset C’ of M will 
be called a simply infinite chain of regions from a converging to p provided 
that C is the sum of a sequence of regions Ri, R2,---, where R, a, 
C-p=0, for i,j >1, Ri: R; AO if and only if | j; —+| <1, and 


oO 
Lim 8[p+ > Ri] —0. 
nm—->0O n 





; For a definition of this term, see § 6 below. 
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(6.1). Lemma. Jf p is.any point of a space M and a is any point of 
M — p, there exists a simply infinite chain of regions from a converging to p. 


Proof. Let N, denote the component of M—p containing a. Let 
d, = 1/2 p(p,a), and let x, be a, point of the set Ua,(p)-Ni. Since p isa 
non-cut point of N, + p, there exists a region FR, such that a+ 2, C Ri CN, 
and, p- R,=0. Let d,=1/2 p(p; R), and let a2 be a point of Ua,(p): No, 
where N, is the component of Ua,(p) - Ni containing 2. Likewise there exists 
a region R, such that 2, + 2. C R,C N. and p: R, =0. Let ds = 1/2 p(p, R2) 
and let x3 be a point of Ua,(p)- Nz, where Nz is the component of Ua,(p) 
containing z2,. There exists a region FR; such that x,+a,; CR; CN; and 
p: Rs = 0, and so on. Continuing this process indefinitely, it is clear that 
the set C—=R, + Rk, +: - - is the desired chain of regions from a converging 


lo. @) 
top. For, 8(p +> fi) =8(p+ Nn) = 8[VUa,(p) ] = 2dr S a,/2"1, and if 
j—t>1, Nj R; but NV; C Ua,,(p), therefore N;- Ri =0. 


(6.2) THroremM. If the point p of the space M is not an end point of 
M, then there exist two regions R, and R, such that R,- R. =p: 


Proof. If pis not a local end point, the theorem is obvious in view of 
proposition (5.2). Thus we may suppose p is a local end point but is neither 
an end point nor a cut point of J/. Hence there exists a nodule N of M 
containing p, and p is a local end point of N. We now consider N as the space. 

First we treat the case where JN is locally divisible in p. There exists an 
« > 0 such that p is an end point of the component U, of V.() containing p. 
There exists a region U such that p is an end point of U and the exterior 
and complement of U are connected and UC U,. There exists a region Rh, 
which is a subset of U and is the sum of a simply infinite chain of regions 
C;, C2,* + + converging to p, so that R, + p is locally connected at p, and also 
so that R, CU. For each 1, let 2; be a point of Ci: Ci,, and let Bj = » C;. 
There exists a monotone decreasing sequence G,, G2,° + - of regions, pe ore 

ice 
of Uo, such that p=—J[[Gi- Uo, and for each i, F(Gi) -U, = pi, a single 
point. There exists ites such that Gn, + pn, does not contain 2,. Since 
F(Gn,)-F(Uo) is necessarily 0, for p,, cannot cut N, it follows that 
Gn,-F(U) ~0. Let y; be a point of Gi,-F(U). There exists an no > ny 
such that Gn, + pn, does not contain y; or a2. Let Ey = N—U, let K, be 
the component of Gn,— Gn,-S:(B:) containing yi, where we suppose our 
unit 1 so chosen that p(y, Bi) > 1; and let Hi, =F, + K,. Just as above 
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it follows that G»,-F(U) > some point y2 There exists an nz > m2 such 
that Gn, -+ pn, does not contain y2 or z;. Let Kz be the component of 
Gue— Gua’ S1;2(Be) containing y, and let H,—H,-+ K.2. Let y; be a point 
of om -F(U). There exists an n, > nz such that Gn, does not contain ys; or 24. 
Let K; be the component of Gn, — Gn, ° S1,3(Bs) containing y; and let 
EF, = EF, + Ks, and so on. Continue this process indefinitely. Then since for 
each 1, Pn, © Bis: (for pa, separates x; and p in Up), it follows that for each 
1, Ki > Gui = 9; and hence K;: K; = 0 for 1 J, and also Ki+ Sy i(Bi) =f 0). 
Hence if R, = SE, =H,+ S Ki, it is seen at once that R. is a region 
1 1 


(since Hy is connected) and that | p but R,- Ry; =0. It remains to show 
that R,- R, =p. Now for each i, F(Z) - R; =0 and hence R, - DS F(E,)=0. 
1 
Now 
fo.) OD on 
F(R.) CS F(Hi) +I1Gn, for £i— Hi. C Ki C Gn, 
1 1 
Hence 


a ee co oi .. ae 
hk, F(R2) CR, D F(B:i) + Bi TL Gn, CO + UI Gn, =p, 
a | 1 1 


and therefore R,-R.—= p, for Ry: R,=0. 

Now in case N is not locally divisible in p, then by Theorem (4. 2), 
there exists a biunivalued and continuous transformation T of N into a set 
N* which is locally divisible in p*—(T(p), and furthermore such that 
every region in V* whose complement and exterior are connected is the image 
of a region in N. Now by virtue of the case treated above, there exist two 
regions R*, and R*, in N* such that R*, - R*, = p*, for clearly p* is not 
an end point of N*. These regions may be chosen so that their complements 
and exteriors are connected. Set Rk, = 7 1(hk*,), Rpg =T1(R*.). Then Ry 
and R, are regions in NV and indeed R,-R.= p. For obviously R,- R2C p, 
since 7 is biunivalued and continuous; and then if R, . R, ~ p, it must be 
true that for either R, or R2, say R;, Ry: p = 07; and hence by corollary (3. 1a) 
there exists a region U in N containing p but such that U- R, =0 and such 
that U* —T(U) is a region in N*. Clearly this is impossible, for then 
U*- R*, =0, contrary to the fact that p* is a limit point of R*,. Therefore 
R,- Rz =p, and our theorem is proved. 


CoroLLaRy (6.2a). In case M is locally dwwisible in the non-end point 
p, one of the sets R, and Re, say R,, may be chosen so that R, + p is locally 
connected. 


caps reece meen i 


pig OR 
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CoroLuaRy (6.2b). In order that the point p of a space M be an end 
point of M, either of the following conditions is necesary and sufficient : 


1). that there should not exist two regions R, and Rz such that BB p. 
2). that p should not be a cut point of any connected subset of M. 


%. Generalized three-point theorem. The theorem of Ayres + that any 
three points 7, Po, ps, * * of a cyclicly connected continuous curve C taken 
in any order pi, pj, px lie on an are pipjpx in C will be called the three-point 
theorem. We now prove an analogus theorem for spaces M. 


(7.1). TuHEroremM. If pis not a local end point of a set M having no 
cut point, then if a and b are any two distinct points of M — p, there exist 
regions Ra and Ry containing a and b respectively, and such that Ra: Ry = p 
and Ra + pand Ry + pare locally connected. 


Proof. In case p is not a local separating point of M, this theorem has 
been proved in the proof of Theorem (5.2). Hence we may suppose p is a 
local separating point of M. Thus there exists a region K containing p but 
neither a nor b and two points c and d which belong to different components 
K, and Ka, respectively, of K — p. There exists a region L such that L C K 
and such that the points a, b, c, and d all lie together in a single component 
C* of M—L. Now there exist components L, and La of L— p which are 
subsets respectively of K, and Kg. By virtue of (5.1) there exist two strongly 
separated regions Qa and Q» joining a and L-+ Ja, and b and Le + La 
respectively. Let W=JL.+ La+ p and let Na, Ny and C denote the com- 
ponents of Qa — Qa: W, Qo — Qn: W and M — W respectively which contain 
a, b, and C*, respectively. Now W contains at least one limit point of each 
of the sets Na and Ny. And if for one of these sets, say Na, p is the only limit 
point of Na in W, then set Ra Na and define FR, as follows: either Le or 
La, say L-, contains a point q ~ p which is a limit point of Ny; let Ug be a 
region containing q and such that U,- Na = 0; then set Ry = N, + Uz + Le. 
In this case clearly the sets R, and R, thus defined have the desired properties 
for the theorem. If this is not the case, then W contains points x and y, 
distinct from p, which are limit points of Na and N>» respectively. Now if 
there is any choice of the points x and y such that x belongs to one of the 
sets L, and La and y to the other one, say « C L, and yO La, then we define 
the sets Ra and Rp as follows: let Uz and Uy be strongly separated regions 
containing z and y respectively and such that 


Ua: (No + La) = Uy: (Na+ Le) =0. 








t See Bulletin de ’ Academie Polonaise des Sciences et des Lettres, 1928, pp. 127-142. 











LOCALLY CONNECTED SPACES. 439 


Then NV, -+ Uz and N,-+ Uy are mutually exclusive regions joining a and 2, 
and b and y, respectively; clearly these regions contain strongly separated 
regions HZ, and Ey joining a and 2, and 6 and y, respectively. Then if 
Ra=FEat+Le and Rx, = F,+ La, the sets Ra and Ry have the desired 
properties. 

Now if no such choice of z and y is possible, then both z and y belong 
to one of the sets LZ, and La, say Le, and no point of = pis a limit point 
of Na + Nv. Now since d C C%, it follows that at least one point z of La— p 
: a limit point of C. Let Uz be a region containing z and such that 

2° (Na - M — L.) =0. Let f be a point of Uz- C and let C+ be the com- 
ete of C—C:-(Na+ Mo) containing f. Either Na-C or My: C, say 
N.- C, (since the two cases obviously are alike) contains a point g ~ p which 
is a limit point of C;. Let Uy be a region containing g and such that 
U,-No +L.) =0. Then U, contains a point h of Cy, and C; contains a 
~ Vin joining f and h and such ,that Vj,C Cy and hence so that 

n° (N o>+ LI.) =0. Now let Uy be a region containing y and such that 


Uy: (Na+ Up, +Vn+ U2 + Ly) =0. 
Then Goa=NietU,+Vm+Uz-+ La and G—=—N,+ U,+ Le 


are mutually exclusive regions joining a and La, and b and L:, respectively, 
such that Ga: Le = Go: La =0. The regions Ga and G» contain regions Va 
and V», respectively, joining a and La, and b and Le, respectively, and such 
that VaC Ga and V»CG». Hence if Ra=Va+La and Ry =Vs+ Le, 
then Ra- Ry = p and fa +p and R,+ p are locally connected sets. Thus 
our theorem is established. 

It is clear that essentially the same argument may be applied to prove 
the following slightly more general theorem. 


(7.2). THEorEM. If pis a non-local end point of a space M having no 
cut point and which is imbedded in a space Mo, if A and B are mutually 
excluswe closed subsets of M such that A does not separate p and B and B 
does not separate p and A in M, and if Ao and By are subsets of My such 
that Ao: M =A and By: M =B, then there exist regions R, and Rz in My 
such that R,-A~0, R,- BAO, R,- Bo = RB, - Ay =0, R,: R. =p, and 
R,+ p and R,+ p are locally connected. 


8. GENERALIZED CycLic Connectivity THEorEM. If a and b are any 
two non-local end points of a space M which has no cut point, then there exist 
two regions R, and R, such that R,-R.=—a +b and R,+a+b and 
R, + a+b are locally connected sets. 
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Proof. Now if M— (a-+b) is not connected, the theorem is obvious, 
for in this case we may take R, and R2 as any two distinct components of 
M— (a+ b). Hence we may suppose that M— (a+ b) = (M—a) —b 
is connected. Now there exist two mutually exclusive regions G, and Gz such 
that Gg, . G. =a and G, ‘b= G. -b=0 and G,+ a and G, + a are locally 
connected. Since M—(a-+ )) is connected, it follows that there exists a 
region G; joining G, and G2 and such that G,° (a+b) =0. Since clearly 
a is neither a cut point nor an end point of the set G, + G.+ Gs +a, it 
therefore lies in a nodule N of G,+ G:+G;,;-+a, and N-b=0. Let 2 
and y be any two points of N. Then by (7.1) there exist two regions R, 
and Ry containing x and y respectively and such that R,- Ry =b and R, +b 
and R,-+ b are locally connected sets. Let S, and Sy respectively denote 
components of R,— Rk, - N and Ry— R,-N, respectively, such that 8,° 8, 
—b and 8, - NS 0 8, -N. Now it will be seen at once that all cases in 
which S,-N or Sy: N are non-vacuous are only simpler than that in which 
both of these sets are vacuous. Hence we may assume that s.* Na y' N=0. 
Let 2’ and 7’ be points of S.-W and S,-WN respectively, and let G, and Gy 
be strongly separated regions containing 2 and y’ respectively and such that 
G,° (Sy +a)= Gy: (So +a)=0. Let N* be the nodule of the set 
N+ G,+ G, which contains N, let A479 —=S2, Bo =S,, A=N*- A, and 
B=N*-B). Now A does not separate the sets B and a in N*, for 
G,:N* +N is a connected subset of N* which contains both a and the 
point y’ of B but contains no point of A. Similarly, B does not separate 
the sets A andain N*. Thus since A = A,: N* and B= B,- N*, it follows 
by Theorem (7.2) that there exist two regions 7’, and 7’, containing points 
of A and B respectively and such that Ty’ Ty=a, Te: Bo =Ty* Ao =), 
and T, +a and T,-+ a are locally connected sets. Then if Ri = Rez + Sz 
and R, —T,-+ Sy, it is seen at once that R,-R.~=a+b and ki +a+} 
and R.-+a-+ 0 are locally connected sets. This completes the proof of the 
theorem. 

The theorem just proved is a generalization of the theorem,+ which we 
call the cyclic connectivity theorem, that any locally compact space M/ which 
has no cut point is cyclicly connected. For clearly such a space M can have 
no local end point. Hence for any two points a and b, the regions #, and fh, 
exist as in our theorem. Then R,-+a-+ 0) and R.+a-+ ) contain arcs 





+See G. T. Whyburn, Proceedings of the National Academy of Sciences, Vol. 13 
(1927), pp. 31-38; and W. L. Ayres, American Journal of Mathematics, Vol. 51 (1929), 
p. 590. For a simple proof of this theorem, see the author’s paper, “On the Cyclic 
Connectivity Theorem ”, appearing in the Bulletin of the American Mathematical Society. 
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(ab), and (ab)2, respectively, from a to b; and obviously (ab), + (ab)> is 
a simple closed curve in M. 


CoroLuARy (8a). If the space M has no local separating point, then for 
each pair of points a and b of M, there exists an infinite sequence R,, R2, Rs,°+* 
of mutually exclusive regions such that for each 1, Ri +-a-+ b is connected 
and locally connected and for each 1 and j,iAj, Ri: Rj =a+. 


Proof. Clearly M can have neither cut points nor local end points. 
Hence by the theorem in this section there exist two mutually exclusive regions 
R, and S, such that R, . 5S, =a-+b and ki +a+5) and 8,+a+5) are 
locally connected. Now S, can have no local separating points, and therefore 
it follows that a and b are not local end points of Sit+a+ . Hence, by 
the theorem just established, there exist in S; two regions R, and S2 such 
that R.-S.=a+b and R.+a+5 and S.+a+b are locally connected. 
Similarly, S. can have no local separating point and there exist in S2 two 
regions #3 and S83 such that R,; ° Ss =a+band ks; +a+ 6) and 8;+a+) 
are locaily connected, and so on. Continuing this process indefinitely, 
obviously the sets R,, Rz, R3,- - - so obtained have all the desired properties. 


9. Higher connectivity of absolute Gs M-spaces. 


(9.1) THrorEM. If the space M has no cut point and is an absolute Gs 
set, then every two non-local end points a and b of M le on a simple closed 
curve in M. Thus every nodular Gs-space M which has no local end points is 
cyclicly connected. 


For by the theorem in § 8, there exist regions R, and R, in M such that 
R,-R,=a-+b and R, +a-+b and k,-+a-+ b are locally connected; and 
since each of the sets FR; + a+) and Rk. + a+ b is also a Gs space M, these 
sets contain+ arcs (ab), and (ab). respectively from a to b. Clearly 
(ab), + (ab). is a simple closed curve in M containing a + b. 

It should be noted that this theorem is also a generalization of the cyclic 
connectivity theorem. 


(9.2). THrorEM. If the Gs-space M has no local separa’ing points, then 
each pair of points a and b of M can be joined in M by a continuum T which 


is the sum of a set of e independent arcs from a to b, i. e., T = > axb, where 
OSa@S1 


arb is an arc in M from a to b and if x ~ y, axb-ayb =a-+ b. 


This theorem may be established with the aid of the results in the pre- 





¢ See the reference to Moore and Menger in § 2. 
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ceding sections by the same method as used in my paper, Continuous Curves 
Without Local Separating Points,+ to prove the same theorem for a compact 
space M. The argument required here differs only in some of the details 
which must be modified slightly on account of the greater generality of the 


space, but is essentially the same proof. 


10. Conclusion. Some unsolved problems. The proofs for a number of 
the propositions in the preceding sections are considerably complicated by our 
lack of knowledge of the existence of a property of spaces M analogus to the 
property of continuous curves C’ to the effect that each subcontinuum K of C 
is, for each « > 0, contained in a sub-continuous curve K* of C such that 
8(K*) < 8(K) +6. This suggests the following problem, a positive solution 
to which would make possible greatly simplified proofs for some of the 


propositions in the present paper. 


(10.1). Prostem. Jf K is any connected subset of a space M, then is 
it true that for each « > 0, K is contained in a closed, connected and locally 
connected subset K* of M such that 8(K*) < 8(K) + €? 


It seems likely that a space M without cut points may possess a certain 
higher connectivity between any two of its points, even though these points 
be local end points. In this connection a solution to the following problem 


would be of interest. 


(10.2). Proptem. Jf a and b are any two points of a space M having 
no cut point, then does there exist two mutually exclusive regions R, and Rez 
in M such that R, . RP, a+bd?t 

It may be noted here that it is not true that such regions R, and R, always 
exist so that R,- Rk, =a-+b. A simple modification of the space Mt in §3 
shows that this is not always possible. 

Finally, the author wishes’ to mention the desirability of a thorough 
investigation of the properties of the local end points of a space M and of the 
subsets of the set. H of all local end points of M. For example, can M be 
disconnected by the omission of E or of any closed subset of E? 


THE JOHNS HopkKINS UNIVERSITY. 





t See American Journal of Mathematics, Vol. 53 (1931), pp. 163-166. 

¢ Essentially this same problem was raised by the author in Transactions of the 
American Mathematical Society, Vol. 32 (1930), p. 943, problem (9.1). It is remarked 
that the results in the present paper greatly clarify the difficulties discussed in this 
reference. 























GENERALIZED GREEN’S MATRICES FOR COMPATIBLE SYSTEMS 
OF DIFFERENTIAL EQUATIONS.* 


By Witu1am T. Retp.+ 





1. Introduction. 'The existence and properties of the Green’s matrix 
for an incompatible system of linear differential equations of the first order 
has been treated by Bounitzky, Birkhoff and Langer, Bliss and others.{ In 
the systems considered by the above mentioned writers the coefficients of the 
system are supposed to be continuous functions of the independent variable. 
W. M. Whyburn § has demonstrated the existence of the Green’s matrix for 
a system of equations whose coefficients are only Lebesgue summable functions 
of the independent variable. 

For certain special types of compatible differential systems, where the 
differential equation is a single linear equation with continuous coefficients, 
the existence of generalized Green’s functions has been shown by Hilbert, 
Bounitzky, Westfall and others.{ Recently Elliott || has treated generalized 
Green’s functions for general compatible differential systems consisting of a 
single differential equation of the n-th order with continuous coefficients, 
together with boundary conditions involving the values of the solution and 
its first n — 1 derivatives at two points. 

It is the purpose of this paper to show that theorems corresponding to 
those obtained by Elliott are true for a system of n ordinary linear differential 
equations of the first order with Lebesgue summable coefficients, together with 
boundary conditions involving the values of the solution at two points. 

Vector and matrix notation is used throughout the paper. A capital 





* Presented to the American Mathematical Society, December 30, 1929. 

+ National Research Fellow in Mathematics. 

tE. Bounitzky, Journal de Mathématiques, (6), Vol. 5 (1909), p. 65; G. D. 
Birkhoff and R. E. Langer, Proceedings of the American Academy of Arts and Sciences, 
Vol. 58 (1923), p. 51; G. A. Bliss, Transactions of the American Mathematical Society, 
Vol. 28 (1926), p. 561. 

§ W. M. Whyburn, Annals of Mathematics, (2), Vol. 28 (1927), p. 291. 

| D. Hilbert, Géttinger Nachrichten, (1904), p. 213, and Grundziige einer allge- 
meinen Theorie der Integralgleichungen, Berlin, (1912), p. 44; E. Bounitzky, loc. cit.; 
W. Westfall, Dissertation, Gottingen, (1905), and Annals of Mathematics, (2), Vol. 
10 (1909), p. 177. 

|| W. W. Elliott, American Journal of Mathematics, Vol. 50 (1928), p. 243; also, 
American Journal of Mathematics, Vol. 51 (1929), p. 397. 
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letter will denote a square matrix with n rows and n columns whose element 
in the t-th row and j-th column is given by the same letter with the sub- 
script ij. EH is used to denote the unit matrix, that is, Hi; —=0 if ij, 
E;;=1, and 0 is the matrix each of whose elements is zero. It may be 
mentioned here that in this paper the idea of the zero matrix and the unit 
matrix is used only in connection with matrices whose elements are constants 
or continuous functions. If A and B are two square matrices, then the matrix 
product AB is the matrix C, where Cij =AiaBa;.* Similarly, all vectors are 
supposed to have n components and if 7 is a vector, then »; is the i-th com- 
ponent of 7. The product ‘Ay of a matrix A by the vector 7 is given by the 
vector b, where 6; = Aiana (i=1,2,---°,n). Similarly, the product 7A is 
given by the vector c, where cj = yaAai (1=1,2,'-°+,n). The conjugate 
imaginary of a complex quantity a is denoted by @, and the conjugate of the 
matrix A, which will be denoted by A, is the matrix each element of which 


is the conjugate imaginary of the corresponding element of A. A= | Aij | 
is used to denote the adjoint, or transpose, of A, i.e, Aij—=Aji (479 
=1,2,--°+,n). 

A solution of the vector differential equation 
(1) y¥ =A(x)y+9(2), 
where Ajj (z) (t,7=1,2,°--+,n) and gi(z) (t—1,2,: + +,n) are Lebesgue 


summable functions, real or complex, of the real variable 2 on the interval 
X:aS22), we define as an absolutely continuous vector y(x)= [ya(z) | 
which satisfies (1) on Xo. With the homogeneous vector equation 


(2) y =A(z)y 
we associate boundary conditions 
(3) My(a)+ Ny(b)=0, 


where M and WN are square matrices such that the matrix || M,N | { is of 
rank n. The differential equation adjoint to (2) is 


(4) ¢—=— 2A(z) 





* The repetition of a subscript in an expression will denote summation with re- 
spect to that subscript over the values from 1 to n. 

+ X, is used to denote ‘almost everywhere’ on X. The excepted null set is not 
constant and may vary. Throughout this paper primes are used to denote differentia- 
tion with, respect to an independent variable «. 

tIf M and N are two matrices of n rows and n columns, then || M; N || is used 
to denote the matrix U which has n rows and 2n columns and whose elements are 


defined as: Ui oj-4 = Ui U4, =i; (4, =1,2,...-,m). 
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and the adjoint boundary conditions are given by 
(5) z(a)P + 2(b)Q=0, 
where the matrix of coefficients of (5) is of rank n and MP—NQ=0.* 
A matrix G(x;t) is said to be a Green’s matrix for the system (2), 
(3) if for each value of ¢ ona<t< bd we have: 
(6) Each column of G(a;¢) as a function of z is a solution of (2) on 
axx<tandit<zSb, 
(7) G(¢+ ;t)— G(t—; t)—=E£, 
(8) MG(a;t)+ NG(b;t)=0. 
Whenever the system (2), (3) is incompatible there exists a unique Green’s 
matrix for the system which is given by 
(9)  @(a: t)—=(1/2)¥(#)[ | *—t| /(e—t)E + DA]Z(t), 
where Y(x) and Z(a) are matrix solutions + of (2) and (4) respectively such 
that Y(2)Z (4) = Z(x)¥(x)—E, D is the reciprocal of the matrix MY (a) 
+NY(b), and A=MY(a)—NY(b). We have 
(A) When the system (2), (3) is incompatible the unique solution of 


(1), (3), where g(x)= [ga(x)] is any summable vector, is given by } 


y= [- G(ast)g(t)de 


(B) The functions H;;(2;¢)—— G;i(t;x) defined by (9) are the ele- 
ments of the Green’s matrix for the adjoint system (4), (5) and 
(10) Each row of G(2;t) as a function of ¢ is a solution of (4) on 
aSt<zandz<itii=b, 
(11) G(z;x—)— G(az;24+)=—H, 
(12) G(z;a)P+ G(z;b)Q =0.§ 


A/e 


the system (2), (3) is compatible of index r. Then the adjoint system (4), 


2. Existence of Generalized Green’s Matrices. We shall now assume that 





* G, A. Bliss, loc. cit., p. 564. 

+ A square matrix Y(a#) each column of which is a solution of (2) and such that 
the determinant | Y (a) | is different from zero on X is called a matrix solution of (2). 
Similarly, a matrix Z(a#) each row of which is a solution of (4) and | Z(a) | ~0 
on X is a matrix solution of (4). 

+G. A. Bliss, loc. cit., p. 579; also W. M. Whyburn, loc. cit. All integrals con- 
sidered in this paper are taken in the sense of Lebesgue. 

§G. A. Bliss, loc. cit., p. 578; also W. M. Whyburn, loc. cit. 
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(5) is also compatible of index r.* Let the matrix "Y (x)= || "Yi;(x) || be 
defined as follows: "Yi, "Y2,--+-,'Y, [°Y;=('Yas) (j= 1, 2,°°-,r)] 
are r linearly independent solutions of the system (2), (3) and "Yi;=0 
if 7 >r. Also by "Z(x) we denote a matrix whose first r rows are linearly 
independent solutions of the adjoint system (4), (5) and the elements of 
the remaining rows are all zero. The general solution of (2), (3) is then 
of the form 
y(z)= 2 "Ya(«)da, 

where the aq’s are arbitrary constants. Whenever (2), (3) is compatible the 
system (1), (3) has a solution if and only if the vector equation 


(13) f'2(a)9(2)da =0 


is satisfied by the vector g(z). 
If condition (13) is satisfied we seek to determine a matrix G(a; t) 


which is continuous in (2,¢) at every point on a=} Sb except along the 
line x =t, which satisfies the condition 


(14) G(t-+-;#)— @(t —; t)—£, 


and is such that every solution of (1), (3) may be written in the form 


> ; 
(15) y(a)— f O(a5t)g(t)dt-+ EY a(a) ae 
7 a=1 

If such a matrix G(x;¢) exists we will say that G(x;t) is a Generalized 
Green’s Matrix for the compatible system (2), (3). 

Let Y (x)= || Yi;(z) |] be a matrix solution of (2) such that the first 
r columns of Y(x) are "Y,, "Y2,---+,’Y, By Z(a) we denote the matrix 
solution of (4) such that Z(x)Y(«c#)—=Y(a)Z(x)—E on X. Let si(¥5) 
denote MiaYa;(a)+ NiaYaj(b) (4, j= 1, 2,---+,n). If the system (2), 
(3) has r linearly independent solutions, then the matrix 


* For the case in which the elements of the matrix A(#) are real continuous 
functions of the variable x and the elements of M and W are real constants this result 
has been established by Bliss and his method of proof carries over wholly for the 
system (2), (3). See G. A. Bliss, loc. cit., pp. 566-567. In a recent paper the author 
has also established this result for an infinite system of linear differential equations 
which includes as a special case the finite system (2), (3) when the coefficients of the 
system are real. See W. T. Reid, Transactions of the American Mathematical Society, 
Vol. 32 (1930), pp. 284-318; in particular, pp. 306-311. 
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81 (Yr) 8 (Yrse) ee 1 8:(Yn) 
32(Yrs1) vay c 
Sn(Vru1) . s &a( Yn) 
is of rank n—r. The integers k;, k2,- - -,kn-r may then be so chosen that 


the matrix 
Sin(Yru)  * * 8% (Yn) 
Sig(Yra1) ; 
Stne(Yeu}) ° * S8,-(¥n) 


has a unique reciprocal, which we will denote by 


£7, yey - ° Sh nr 
Slo, 
SIs ss a 


Now define the matrix D = || Di; || as: Drrix, = siz? (4 7= 1, 2,°°°n—1); 
Di =0 if iSr or j Ake (@—1,2,---,n—r). 


THEOREM 1. A generalized Green’s matrix for the compatible system 
(2), (3) eatsts and may be written as 
(16) G(x; t)—=(1/2)¥(«)[|e—t| /(«—t) E+ Da]Z(t), 
where Y (x), Z(x) and D are defined as above and A= MY(a)— NY (b). 


Let K (a; t)—=(1/2) VY (x)Z(t)[|c—t|/(e—t)]. Then K(z;t) asa 
function of z is a matrix solution of (2) on aSa<t and t< ab. 


Furthermore, 


K(t+;t)—K(t—;)=E. 


Let u(a)—= K (a; t)g(t)dt, 
. @ eb 
=(1/2)Y(@)[ f° Z(t)g(at— J 2(t)g(t)de]. 
Since u(x) is clearly absolutely continuous on XY and 
w (e) = A(2)u(2)+ g(2) 


on Xo, the vector u(x) is a solution of (1). Then every solution of (1) is 


of the form 


y(e)—=u(2)+ & Yo(e)ae 
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Since by hypothesis the system (1), (3) is compatible, there exist values of 
the aq’s so that 


= 8i(Ya)da + si(u)=0 
(t—=1,2,-°-+,n). 
Since s,(Y;)—=0 (t—1,2,---,n; 7=1,2,> + -,7r), we have 


n-r 


> St, (Vria) rsa = — Sx, (U) (t—=1,2,---,n—nr), 
: b 
=(1/2) [Muve¥ep(a)—Nwa¥ap(d)] f  Zov(t)gr(t)at 
Then 


n-r b 
Orsi = (1/2) = Drsikp [Miya¥ o0(4)—Niya¥an(d)] f Z py (t) gy(t) dt 
= 
(t= 1, 2,---,n—r). 
Therefore 
y(z)= p> "Ya(@) dq 


a=1 


+ f° (1/2)¥(e)E|2—t| /(e—1E + Dalz (t)g (that 


and we have that a generalized Green’s matrix for (2), (3) is given by (16). 
It is to be noted that the choice of the integers hi, ke,- + +, kn-r is in 
general not unique. When r—0 we have from (16) the ordinary Green’: 
matrix for the incompatible system as given by (9). 
THEOREM 2. The generalized Green’s matrix for the compatible system 


(2), (3) ts not unique. If Gi(x;t) is one generalized Green’s matrix, then 
every generalized Green’s matrix is of the form 


(17) G(x; t)—= Gi (x; t)+ "Y (x) U(t)+ V(x)"Z (2), 

where V(x) and U(x) are matrices each element of which is continuous on X. 
Furthermore, every function G(x; t) of the form (17) ts a generalized Green s 
matric for the compatible system (2), (3). 


It is evident that there exist constant matrices 7 and 7* such that 
"Y(2)T=—Y(zx) and T*"Z(x)—Z(x), where: (a) the first + columns of 
Y(z) and the first r rows of Z(z) are linearly independent solutions of (2), 
(3) and (4), (5) respectively; (b) Yij(a7)—=O0—Zji(r) if jg >7; 


(c) fo EFau(a)¥as(2)de— By — f" BZia(2)Zja(v) de 


(t,7 = 1, 2,- -* wes 
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(d) Tiy—O0=—T*,, if t>r or j>r. 
Let 
gi(z)= 3 Zai(t)ca-+hi(x) (i=1,2,---,n), 
where h(x)= [ha(x)] is any summable vector on X and 


bn 
°o=— > Zia(v)ha(v) dv (t= 1,2,- + +,#). 


a@ a=1 


In view of (13) we have that for every vector g(7)= [ga(x)] so determined 
the system (1), (3) is compatible. If Gi(v;t) and G(a;t) are two gen- 
eralized Green’s matrices for (2), (3), let G(a;t)— Gi(a; t)—=D(a;1). 


D(«#;t) is continuous in (a,f) onaS rd = 0b. Then 
b 
(18) ff Dip(w3 t)ga(t)at 
=f Dia(2s0[— & Nitin annie +hig(t) ]dt, 
(19) = f°L—  ( [digas v)Zea(v) do}Zay(t) + Din 05) hy (6) db 


We also have 


*b r 
(20) f Dia(x;t)ga(t)dt—= > Yin(x) dp, 
a u=1 
where the d,’s are constants. Now 
an € 
n= f Vou(u) (= You(1) dy) du baisaistye so teaae 


(21) -{ Fou(u) ( [- = Sf (Deptw: v)Bap(v)dv } Zay(t) 


peed Vy (t) dt ) du 
in view of (19) and (20). From (19), (20) and (21) we then obtain , 


fF [Sf Pielesv)Zea(v)dv b Lay (t)-+ Den(a52) 
(22) + 3 Yin (2) (3 Lf Pon(u) { {- Dop(u; v)Zap(v)do \ aa | Zay(t) 
—~f{ Fou(u) Day (ws t)du ) | hy(t) dt = 0. 





+ The change of the order of integration in the double integral occurring in (18) 
is clearly permissible since the integrand is the sum of r terms, each of which is the 
product of a continuous function of ¢ and a summable function of v. This also follows 
from a general theorem due to Carathéodory. See C. Carathéodory, Vorlesungen weber 
reelle Funktionen, Leipzig, 1918, p. 641. 


14 
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The change of the order of integration necessary to obtain relation (22) is, 
as before, permissible. Since the coefficient of hy(t) (y=1,2,°°°,n) in 
(22) is a continuous function on a= t=b for each value of x on X, and 
the relation (22) is true for every summable vector h(x), we have 


(23) Day (a3 #)—= S V*sa(2)Zey(t)-+ & Yia(2)U*oy(') 
: (i,y=1,2,° °° 

where 

b = 
V¥s(z)— f Dig(a;v)Zjp(v)dv (i= 1,2, + + m3 f= 1,2,- 

r = b vn 

U*;;(t)=— 2 Bi Yoi(u) f Dop(u; v)Zag(v) dv \ du | Z.;(t) 

ee 

+f Voi(u)Dos(uzt)du (6 1, 2,+ + +73 f—1,2,- - +0). 


In view of (14) we have that each element of D(x;t) is continuous in (z, t) 


on aS; Sb and therefore, since each element of Z(x) and Y(z) is con- 
tinuous on X, it follows that V*;;(z) and U*;;(t) are continuous functions 


of their arguments. Let 


Ui; (2) = > Tia * a; (2) and Vij (4) = > Vala) Tas 
a=1 a=1 
(4,j—=1,2,---,n). 
Then 
G(x; t)—= G,(@;t)+ °Y (ce) U(t)+ V(x)"Z (1) 

and clearly U(x) and V(x) are continuous on X. Also if U(x) and V(z) 
are any two matrices of continuous elements we have in view of (13) that if 
G,(z;t) is a generalized Green’s matrix for (2), (3), then G,(a;t) 
+Y(x)U(t)+ V(x)’Z(t) is also a generalized Green’s matrix for the com- 
patible system (2), (3). 


3. Principal Generalized Green’s Matrices. We will now determine a 
generalized Green’s matrix which shall possess for adjoint systems the same 
property as is given for the ordinary Green’s matrix by (B) in the intro- 


duction. 
Let M*, N*, P* and Q* be square matrices such that the matrices 


PP Pa | 
| | Q*is Qi; | 

are unique reciprocals. For any pair of vectors y(x) and z(x) defined on X 

the vectors s(y), s*(y), ¢(z) and ¢*(z) are defined as 


Mi; Ni 
M*i; = N*i; | 
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s(y)= My(a)+ WNy(d), t(z)—=2(a)P + 2(b)Q, 
s*(y)—= M*y(a)+ N*y(b), = t* (z) = 2(a) P* + 2(b) Q*. 


(24) 


Then we have the identity + 
(25) Sa(y) t¥a(z) + 8*a(y)ta(z) = Ya(%)%a(Z) | fae 
If y(z) and z(z) are solutions of (2) and (4) respectively, then 


[2a(t)Ya(x) ]’ = a(t) Ya’ (%) + 2a’ (%) Ya(z)—= 0 
on Xo, and therefore za(x)Yya(x) is a constant for z on X. Let z(x%) be any 
solution of (4) and K(x; t)—=(1/2)Y¥ (x)Z(t) |«—t|/(a—t), where Y(z) 
and Z(x) are matrix solutions of (2) and (4) respectively which are recipro- 
cals for x on X. Then 


b 
O— fi {20(2)[(0/Ax) Kas (v3 t)— Aap (2) Kos (a5 t)] 
+ [2a" (2) + 2(%) Apa(x) ]Kaj (a; t) }da 
(j = 1,2,- "+, %); 
= %q(x) Kaj (2x; t) | bug + ta(2) Kaj (x; t) 
Hence 
(26) Za (2) Ka;(x; t) | 2=? = 2q(2) Ka; (2; t) (—, 
= 2;(t) (j =1,2,:-+,m). 
Let K;(x;#) denote the vector [Ka;(z;¢)] which is the j-th column of 
K(x;t). In view of relation (25) we have 
Lemma 1. If K(x;t)—=(1/2)¥(x)Z(t) |x—t| /(a—t), where Y(a) 
and Z(x) are matriz solutions of (2) and (4) respectively which are unique 
reciprocals on X, then for every solution z(x)= [za(x)] of (4) we have 


t¥q(2)8a(Kj)o + ta(z)s*a(Kj)e=2(t)t (f= 1,2,- ++, 0). 


As before, let "Z(x) denote a matrix whose first r rows are linearly 
independent solutions of the system (4), (5) and the elements of the re- 
maining n—r rows are all zero. Let W(x) denote any matrix of Lebesgue 
summable functions of the form 


Wii(z) Vio(xz) - + Vr(x) 0 0 
OO aoe = eee 
Vn (x) . - + War(z) 0 0 





7 See Bliss, loc. cit., p. 565. 
~The subscript v is used to denote that the vectors 8(K;) and s*(K;) are deter- 
mined by (24) when K; is considered as a function of a. 
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and such that the r-rowed determinant whose general element is 


‘ b 
J. Lia (a) Yas (#) de 
a 


is different from zero. Since the first r rows of "Z(a) are linearly independent 
solutions of (4), (5) it follows that there always exists a matrix (z) 


satisfying the above condition. Let 
Riu Rio 
Ra: 


k= Rr 
0 











0 


1 


where the r-rowed square matrix 


Bir Rie 
Ro a 


Bri 


is the unique reciprocal of the matrix 
b 
| f "Z1a(2) Wai (x) dx 
b 
(28) f. *Zoaq(X) Var (x) dx 


f "Deel Gar(a) de 


We now define the matrix N(z;t) as 











a 0 | 
R.- 0 : 0 | 
* @ + g 
Ry, 0 0], 
0 0 
0 0 0 
Bur 
Roy 
a 
b | 
f "Z1a(X) Var (x) dx 








f r i hit 


N (2; t)=— V(x)R'Z(t). 


Then 


b b 
f Zig(#) Nas (x; t) de = — f. "Liag(t) Wap (#) Ray'Z; (t) de, 


= —'Zi;(t), 


= — t*,(°Z;)8a(K;)o 


(t= 1, 2,° ; "5737 =1,2,° : *,%), 


in view of Lemma 1 if we denote by "Z; the vector [*Zia(zx)]. 
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Let 9*(z) be a matrix of absolutely continuous functions satisfying on 
X, the matrix differential equation 


(d/dx) Q* (x)= A (x) ¥* (x)— ¥(2)R. 
Then 2)(z)= Y*(x)"Z(t) is continuous in (z,t) and Yj(x; t)= [Ya; (x; t)] 


is a particular solution of the non-homogeneous equation 
(29) (0/dx)%j = A(x) Yj + Nj (z; t) (7=1,2,---+,m), 
where N;(x; ¢) is the vector [Na;(z;t)]. Then we have 


*b b 
fia a) Nas (v3 t)d2— f (/de) [Zia 2) Yas (23 t)] da, 
a a 
= *Zia(t) Qa; (2; t) | ioe : 
= t*,(°Z;)8a(Qj) 0 
(¢unl,2,* +>, #3 gw], 25+ «=, 8), 
in view of relation (25). Therefore we have 
(30) t*a('Zi) Sa(Qi)o = — t*a("Zi) 8a(Kj)e 
(t= 1,2,-°°,7r; 7=—=1,2,°-°,n). 


Let Y (x)= || Vis(x) || be a matrix solution of (2) and Yj; denote the vector 
(Ya;). From (25) we have 

t*,(°Z;)8(Y;)—0 (t= 1,2,---,r; j= 1,2,---,n), 
and furthermore the vectors ¢*("Z;) (i—1,2,:-:+,7) are linearly inde- 


pendent.+ Then in view of (30) we may determine quantities Ci;(¢) such 
that 


$(Va)Caj + 8(Yi)2=— 8(Kj)e (4 == 1,2,- - -,#). 
Furthermore, since s(¥j)z and s(Kj)z are continuous functions of ¢, the 
elements of the matrix C(t)= || Ci;(¢) || may be chosen continuous functions 


of t. We have then established the following 


Lemma 2. Each element of the matric Y(x;t)=Y(a;t)+ Y (x) C(t) 


is continuous in (#,t) onaS _— b, is absolutely continuous in x on X for 


each fixed value of t on X, and ts such that on X_ the matrix differential 
equation 


(31) (0/dx)¥ (x3 t)—= A(x) ¥(a;t)+ N(z;t) 








7 See Bliss, loc. cit., p. 566. 
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is satisfied, and 
(32) 8(Yj)o—=— 8(Kj)a ‘ (7 =1,2,- + -,n). 


The solution of (31), (32), is not unique but is determined except for 
added solutions of the homogeneous system (2), (3). Let @(%) be any 
matrix of Lebesgue summable functions of the form 





O11 (x) O12 (x) Re O@in(Z) 
Oo; (x) ie ‘ 

@(z)— || @,1(2) ; - + @pn(z) 
0 0 oo. 0 
0 0 eons 0 














and such that the r-rowed determinant whose general element is 
b 
f @ia(2) "Yas (x) de 
a 


is different from zero. Then there exists a matrix L(t)= || Li;(t) || each 
element of which is continuous on at b and such that the matrix 


(33) G(x; t)—= K(z;t)+ ¥(z;t)+"Y (2) L(t) 
satisfies the relation 


fe@maes t)dz = 0. 





We have therefore established the following 


THEOREM 3. If the system (2), (3) is compatible of index r, then for ‘ 
each pair of matrices ¥(x) and (x) defined as above there exists a matrix 
G(x;t) which is continuous in (a,t) on aj Sb eacept at x =t, which is 
absolutely continuous in zx onaSa<tandt <#Sb, and which ts such that 





(34) (0/dx) G(x; t)—= A(x)G(a;t)+ N(a;t) on Xo, 

(35) G(t-+$5)- Gt), 
(36) MG(a;t)+ NG(b; t)=—0, 

(37) J 9(@)G(w5t)de =o, 


THEOREM 4. The matrix G(x;t) satisfying the conditions of Theorem 3 
is a generalized Green’s matrix for the compatible system (2), (3). 
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Let 


u(a— [G(e: t) g(t) dt, 


where the form of G(x; t) is given by (33). Then in view of (13), 


u(e)—=¥ (2) fF La/2)2 |e—t | /(@—t) 
+ O(t)]g(t)dt+¥ (2) [L(g (at, 
Then u(x) is absolutely continuous on X and on Xo we have 
w (2)—= A(e)u(x)+ 9(2). 


From (36) we obtain Mu(a)+ Nu(b)—0 and therefore u(a) satisfies the 
compatible semi-homogeneous system (1), (3). Then every solution y(z) 
of the system (1), (3) may be written in the form 
y(z)= y "Ya(2)aa+ f ”@ (a; t)g(t) dt, 
a=1 a 

and therefore the matrix G(xz;¢) defined by (33) is a generalized Green’s 
matrix for (2), (3). 

A generalized Green’s matrix for (2), (3) which satisfies the conditions 
of Theorem 3 will be called a principal generalized Green’s matrix for the 
compatible system (2), (3). 


b 
Corotiuary. If u(r#)= J G(a;t)f(t)dt, where G(x; t) ts a principal 


generalized Green’s matrix for the system (2), (3) and f (x)= [fa(x)] is any 
summable vector, then 


wu (x)= A(x)u(a)+ f(x)+ f ¥@: t)f(t)dt on Xo, 
(38) Mu(a)+ Nu(b)=0, ; 


f- o(e)u(a) az = 0. 


Now let 
Yt Mis ert Fir = % 
 - - « BO - @ 
; - ay 3 - Q 0 
R— | Wi - - - Wr 0 O 4, 
O - :- 0 - 0 
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where the r-rowed matrix 


Mt Vie Po Vir 
Mor 5 _ = “ae 
: a 
| 
I 


Mrs ‘ an eee a 
is the unique reciprocal of 
b b 
f @1a(z)"Yoai(z)dz - - f, @1q(2)"Y ar (2) dx 
a a 


(39) 








b b | 
ff era(e)"Pai(z)de «> f Ora(2)'¥er(2) de | 
a a it 


With respect to the matrices (x) and @(#) a matrix H(x;?) is said 
to be a principal generalized Green's matrix for the compatible adjoint system 
if each element is continuous in (z,¢) onaS ; = b except at x =, if each 
element is absolutely continuous in « on aSa<t and t<a#=b, and if 
furthermore: 


(40) (0/dc) H (x; t)—= — H (x; t)A(x)—"Y (t)RO (x) on X,, 
(41) H(t+;t)—H(t—;t)—E, 

(42) H(a;t)P + H(b;t)Q=0, 

(43) J. Ble; te(x)de =0. 


The existence of a principal generalized Green’s matrix for the adjoint system 
may be established by argument similar to that used in the proof of Theorem 3. 


THEOREM 5. If G(ax;t) and H(x;t) are principal generalized Green’s 
matrices for the system (2), (3) and the adjoint system (4), (5) respectively, 
with respect to a pair of matrices V(x) and @(x), then G(a;t)—=—H(t;z). 

For let € and 7 be any two distinct points of X and suppose é < y. Then 
we have the matrix equation 


f- E(@5 (0/0) G (250) —A (2) G(@5 9) 


; + [(0/or)H (2; £)+ H(a; €)A(2)]@(a5 9) }de 
= H (0; £)G(x5m) | + H(a;)G (a3 0) | 22- + H(w3 6) G (a3 0) |, 











my 


= EEE RR Na =x 
pra BPs tet Goh y She * uted Pett 
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But 
fae: é) [(0/dx) G(x; )— A(x) G(x3 9) ]dx 


—— {Hi(a;8)¥(@) RPA (9) ae, 
and == @, 


Jf, (6/0) 2 (03 6)-+ H (x; €)A(x)]G(x;) da 


=— f'r¥ (Re (e) @(x5n)de, 


= 0. 
Therefore 


H (23 €)G@(a5q) | 28 = H (a3 &)G(a5n) | =e + (x; €)G(e3y) |=. 
We have in view of (25), (36) and (42) that 
[H(é +3 £)— H(E—; £)]@ (£39) =— H(n; &) [@(n +3 2)— E(n—3 0) ] 


and hence in view of (35) and (41) that 
G(s) = — H(n3 8). 


Since this is true for each pair of distinct points € and y, we have established 
Theorem 5. 


Corotzary. For any chosen pair of matrices ¥(x) and (x) satisfying 
the conditions described above, the principal generalized Green’s matria for 
the compatible system (2), (8), and also for the compatible adjoint system 
(4), (5), is unique. 

The matrices W(x) and @(2) have been chosen so that the r-rowed square 
matrices (28) and (39) have non-vanishing determinants. In particular, 
W(x) and @(2) may be determined so that each of the matrices (28) and 
(39) is the identity matrix. If this is done some of the preceding formulas 
will simplify considerably. 


4. Examples. Consider the system 





. [4 ils 
(45) : 1] 2+ | 1 | 9) =o. 











This system is compatible of order one, and has a solution y(x)—(cos 2, 
—sinz). The adjoint system is 
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(46) gael | ol, 
an te] te |G i [=o 


which has the solution z(x)—=(cosz, —sinz). According to the notation 
introduced above we have the matrices 1Y (2) and 1Z(z) defined by 








cos x 0 
yee 
¥(z) —sin 2 0 ||’ 
and 
cos x —sin 
wea a 0 














A matrix solution Y(x) of (44) and its reciprocal Z(x), which is a matrix 
solution of (46), is given by 





cosz sing 
sinz cosz 


Bibb cosz —sing | 








ro |_ 








le 
sin 2 cos x || 


The generalized Green’s matrix for the system (44), (45) which is given by 
the formula (16) is readily found to be equal to the matrix 





K(x;t)=(1/2)¥(2)Z(t)[ | x—t| /(e—t)]. 


From Theorem 2 it then follows that every generalized Green’s matrix for 
(44), (45) is of the form 


(48) G(a;t)—K (a; t)+1¥(2)U(t)+ V(a) Z(t), 


where the matrices U(t) and V(a) depend upon the choice of the matrices 
v(x) and @(z). 

(a) If we choose ¥(x)—(1/27)1Y (x) and @(4%)—(1/27)!Z(z), then 
the principal generalized Green’s matrix for the system (44), (45) is given 
by the relation (48), where 

















tcost —é#sint - —zxecosz 0 - 
U(t)=1/2e | °° : I V(2)—1/2n || ree | -— tof 
(b) If we choose 
cosz 0 














then the values of U(t) and V(z) become 

















GENERALIZED GREEN’S MATRICES. 


tcost-+sint —dtsint 








U(t)=1/22 | ‘ ; —— V(t). 
(c) If | 
U(x) —=1/e pi : i @(x)—=1/n : ie 




















the corresponding values of U(t) and V(x) are given by 











tcos¢—sint —dsint ] 
U(t)= 1/20 | : 0 |p 
—zcosz—sinzg 0 
= 1 , 
Ls i as x sin & 0 | 





For each choice of the matrices ¥(2) and @(2x) the corresponding value 
of H(x;t), the principal generalized Green’s matrix for the adjoint system 
(46), (47), is determined by the relation H(«;t)—— G@(t;«), in view of 
Theorem 5. 


5. Remark. The author has recently shown that for certain types of in- 
finite systems of ordinary linear differential equations of the first order with 
two-point boundary conditions an ordinary Green’s matrix may be defined, 
whenever the system is incompatible, in a manner entirely analogous to that 
used in the finite case.* For such infinite linear systems we may establish 
by the above method the existence of the principal generalized Green’s matrix. 


UNIVERSITY OF CHICAGO, 
CuIcaao, ILL. 





* W. T. Reid, loc. cit. The infinite linear system considered may be written in the 
vector form (2), (3), where M and N are constant limited matrices of a certain type, 
A(«) is an infinite matrix which is limited by a summable function on the interval X, 
and the solution y(a#) is a vector in Hilbert space. A case in which the solution y (2x) 
is a vector in a more general space than Hilbert space has also been considered in a 
second paper. See Annals of Mathematics, Vol. 32 (1931). pv. 37. 








A CREMONA GROUP OF ORDER THIRTY-TWO OF CUBIC TRANS. 
FORMATIONS IN THREE-DIMENSIONAL SPACE. 


By ErTHet Isapet Moopy. 





1. Introduction. Since each four-dimensional quadric variety of the 
oo 5 system | H(z) |= 0 having a common self-polar simplex & is transformed 
into itself by the Gz. of linear transformations consisting of the six central 
harmonic homologies, defined by the vertices and opposite four-dimensional 
faces of 3, and the different products of these, the intersections of these 
varieties by twos, threes,- - - are also invariant under Gz2. By successive 
stereographic projections these varieties can be mapped in S;. It is the 
purpose of this paper to derive the equations of the corresponding trans- 
formations in S, and in S,; and to determine their characteristics and funda- 
mental elements. ? 

In a paper, published in the Atti del R. Istituto Veneto,* Montesano has 
given a brief synthetic outline of this group of transformations, which he 
calls the group H, and also of the corresponding groups associated with two 
and three dimensional quadric varieties. 

The corresponding G,; in S2 is expressed by the non-cyclic G, of harmonic 
homologies. 

In S; the Gs of central and axial involutions can be projected into a 
plane, where it is represented by four perspective quadratic inversions, and 
the three products of these in pairs. A cubic curve is left invariant; on it the 
three non-perspective inversions fix the three fundamental irrational involu- 
tions belonging to the curve.t 

The Gig in S, can be mapped in S; by means of a group of sixteen 
quadratic transformations which transform into itself each surface of an 0% 
system of F',4:C,*. Within this system there are 07? which are composite 


consisting of the plane of the conic and a cubic surface.[ By mapping an F’, 





*D. Montesano, Su alecuni gruppi chiusi di trasformazioni involutorie nel piano 
e nello spazio, Ser. 6, Vol. 6 (1888), pp. 1425-1444. 

+ The equations and properties of this group (Montesano’s group y) were derived 
by Miss B. I. Hart in her thesis for the degree of Master of Arts, Cornell University, 
September, 1926. 

t The equations and essential properties of this group in 8S; (Montesano’s group G) 
of quadratic transformations were derived in my thesis for the degree of Master of 
Arts, Cornell University, June, 1927. 
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of this system upon a plane, G1, becomes a group of plane cubic transforma- 
tions, consisting of five perspective Jonquieres involutions and their products 
by twos. The group is completely determined when the positions of the five 
vertices of the perspective Jonquieres transformations are known, since the 
cubic curve passing through the vertex O; of the transformation J; and 
touching the lines joining O; to the other four vertices at these vertices is 
uniquely determined. This cubic curve is point by point invariant under the 
transformation Jj. 


2. The Gsz of linear transformations in S;. The equation of any four- 
dimensional quadratic variety in S; referred to a self-polar simplex as simplex 
of reference can be written in the form 


H(2)= She? = 
i=1 


This variety is invariant under the group of thirty-two linear transformations, 
consisting of the six central harmonic homologies 


Fi; 24 = — 2,  2r = er (r==1-- -6, r=4), 


the fifteen products of these in pairs 


, 


. , B ? ane 
Tis: ay’ = — 4%, 2j' =—2;, Zr =f; (r=—1-- -6, ri,4), 


i=1-- +5, j= 2+ -~6, ij, 


the ten products of these taken three at a time 


, , ™ , 


Ts: 4h, iO is eG SS jp Zr’ =r; (r==2-- -6, r==1,9), 
t= 2+ -5, 7 = 3° 6, 1], l,j Al 

and the identity. The products of the 7’; taken one, two, and three at a time 

will be referred to as transformations of the first, second, and third species 


respectively. 
A transformation of the first species 7; is defined by the center 


Oy: (4% =1, 2 =0), (r=1- - +6, rf) 


and the four-space S, of invariant points 


The defining elements of a transformation of the second species are the line 
O;,O; and the three-space S; of invariant points 


0,0; : 


Zr, = Zr, = 27, = Zr, = 0; Ss: 2=2; = 0, 
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while those of a transformation of the third species are the two planes of 
invariant points 
(0,0;0;) ° Sr, — 0, Zr — 0, Zr = 0, 
and 
So: 2=0, 4=—0, 4—0. 
The sections of H(z)—0 by the invariant 8,4, S;, and Sz are the point 
by point invariant varieties Q;, 0i;, 21:; of the transformations of the first, 


second, and third species respectively. These are all quadric varieties, 0; 
being three-dimensional, 0;; two-dimensional and ,;; one-dimensional. 


3. The G’s2 of quadratic transformations in S84. Let (2) be a point of 
H(z)=0 and from it project H(z)—0 into 8,:z,—=0. The equations of 
this stereographic projection are 


(3. 1) Yo = 262g — 26295 (g=1- - 5), 
where the y’s represent the codrdinates of points in 2,0. Conversely, given 
a point (y) in z¢—0, the codrdinates of the point corresponding to it on 
H(z)=0 are _ 
(3. 2) ag = 2y gH’ (y, 2)— 2gH"(y) ; ig 1- - +5). 
44> — ZeH’ (y) 
where 
H’ (y)—= & hyo? 
g= 
and 


H’(y, Z)=—= = hoYo2q. 
g= 


The projection 7’ of T in z, 0 is the product (3. 2)7(3.1), and the 
equations of the transformations of (32 are 


yg yi’ =— ill’ (y, Z)+ 2H’ (y) 
(t—==z1---5) yr’ = yr’ (y, Z) ; (r==1-- -5, r 1) 
TS: Yr’ = yr’ (y, 2)— 2H’ (y) ; (ren i- + +&) 
y af hy yi’ = — yi’ (y, Z)+ 24H’ (y) 
(i=1--°5 yi’ = — yi’ (y, 2) + 2H’ (y) 
ak Yr’ = yr’ (y, 2) ; (r—=1:- +5, r14,j) 
tj) 
T’ se: yi’ = — yi’ (y, Z) 


(j—=1---5) ye’ = yr H’(y, 2)— 2H’ (y) ; (r=e1-- +5, ry) 
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P1535: yy = — yi’ (y, 2) + 4H’ (y) 
(jun d- >t yi’ = — yi’ (y, 2) + 4H’ (y) 
j=3-- 5 yi = — yi’ (y, 2) + 74H" (y) 
tj) Yr’ = yr’ (y, 2) ; (r=2---5, ri,j) 
and 
Tse: yi’ = — 9H" (y, 2) 


(t—2---5) yi’ = — yiH'(y, 2) 
Yr’ = YrH’ (y, Z2)— 2-H’ (y) ; (r= 2-- -5, ri). 
The quadric surface 
Q: H’(y,z)=0, H’(y)=0 
is a common fundamental element of all the transformations of G@’s2. 
The fundamental points of the transformations of G@’32 are 


07: (yi=1, yr=0) 
Oe: (Yr = 2r) 
O'i;: (Yi=%i, Yi=%i, Yr =O) 


O'ie: (y¥i=0, Yr = %) 

O15: (Ww, WHF, YWi=H, Yr =O) 

Orie: (4:.=4¥i=0, Yr =Z2Zr) 

For each of these O’ the restrictions on the i, j, and r are the same as for 
the 7 with corresponding subscript. 

The image of the fundamental point O’ under the corresponding trans- 
formation 7” is the 83: H’(y, Z)= 0. 

The image of Q under a transformation of the first species of @’32 is its 
three-dimensional projecting cone from 0’. To prove this, let (p) be a point 
of @ and let the codrdinates of O’ be represented by Y. The codrdinates of 
any point (y) on the line joining (p) to O’ are of the form 


Yo = AY + po; (g—=1-- -5). 
By substituting these values for the y’s in the equations of the transformations 
of the first species of G’s. and making use of the fact that H’(p,z)—0 and 
H’(p)=0, the resulting point (y’) is found to be (p). Hence each point 
of Q@ is imaged by a generator of the projecting cone of Q having its vertex 
at O’. This cone is of the second order. Its equation for 77’ is 

[H’(y, 2)s]? + hid? H’(y)i = 0; * 
and for 7’,’ 





* A subscript written after the parenthesis will be used throughout this paper to 
indicate that the function to which it applies contains no term in the variable of that 
subscript. 
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H’(z)H’(y)— [H’(y, 2) ]? = 0. 
This cone with [H’(y, Z) |* forms the complete Jacobian of the defining web. 

The Jacobian of the defining web of a transformation of the second or 
third species of G’;2 consists of [H’(y,2)]® and a three-dimensional quadric 
variety containing the quadric surface Q, of which it is the image, simply. 
The equation of this quadric for 7 ’;; is 

[H’(y, 2) ]? — 2 (hiysts + hiziys) H’ (y, 2) 
+ (hits? + hj2;?) H’(y) = 0; 
that for T’ ie, 
H’ (y, 2) [H’(y, 2)— 2H’ (y, 2):] + H’(y) H’(@)i = 0; 
that for T1435; ; 
H’(y, Zz) [H’(y, z)— 2hiyi2, oe rhiyizi <a Rhy 52; | 
+ A’ (y) (hit? + hits? + 1j2;?] = 0; 

and that for 7’ ,ic, 

A’ (y, Z) [H’(y, }— RrYrizry a. RMrYrorre a Mr rsers | 

+ A’ (y) [hr.Fr, + RreFre + hrZr,] = 0. 

The projection upon z,—0 of the point by point invariant quadric 
variety © of a transformation 7 of the first species of Gs. is the invariant 
variety Q’ of the corresponding transformation T”’ of the first species of 3p. 
The equations of the 2”s are therefore 


Q%: — 2yiH’(y, 2)— 4H’ (y)=0; (i=1---5) 


. eT ei 


and 
Q/: H’(y)=0. 
The result of eliminating y; between ©,’ and ©,’ shows that the complete 
intersection of these two varieties lies in the three-space yiZ; — jz; = 0, and 
the intersection of this three-space with each of the quadrics Q;’ and Q,;’ or 
ij 22jyiH’ (y, 2)i — 2j°H’(y)i + hiys?Zi? = 0 
(gun l---5 Yiz5 — Yj2i = 0 
j—2---6 ij) 
is the point by point invariant quadric surface of T’;;; and 
i: H’(y); = 0, yi = 0; (4==1- : -5) 
is the point by point invariant surface of T’ie. In a similar manner, the 
point by point invariant conic of 7’,;; is 
01:7: 225y iH’ (y, 2) 4,1 — 2)?’ (y) ia + ys? (hid? + hizi?) = 0 
(4 =2°°-> 5, Y1242; = Y i212; = Y 522%. 


vee 
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The corresponding conic for T’;i¢ is 
156: H’(y)=0 
(t—= 2---5) 41 = Yi = 0. 
Given a point common to H(z)— 0 and another quadric variety G(z)=0 
of the system | H(z) | 0, the codrdinates of its projection upon 2,0 are 


(3. 4) PYi = 262i — 22: ; (t—=1---5). 
From (3.4) it follows that 
(3. 5) P 2i/%6 = (kyi al. Zi) /Ze. 


If the values of the ratios in (3.5) are substituted in H(z)—0 and G(z)—0, 
the resulting equations are 


G(Z)-+ 2kG’(y, Z) + k?G’(y)= 0 
2H’ (y, 2) + kH’(y)= 0. 


The result of eliminating & between the equations (3.6) is 
G (2) [H’(y) ]? — 4G’ (y, 2) H’ (y) H’ (y, 2) + 4G’ (y) [H’(y, 2) |? = 0. 


This equation represents a three-dimensional quartic variety in S, having 
the quadric surface 


(3. 6) 


F,: H’(y)=0, H’(y,z)=0 


as double quadric. The three-space H’(y,z)—0 of the double quadric is the 
polar three-space of O;’ with respect to 0,’. 

Every three-dimensional quartic variety having a double quadric is in- 
variant under a G32, for such a variety is the projection in S4 of the inter- 
section of two quadric varieties in S; which have a common self-polar simplex. 

Let A(z)=0 be a second quadric variety belonging to the system 


| H(z) |= 0 and containing the center of projection (2). The codrdinates 
of any point (z’) on the line joining a point (z) to (2) are 
zi’ = Zi + pei; (t=mm1---6). 


The points of intersection of this line with A(z)—0 and H(z)—0 are 

given by 
20H (2, Z)-+ pH (z)= 0, 2rA (2, Z) + wA(z)= 0. 

The condition that these two equations in A and yw have a solution in 


common is 


H(z, z)A(z)— A(z, 2)H(z)=0. 


This is the equation of the projecting cone with vertex at (Z) of the inter- 
section of these two varieties. The equation of the projection of this inter- 
section upon $4: 2, = 0 is therefore 

15 
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Vs: H’(y,2)A’(y)— A’(y, 2) H’(y) = 0, 
which is the equation of a three-dimensional cubic variety containing a plane. 
The equations of this plane are 
H’(y,2)=0, A’(y,2)=0. 
But, in general, the projection upon S, of the intersection of two quadric 
varieties is a quartic variety. The residual part of this projection is the 
three-space corresponding to (Zz) in the stereographic projection. This three- 


space is H’ (y, 2)=0, 








the intersection of the tangent S, to 
H(z)=0 
at (Z) and the 8, of projection. This is the three-space of the double quadric 
of V4. 
Therefore, among the o* quartic varieties which are invariant under G’32 ; 
there are 0% which are composite, consisting of the cubic variety and the 
three-space of the double quadric. 


4, G2 of cubic transformations in S83. The plane 
A’(y,2)=0, H’(y,2)—0 q 
meets the quartic surface | 

A’(y)=0, H’(y)=0 
in four points which are double points of 

Va: H’(y,2)A’(y)—A’(y, 2) A’ (y)= 0." 

Vs can be projected stereographically into S;:y;—=0 from any one (¥%) of 
these four double points. The equations of the projection are 


A SERIES SLY ELLIS LEERY 


(4. 1) Lg = YoYs — YsYo3 (g=1-- -4). 

Conversely, given a point (xz) in y; = 0, the point corresponding to it on V3 is 

(4. 2) Yo = Ya TF katy: (g—=1-- +4) 
Ys = WYs, 

where 


k=— 2[H" (2, 2Z) A” (x, ¥)— A” (2, Z) H(z, ¥) | 
w= H" (x, z)A”(x)— A” (a, 2) H’’ (x). 





* The properties of a three-dimensional cubic variety containing a plane are dis- ¢ 
cussed by Segre, “Sulle variet&é cubiche dello spazio a quattro dimensioni e su certi 
sistemi di rette e certe superficie dello spazio ordinario.” See sections 5-11. Memorie 
della Reale Accademia delle Scienze di Torino, Ser. 2, Vol. 39 (1889), pp. 3-48. 

7 The H” and A” are used to denote functions similar to the H’’s of equations 
(3.2) but for which the summations are from g—1 to g = 4. 
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The projection 7” of a transformation T’ in ys=0 is the product 
(4.2) (2’) (4.1). Let 


m= A" (2) H”’ (2, 9)— A” (2, 9) HH" (x). 


The equations of the transformations T” can then be written in the form 


y 2 eke 
. (i=1- ; -4) 
Ts 
bee 
T" sj 
(ii: +3 
,=2 “4 
iA~}) 

*,. 
(ima 4) 
. 
((=1: -4) 
Ps 
“er 
(1=2- - +4 
j7=3 4 

iAj 
i, 7 1) 

I" 185 
(i=—2---4) 
TT" si0: 
ind 2 -@) 
T1506: 


xi! = — kaj, — 2wyi + 221m 

tr’ = kar ; (ram l-- -4, 5&4). 
Lr’ a k2rYs + 2wysYr = 225YrM ; (r ==-]-°:- 4). 
Ze = LrYsk monies 2(2rYs —— ZsYr) mM; (r = 1 x 4) 
xi! = — kaj, — 2wyi + 2m 

x;’ =>— kaj a 2wyj + 22j;m 

Ly! = kas; (r=1--°4, rA1,j). 
ai’ = — kris + 2 (Zs — 2si)m 

ae’ = ktrjs + 2G-9sw — 29m; (r—1---4, rAt). 
xi’ = — kris — WwWYiYs + 2Zsyim 

ar’ = katrs — 2 (Zs — %sYr) m5; (r=1---4, rst). 
Lr = kar + 2wYr — 22M; (r==1-- -4). 
x,’ Se= ka, a 2wy, 47 274m 

ai’ =>— kv; —_ 2wyi ae 224m 

x,’ =>— kx; — 2wy; aa 22jm 

Lr = kar; (r=2:-°4, ri). 
xy’ = — kniys +2 (Z1Ys = ZsY1)m 

ail = — kaiis + 2 (2s — Zi) m 

at’ = kts + 2wirYs— 22pm; (r—2--°4, TH 1). 
2,’ =—=- kaiys — 2WY sY1 - 24 175m 

xi’ SS kviys nama Qwy svi + 2YiZs5mM 

ay = kistr — 2m (2rYs — ZsYr) ; (r=2 ge - 4, r=1). 
xv =— kay, 

tr’ = har + 2wyr — 22-m; (r= 2:--4). 


The right hand members of these transformations are of the third degree 
and will all vanish when —&/2 = 0, w=0, and m=0. But each of these 
equations is exactly the condition that the other two, considered as equations in 


A” (2), H’(x); H"(2,9), A’ (x9); and H’ (2,2), A” (2,7) 


if 
i 
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respectively, have a solution in common. Therefore, if k—0O and w~—0 
when H’’(z,z) and A”(2z,Z) are not both zero. m0. But k=O and 
w = 0 intersect in a C., which is composite, consisting of the straight line 


C,: H”(2,z)—=0, A” (az, Z)—=0 


and aCQ;. This C; is therefore a fundamental curve of all of the transforma- 
tions of G52. 
The fundamental points O” of the transformations T” of the first species 
are: 
OO”: (%—1, t=—0) 
0;”: (2r — Yr) 
Oe”: (ar = 2rYs — 2sGr). 


The point O” is a double point of each of the surfaces of the defining web 
of the corresponding 7”, and hence the six transformations of the first species 
of G3. are monoidal. The fundamental points 0” all lie on the common 
fundamental C;. 

If (p) represents a point on this C; and if the point O” is represented 
by (2’), the codrdinates of any point (x) on a line joining (p) to (2’) are 


(4. 3) Lg =Apg + pUy’ 5 (g=1---4). 


If the z’s in the equations of the transformations of the first species of G’’32 
are replaced by their values from (4.3), the image of any point on this line 
is found to be the point (p). Therefore, the image of C; under a trans- 
formation of the first species of G32. is the quartic cone having the corre- 
sponding O” as vertex and containing C;. 

The image of O” under its corresponding T” is the quadric k = 0. Both 
C, and C; lie on k =0. The two systems of generators of this quadric are 


(1) A” (x, Z)— pH” (a, Z7)= 0 
A” (x, 9¥)— pH” (x, ¥)=0 

and 

(2) A” (x, 2)—AA” (a, ¥) = 0 
H” (x, 2)— AH” (x, y)= 0. 


C; is a line of (2), and, therefore, its symbol on k = 0 is [1,0]. The symbol 
of the complete intersection of k —0 and w= 0 is [3,3], and therefore, 
C; must be of symbol [2,3] on k =0. Hence, through each point 0”, passes 
one line of the regulus (2) and therefore one trisecant of C;. This line is 
a fundamental element of the transformation to which O” belongs, each point 
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of the line having for its image the whole line. The equations of these 
fundamental lines are: 


pe. 
iH” (x, 2)— %4,H” (x, ¥)=0 
Yi A” (x, z)— ZA” (2, j)=— 0 
Ds: 
H" (a, 2)" (g)— H” (2, 9) HG, 2)—=0 
A” (x, 2)H"(9)— A” (z, 9) H” (y, 2) = 0 
Le: 


A” (2, 2) 9s" (Y, 2)— 2H" (Y) | 
— H" (2, 9) [9sH” (2)— 25H” (Y, 2) ] = 0 
A” (x, 2) [GsH” (9, 2)— 7H” (9) ] 
— A” (2,9) [YsH” (2)— 25H” (¥, 2) ] = 0. 
The complete Jacobian of a transformation of the first species consists 
of k? and the quartic cone. 


The invariant surfaces of the transformations of the first species of ro 


are found by projecting the 2”s into y,=0. Their equations are: 
0,7": wii + ka, —Zim=—0 
0;”: wiy;—zZ;m = 0 
a: m= 0. 


The general plane of the system through 0,” is 


ALr, + Ure + Vir =o 0. 
Under 7,” this becomes 
k(&r,r Se Ur, + vor.) = 0. 


But & =0 is the image of O”, and, therefore, the plane is transformed into 
itself. Any line 7 in such a plane, z, goes into a cubic curve under 7”. 
Since the line 7 meets & in two points this C; must have a double point at 0,”. 
But, if a line 7 meets the fundamental trisecant Lj, the trisecant itself is a 
component of the image, and the line goes into a conic. But / has one other 
point § in common with & = 0 and meets each of the lines joining the point 
O” to the two residual intersections R,, R., of Cs and w. Therefore, the 
image conic passes through O;”, R, and Rz A similar argument holds for 
T;” and T,”. Therefore, in any plane of the pencil through LZ, the corre- 
sponding 7” of the first species of G32 is quadratic, the image of any straight 
line 7 being a conic through R,, R2, and O”. 

For transformations of the second species, the fundamental elements 
which are transformed into s —0 are the straight lines: 
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Tr, = 0; (r, == 1-- -4) 
Zr, = 0; (rose l- + +4, ryreyt,j, 1112). 
LrYrs3 — Lr Yr, = 0 
LrYro— LrYr, = 0 
(rr =1-°-4, rom1--+-4, rel: -4) 
(11 F 1254733 115 T2:73 G1). 
Lr, (Zr a ZsYr.)— Lr, (Zr,s = ZsYr,) = (0) 
Lr, (ZreVs = ZsYr,)— Lr, (27,45 = ZsYr,) = 0 
(r,=—1-- -4, fgml1-: -4, T3=1:- -4) 
(11 FF 1254133 115 T2) T3 FF 4). 
Li (Yo2s Ss Z2Ys) + Lo (Ystr per 23/1) + 23 (G22 rae Yd Z1Y2) —_ 0 
Lo (YsZ4 — 23s) + (YsFe — ZsY2) Us + 4(Yr22s — 2293) = 0. 


2j(wyi + kai )— 2 (wy; + kaj)=0 


meets each of the cubics 0,’ and 0,’ in the 


Cs: 


by point invariant under the transformations 7”’;;. 


2;(wyi + kai)— 2, (wy; + kxj)= 0, m == 0). 
This Cy, is the complete intersection of the two cubics 0,” and Q;”, but it is 
composite, consisting of the C; and a residual C4. 


invariant C', of the transformations of the second species of G32 are 


C4, rd 
C...: 
Ga: 


Ca. 5 


(25H; = 244;)A” (x)-- 2 (25%; —- 2524) A” (a, j)= 0 
(259; — 29;) H” (x)— 2( 221 — 2%) H” (2, 9) = 0 
(Vizs ——— Zi95) A” (x)— 22;2,A” (2, y)= 0 

(9izs — 29s) H” (x)— 22;2;H” (x, ¥) = 0 

YiA” (x)— 2u,A” (2, Y)=0 

9iH” (x)— 2x,H” (x, 9) =0 

A’ (z)=0 

H” (x)= 0. 


If r is the rank of a space curve Cm, and Cm and Cm form the complete 


intersection of two surfaces, /, and Fy, then 


m(u+v—2)=—r+t, 


where ¢ is the number of intersections of Cm and Cm’. C, and Cs form the 
complete intersection of two cubics. The C; was of symbol [2,3] on k=0, 
and the number of apparent double points of a curve of symbol [h:,k2] is 
V4, (ke? + kp? —k,— kz). Therefore C; has four apparent double points and 


is of genus 2. 


r = m(m—1)— 2h, and therefore C;, p= 2, is of rank 12, 


and t= 8. Therefore C; and C, have 8 points in common. 


This C is therefore point 
The equations of these 
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The fundamental lines of the transformations of the third species are: 
Lrg: 1 (Gi25 — Hj) + 24 (its — ids) + 2; (Hi2i — Yi) = 0, 
Lr = 0 ° 
Dis: Li (2i9s — 259i) — Ui (ZYs — 29/1) = 0 
LrYre — Lrr, = 0 
Dyie: Lr, (ZreYs — 2sYr2) — Lro(ZrsYs — 2sYr,) = 0 
“Yi — Ui. = 0 
Lise 7 qQ= 0 
LryYrorrg + LrsYr,2re + LreYrer, —— LrYrorr, fom Lr Yrs2re ae LrYri2rs = 0. 
The invariant elements of the transformations of the third species are 
isolated points, for the 
Co: % (wij. + kay) = %i (wi + hai) = (WG; + kaj)z; 
meets each of the cubic surfaces 0,”, 0;”, 0;” in the configuration of points 
represented by the equations 
2,(wij + kay) = 4 (wi + kai) = 2; (wy; + kay), = 0. 
These would in general represent 27 points, but the equivalence of C;, p = 2, 
is 23, and, therefore, there are four residual points of intersection which are 
invariant under 7”;;;. The four points which with C; form the complete 


intersection of 
Zr(wir + hry) = wi;¥; = 0, m= 0 





are also invariant under 7”,;;.. The invariant points of 7”1;; are those which 
with C; form the complete intersections of 


2 (wy, + kha.) = 2 (wyi + kri) = 2595u, m= 0 
and of 
2r,(Wyr, + kar.) = 2r.(WYr, + ktr,)= 0, m= 0. 
Those of 7’’;ig are those which with C; form the complete intersection of 
Z, (wy, + kx.) = 2% (wyi + kxi) = 0, m = 0 
and of 
Zr, (w¥r, + kar,)= Zr.( Wr, + kar.) = Wiss; 1 0, 
and those of 7”’;55 are those which with C; form the complete intersection of 
Zz, (wy, ++ kz,)—= Z5YswW —_— 0, n= 0, 
and of 
Zr, (wUr, + kir,)= Zr.(WYr, + kir,)= Zr,(WY rg + kirs), m= 0. 


The transformations of the first species of G32 are monoidal, while 
those of the second and third species are not. The various types of non- 
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monoidal cubic involutorial transformations have been discussed by F. R. 
Morris.* In the work which follows, frequent reference has been made to 
his paper. 

If a non-monoidal cubic transformation is to be involutorial, all of the 
cubics of the defining web must have a Cs, p = 3 in common, and the image 
of a point P may be defined as the point of intersection of the polar planes 
of P with respect to all the quadrics of a bundle having C, as the locus of 
the vertices of the cones of the bundle. If this bundle of quadrics contains 
a composite quadric, the line of intersection of the component planes of this 
quadric must be a component of the vertex locus, and the whole locus consists 
of C;, p= 2, and one of its bisecants. This composite sextic is the funda- 
mental curve of the corresponding non-monoidal cubic transformation. 

The transformations of the second and third species of Gs. are of this 
type, and, from the properties of the general non-monoidal cubic transforma- 
tions in S; having for their fundamental curves C,’s consisting of C;, p= 2, 
and one of its bisecants, the nature of the principal systems of these trans- 
formations can be determined. For the case in which C, is non-composite, 
its image consists of the 1 trisecants of Cs, which constitute a ruled surface 
R,: C8. If, however, the C, is composite, consisting of a C; and a line, this 
Rs, breaks up into two parts, one consisting of the bisecants of C; which meet 
the fundamental line and the other of the trisecants of C;. The trisecants 
of C; form one regulus of a quadric containing C;. This quadric is the image 
of the fundamental line. The bisecants of C; which meet the fundamental 
line generate a ruled surface of order six, containing C’; as a double curve and 
the fundamental bisecant as triple line. This sextic surface is the image of Cs. 
Therefore, for a transformation of either the second or third species, the 
principal system consists of the quadric surface, k = 0, image of the funda- 
mental line, and the image of C; which is a ruled sextic surface, containing 
the fundamental line as triple line and the C; as double curve. 

Any plane through 0;,’0;” has an equation of the form 

Ar, + ptr, = 0. 
Its image under 7”’;; is 
ke (Atr, + ptr.) = 0. 
The image of 0;”0;” is k =0, and therefore under T”;; every plane 7 of 
the pencil through 0;”0;” is transformed into itself. Under 7;” the image 
of any straight line 7 of 7 is a cubic curve having a double point at 0;”. 
Since 7 meets each of the lines joining 0,” to the three residual points of 
intersection R,, R2, R; of C; and z, the image cubic must pass through these 





* Morris, “ Classification of Involutory Cubic Space Transformations,” University 
of California Publications in Mathematics, Vol. 1, No. 11 (1920), pp. 223-240. 
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points. Under 7;” this cubic goes into a Cy. But, since C3 contains 
0;”", ka (the section of k=0 by 7) must be a component of this Cs, as 
must also the lines joining O; to the three residual intersections of C; and 7; 
and the line 0;”0;”, counted twice, is also a component. Therefore, the 
image of J is a conic containing R,, R., R;. The same argument holds for 
planes through the lines 0;”0;”, 0:06’, and O;’"0,”. Therefore, in any 
plane ~ of the pencil through a fundamental line, the corresponding trans- 
formation of the second species is quadratic, the image of any line / being a 
conic containing f,, R., and R;. 
The equation of any plane through the line Z,j; is 


Ns (Yi2Z5 — Yih) + AD (Yj — ZjH1) + ATs (Hi%i — Fit.) + ptr = 0. 
Under T”1i; this goes into 
ke [Aas (Gi25 — Yi2i) + Ai (Ys21 — Gi2;) + AD; (1% — Yits)— pa] = 0. 
The component & = 0 is the image of L,i;, and any plane through Lyi; is 
transformed into a plane through LZ,i;. The particular plane of the system 


through Z,;; which contains 0,”, 0;”, O;” is v =0, and this is transformed 
into itself, as is also the plane containing O,”, O;”, O” or 
ty (Yids — Ys2i) + 25 (Gj — Hi2Zj) + 2; (HiFi — Fits) = 0. 
Let the two points common to L,i; and C; be R, and Rz. Then in the plane 
determined by 01”, 0;”, Oj”, any straight line 7 goes into C3: 0i:0;R,R20,.? 
under 7”. Under 7;” 
C3: Oi10;R,R.0,2 ~ C2: R,R.0j. 
Under 7,” 
C3: R,R.O; (as 04: 0,0;0};. 


Therefore, in this plane, the transformation 7T”’;;; is quadratic, any line being 
conjugate to a conic through O,, O0;, and O;. A similar argument holds for 
the plane through Zi; and O,-”, O;”, O¢’, and also for the corresponding 
planes through the other fundamental lines Z and their corresponding trans- 
formations. Hence, associated with each transformation of the third species 
of Gz. are two planes which are transformed each into itself and in which 
the transformation is quadratic. 

The projection in y; = 0 of the intersection of the given Vz; and another 
V; of the system 

Hi (y, 2) 2’ (y)— B’ (y, 2) H’(y)=0 

is 
F,: w®[H" (a, 2) BY’ (g)— 2B’ (y, 2) H” («, 9)] 
+ kw[2H” (2, 2)B” (9, 2)— B’ (9, 2) H” (2) — 2B” (2, 2) H” (2, 9)] 
+ k?[H” (2, z) BY’ (x)— B” (az, 7) H”’(x)] =0 
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k = 0, 
is double. But H’”(z,z)—0, the image of (¥), is a component of F;. The 
other component is 


Fe: B’(y)w? — 2B’ (¥, Z)wm + 2kwB”’ (¥, x) 
— 2B” (x, z)km + B”’ (x) k? = 0. 


on which w=0, 


The double line 
C,: H’(z,zZ)—0, A” (z,z2)—0 
lies in the plane H’(z,Z)—0, but the double C; does not, and hence there 
are o F',: C;?, Ci, which are invariant under G32. 
Every cubic variety of the 0% system 


H’(y, 2) B’(y)— B’(y, 2) H’(y)= 0 
is invariant under G’32. The cubic variety 

H’(y, Z)A’(y)— A’ (y, 2) H’(y)= 0 
has (¥) as double point, and every variety of the system contains (¥) simply. 
A variety of the system will have (¥) as a double point provided B’(y)=0 
and B’(¥,Z)—0. Therefore, there are 01 cubics of the system which have 
(vy) as a double point. Let 

A’ (y, z)C’(y)— OC’ (y, 2) H’(y)= 0 
represent one such variety. The projection in 83: y; = 0 of the intersection 
of this variety and ; 
A’ (y, z)A’(y)— A’(y, 2) H’(y)= 0 
is composite, consisting of 

H” (x, Z)==0 
and the 
Fy: kO”(x)— 2mC” (2, z) + 2wC” (a, §) = 0. 

Therefore, there are 0° F',: C; which are invariant under G32. The J’, have 
all six of the points O” as double points and contain the fifteen lines joining 
these in pairs. The quadric cone K2, determined by a vertex O” and the five 
lines of F', which pass through it, meets /, in a C;’ which is composite, con- 
sisting of the five lines and the (; determined by the six points O”. The F's 
must therefore contain this C;. An F's, having these properties is a Weddle 
surface, and, since the Weddle surface is known to be irrational, and F’, and 
[H’ (x, Z)]? =0 form a composite /’, of the system of surfaces invariant 
under G32, the general sextic of this system cannot be mapped upon a plane. 
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ON THE CAPACITY OF SETS OF CANTOR TYPE.* 


h 5 
: By Outver D. KELLOoGe. ; 





1. Introduction. If E denotes any bounded set of points, then E, 
together with its limit points, contains the boundary of an infinite domain 7’. 
To this domain and to the boundary values 1, may be assigned, by the method 
of sequences,+ a harmonic function, called the conductor potential of the set 
E. This conductor potential, V, is unique, in the sense that it is the only 
one yielded by the method of sequences, and in particular, is independent of 
the sequence of regions with T as limit. The points of £ at which V ap- 
proaches 1 (and also points of F not boundary points of 7), if such exist, 
are called regular points of EZ. All other points of H are called exceptional. 
The total mass, as given by Gauss’ integral, producing the potential V, is 
called the capacity of E. 

The question of the unique determination of a harmonic function by 
continuous boundary values, not yet generally settled for boundaries con- 
taining exceptional points, would be definitely and affirmatively answered 
if the following lemma were est»blished : 


re 


Any bounded closed set of points of positive capacity contains regular 
points. 


This lemma was formulated in 1926,{ and established in the case of the 
logarithmic potential in 1928,§ but it has not yet been proved in the case of 
the Newtonian potential. In view of this fact, and of the central position 
of the lemma with respect to the Dirichlet problem for general domains, the 
consideration of the lemma in special cases appears to be a task worth while. 

In particular, the sets of Cantor type, studied in the following pages, 
» a have a peculiar interest, for the following reason. Some of them have 0 
— capacity, and some positive capacity. The latter owe their positive capacity 
' to the relatively great separation of the points of the set, a quality which 
ordinarily reduces the likelihood of regular points. It would accordingly 
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* Read before the American Mathematical Society, September 11, 1930. 

+ See Kellogg and Vasilesco, “ A Contribution to the Theory of Capacity,” Ameri- 
can Journal of Mathematics, Vol. 51 (1929), pp. 515-526. References to the literature 
are there given. 

t Kellogg, “On the Classical Dirichlet Problem for General Domains,” Proceedings 
of the National Academy of Sciences, Vol. 12 (1926), p. 406, foot-note 11. 

§ Kellogg, “‘ Unicité des fonctions harmoniques,’ Comptes Rendus, Vol. 13 (1928), 
pp. 526-27. 
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seem probable that if the lemma were to fail, it would fail for a set of this 
sort. In the general cases studied, it is true. 


2. Construction of the Sets of Cantor Type. Let C denote a closed 
cube, of unit side, and let a, a, a3,- - - be an infinite sequence of positive 
proper fractions. We remove from C all points whose distances from any 
of the three planes through the center, and parallel to the faces, are less than 
a,/2. There remain eight closed cubes of side 8; =(1—«,)/2. From each 
of these, we remove all points whose distances from any of the three planes 
through the centers and parallel to the faces are less than @28,/2. There 
remain sixty-four cubes C, of side 8. =(1— @,)8,/2. Continuing in this way, 
there are defined 8" cubes Cn, of side 8, =(1— an) 8n-1/2, mn —1, 2, 3,°- - 
The set of points # common to all the cubes of the infinite set thus deter- 
mined, is the set of Cantor type corresponding to the sequence [aj]. 


3. A Lemma on Capacity. Using the notation of section 1, and denoting 
the capacity of EF by c(£), we have 


THerorEM I. If U ts harmonic in T (and this includes regularity at 
infinity), and never negatwe, and tf its lower and upper limits on the boundary 
of T lie between a and b,0 <aSb, then 


m/b S c(£)S m/a, 
where m ts the mass producing U, as given by Gauss’ integral. 


Proof. Given «, 0 <«<a, we consider the domain U << a—e. This 
is an infinite domain, lying, with its boundary, in JT. Its conductor potential 
is U/(a—e), and hence the capacity of its boundary is m/(a—e). But 
the capacity of a set is never greater than that of an including set,* and hence 
c(#)=m/(a—e). As c(£) is independent of «, the second inequality of 
the theorem is established. 

For the first inequality, we note that U/b never exceeds 1 near the 
boundary of 7’, and that it is therefore less than 1 in JT. Accordingly, the 
conductor potentials of the sequence of domains approximating to 7 all exceed 
U/b in these domains. Hence their limit, V, the conductor potential of T, 
is nowhere less than U/b. If V—U/b vanishes at any point of T, it is 
identically 0, by Gauss’ theorem of the arithmetic mean, and then c(#)= m/b. 
Otherwise, there is an equipotential surface, V-— U/b =k, k > 0, enclosing 
E, on which the derivative of V—U/b in the direction of the normal, 





*See Kellogg, Foundations of Potential Theory, Berlin, 1929, p. 331. Here fur- 
ther properties of capacity are treated, and the method of sequences described, 
pp. 322-338. 
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(counted as positive in the sense in which it points into the infinite region 
bounded by the equipotential surface), is never positive, and somewhere 
negative. Gauss’ integral, extended over this surface, yields 


¢(E)— m/b -—+ffz7- U/b) dS > 0, 
Ss 


and the first inequality of the theorem is established. 


4, Inequalities between the Capacities of Certain Sets and Subsets. Let 
C denote a closed cube of side 8, and C’ any one of the eight cubes formed 
from C by discarding the points whose distances from any of the three planes 
through the center and parallel to the faces is less than 84/2 (0<a< 1). 
Let e denote any set of points in one of the cubes C’, and EF the set consisting 
of e and the seven congruent and symmetrically placed sets in the remaining 
cubes C’. We desire inequalities on c(#) in terms of c(e). 

We consider first the sum U of the conductor potentials of the eight 
sets e, at the points of ZH. Let P' be such a point. The conductor potential 
of the subset e to which P belongs, does not exceed 1. The value at P of the 
conductor potential of any of the other sets e does not exceed c(e) divided 
by the distance between the two cubes C’, one containing P, and the other 
the subset in question.* Hence 





where w” is a number, about 5.701. As the mass producing U is 8c(e), 
it follows from theorem I that 
o(E)= 8c(e)/[1 + c(e)p”/a8]. 

To obtain an upper bound for c(£), we first replace each set e by an 
including set é, bounded by one or more surfaces such that the Dirichlet 
problem is possible for the infinite complement of é@ and any continuous 
boundary values. This can be done in such a way that the sets @ lie in the 
cubes C’, for instance by enclosing the set e, with its limit points, in a finite 
number of spheres, and discarding the portions of the spheres outside of the 
corresponding cube C’. Distinguishing by a bar the quantities for the sets é@ 
from the corresponding quantities for the sets e, we may reason as follows. 
The value at a point P of # of the conductor potential of the set @ to which 
P belongs, is 1, because the Dirichlet problem is possible for the infinite 
domain of the complement of @. The value at P of each of the conductor 





* See Foundations of Potential Theory, |. c., p. 331, exercise 4. 
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potentials of the seven remaining sets é is not greater than c(é) divided by 
the greatest distance from P to any of its points (or any greater distance), 


Hence 
U(P)2=1+ c(é) wf, 
where p’ is a-number, about 5.026. It follows from theorem I that 
o(B)S 80(2)/[1 + c(2)p"/8]. 
In the limit, as the enveloping surfaces shrink down on the sets e, we have 
the same inequality for the sets H and e. 

We shail find it convenient to use the inequalities derived in the form 
(1) 1/8c(e) + p’/88 S 1/c(E)< 1/8c(e) + p”/8a8. 

Since c(e)—0 implies c(#)—0, and conversely, vanishing capacities need 
not be exciuded from the inequalities in this form, provided they are under- 
stood in this sense. 

5. A Necessary Condition that a Set of Cantor Type Have Positive 
Capacity. Let FE denote a set of Cantor Type, and let yn denote the capacity 
of that portion of EF in one of the cubes Cn, 7. ¢. yn—=c(H-Cn). The first 
of the inequalities (1) then yields 

1/yn = 1/8yns1 + p’/88n. 
Replacing n successively by 0, 1, 2,---m, and adding the resulting in- 
equalities, we have 
1/yo = 1/¢(E)=(u'/8) [1 + 1/88, + 1/8782 ++ + + + 1/8"8n] + 1/8" yan, 
(n = 1, 2,3,° °°). 
The two terms on the right are never negative, and we therefore infer 

THEOREM II. Necessary conditions that the capacity of the Cantor set E 

be positive, are (a) that the series 
oO oo n 
(2) = 1/8", = 2 1/[4" I (1— a) ], 


converge, and (b) that 8"yn have a positive lower bound. 


Incidentally, we remark that the series (2) will converge if lim sup On 
< 3/4. It will diverge if lim inf a > 3/4. 

6. A Sufficient Condition that a Set of Cantor Type Contain Regular 
Points. From the criterion of Wiener for the regularity of points may be 


derived the following *: 





* See Kellogg and Vasilesco, loc. cit., p. 519. 
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The point P of E ts regular or exceptional, according as the integral 


1¢ 
jf a0) dp 
p 
is divergent or convergent, c(p) being the capacity of the portion of EF in 
the sphere of radius p about P. It will be convenient to know that in this 
integral criterion, the function ¢c(p) may be replaced by the capacity C(p) 


of the portion of F in a cube of fixed orientation, of half-side p, and with 
center at P. But this fact is made evident by the inequalities 


*C(g/s*) , 1 1/88 C(p) g ole) g “Se 
f —~F 3% se pe P= jo P= [i 4p, 


which show that the integrals involving c(p) and C(p) converge or diverge 
together. 

If P be taken at a corner of the unit cube C, then C(8n)—= yn, and the 
second inequality (1) will give us information about the function C(p). 
Applied to the subsets in Cy and Cn,1, it yields 


1/yn = 1/8yns1 + ya ” 18n+18n- 
Combining this inequality with those obtained from it by replacing n by 
n+1,n+2,---n-+ p—1, we find 


ed a ee 


yn” ~—COS On+i8n 8Gns28n+1 8? ans pOnsp-1 8? ynsp 





We should now like to allow p to become infinite, discarding the remainder 
term outside the bracket. But it is not clear that its limit is 0. The diffi- 
culty can be turned by replacing #, for the moment, by the set of all points 
in all the cubes Cn.»; if we then denote by yn,» the capacity of the portion 
of this set in a cube Cn, we have yn = lim yn,p, and c(Cnip) = K8n.p, where 





poo 
K is the capacity of the unit cube. The above inequality then becomes 
es ee eee 
Yn,p = 8 On+s180n 8Ens28ne1 8?-lan pOnsp-1 8°K Snip 


If we confine ourselves to the case which alone interests us, namely that in 
which the capacity of EF is positive, the series (2) converges, and the term 
outside the bracket approaches 0 as p becomes infinite. The result is 


(3) V/yn S(v"/8) 8" Bn, 


where R, is the remainder, after n terms, of the series 


(4) ¥ 1/8!a.08, (Spon, 
0 
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Returning, with the inequality (3), to the integral criterion for regu- 
larity, we note that 


5n in 
J [C'(p)/p? dp = yns1 i Ap/p? = yns1 (1/8n11 — 1/8n), 


and hence that 


(5) f [0(e)/e* dp = 3 yan (1/8nea — 1/8) 


> (8/n") 3 (1/8™4Bs) lie 1/8x)—=(8/u")S [1/8"*18,,:Rn] [1+ ans) /2]. 


As @» lies between 0 and 1, we arrive at 


THEOREM III. A sufficient condition that the set E of Cantor type have 
a regular point, is that 8%n become infinite with n, and that the series 


(6) 3 1/818, 4.R, 
diverge. ; 

In order to apply this condition, we shall have need of a theorem on 
infinite series with positive terms, which is a special case of one due to Dini,* 
and which may be stated as follows: 


ae 
If dn is a convergent series of positive terms and tf Tr = Cn + Cnr + ° °° 
1 


denotes its remainders, then the series 


roe) 
Zz Cn/Tn-1 
| 


is divergent. 


%7. Establishment of the Fundamental Lemma in Two General Cases. 
We proceed to establish the lemma in the two cases (a) in which the terms 
of the sequence [a] have a positive lower bound, and (b) in which this 
sequence has the unique limit 0. 

In the first case, on the hypothesis that H has positive capacity, the series 
(2) converges, by theorem II. Since the «; have a positive lower bound, the 
series (4) also converges. It then follows from the theorem of Dini that 
the series 


oe) 
> 1/8"*18ns1Gnsolen 
1 


diverges, and from this follows the divergence of the series (6). The con- 





* See Knopp, Theorie und Andwendung der wnendlichen Reihen, Berlin 1922, p. 285, 
2nd ed., (1924), p. 294, or Fort, Infinite Series, Oxford 1930, pp. 42-43. 
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vergence oi (2) implies that 8", becomes infinite with n, and hence by 
theorem III, £ has the regular point P. 

The second case can be reduced to the first by the following device. 
We form a subset E” of # by omitting those points of EH which are in those 
cubes Cz which are not at the corners of C, omitting the points in those cubes 
C, which are not at the corners of cubes C2, and so on. Those points of £ 
are omitted which are in those cubes C2n,2 which are not at the corners of 
cubes Con. It is at once clear that KH’ is a set of Cantor type, and a little 
reckoning shows that the sequence [«;’], which characterizes it, is as follows 


ay’ = a, +(1—a,) (1 + a) /2 
=1/2 + [@ + a1 (1— a2) ]/2, 
Gy" = 1/2 + [ay + a (1 — a) 1/2, 


On’ = 1/2 + [Gen + Gen-1 (1 — aon) ]/2, 


The expression for ¢,’ shows that lim @,’ = 1/2, and it follows from the 
remark following theorem II that the series (2) for EZ’ converges. The same 
expression shows that a,’ > 1/2, and it follows then from case (a) that the 
series (6) for E’ diverges. Theorem III then shows that E’ has regular 
points. Hence, £, which contains £’, also has regular points. 

We remark that the reasoning employed above shows that in the cases 
studied the vertices of all the cubes C, are regular points. Thus the regular 
points, in these cases, are everywhere dense in #. If the fundamental lemma 
is true, this property is possessed by all reduced * sets of positive capacity. 

The fundamental lemma is thus established for sets of Cantor type, 
except when the set [@,] has two or more limit points, one of them 0. The 
series set up enable one to study further cases, but I have not settled them all. 
On the other hand, no cases have come to light in which the lemma fails. 


8. Two Remarks on Capacity in General. We formulate the first 
remark as 


THEOREM IV. Any closed bounded set of positive Jordan outer content 
contains regular points. On the other hand, the set of Cantor type formed 
with «; = 1/2 shows that a set may have 0 outer content, and still have regular 
points, by theorem ITI. 

If the set is a plane set, we may understand the content referred to as 
plane content. Otherwise, we are to understand the three dimensional con- 
tent. Regularity refers to behavior with respect to the Newtonian potential. 

We give the proof of the theorem for the case of a plane set. Only 





* For the definition of reduced sets, see Kellogg and Vasilesco, loc. cit., pp. 519-520. 
16 
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formal modifications are necessary for the case in which three dimensional 
content is involved. Suppose then, that F is a closed set, lying in the unit 
square, with the outer content a > 0. If we divide the square into four equal 
squares, the outer content of the portion of £ in at least one of them will be 
not less than a/4. Call such a square S;. If S, be similarly divided into 
four equal squares, the part of £ in at least one of them will have an outer 
content not less than a/4°._ Continuing this process, we construct an infinite 
sequence of squares S;, S2, S;,- - -, such that the outer content of the part 
of EF in S, is at least a/4". If P is the limit of this sequence, then P is a 
regular point of /’, as we now show. 

Let yn denote the capacity of the portion FZ, of EF in S,. Then Fy can 
be enclosed in a set of squares of a quadratic mesh so fine that the capacity 
of this set of squares differs arbitrarily little from yn, while the area A of 
the set of squares is not less than a/4". Let U denote the potential of a spread 
of unit surface density on these squares. Then U cannot exceed, at any 
point P, the potential at P of a spread of unit surface density on a circle of 
area A with center at P.* It follows that U S2(a7A)*%. As the mass pro- 
ducing U is A, theorem I assures us that the capacity of the set of squares 
is not less than 14(A/r)* = \4n.,(a/r)%. Since this last expression is in- 
dependent of the fineness of the mesh, it follows that it is also a lower bound 
for yn. Using this lower bound in the integral criterion of section 6, we see 
that P is indeed a regular point of #. In fact, since C(p) is a monotonically 
increasing function of p, C(p)/p has a positive lower bound, and the integral 
is hence divergent. 

The second remark concerns the question of the possible topological 
character of the capacity of a set. Formulating it as broadly as possible, 
we ask: does a continuous cne-to-cne transformation, not only of the set £, 
but of the whole of space, necessarily carry E into a set E’ which has positive 
capacity when, and only when, F£ has? 

The sets of Cantor type furnish an immediate negative answer. In fact, 
let the set E be characterized by the sequence in which @; has the constant 
value 3/5, and E” by the sequence in which «; has the constant value 4/5. 
Then F has regular points, and hence positive capacity, by theorem III, 
while E’ has 0 capacity, by theorem II. And there is no difficulty in setting 
up a continuous one-to-one transformation of space, carrying FH into E’. These 
sets therefore constitute an example in point. 


CAMBRIDGE, MAss., 
NOVEMBER 22, 1930. 





* See Foundations of Potential Theory, loc. cit., p. 149, lemma III (b). 
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NOTE ON FRACTIONAL OPERATORS AND THE THEORY OF 
COMPOSITION. 


By Lreonarp M. BLUMENTHAL. 





In this paper the methods and notation of the theory of composition of 
the first kind, developed by V. Volterra and J. Pérés,* are applied to certain 
fractional operators.+ The concept of the “finite part” of an integral de- 
veloped almost simultaneously by J. Hadamard and R. D’Adhemar { is em- 
ployed to give a new definition of negative fractional orders of integration 
that is amenable to treatment as a very special case of composition. The 
symbolism already in use in the theory of composition is utilized with obvious 
advantage in the theory dealt with in this paper. Finally, definitions are 
given for the operators in the case of the complex variable, the concept of 
“finite part” being extended to contour integrals. 

1. If a function F(z,y) can be put in the form 


x) 


P(z,y— LD o(a.9), 


where @ is different from zero or a negative integer, and the function ¢(z, y), 
finite and continuous, is not zero for yz, then F(z,y) is said to be of 
regular order @. 

The resultant (Volterra product) 


PG = { F(2,8)4(6 yds 


of two functions of regular orders a and £ is, by a fundamental theorem, 


of order a+ £. 
For « > 0, the integral of order « has been defined by the expression § 





* A systematic development of the theory is to be found in Volterra et Pérés, 
Legons sur la composition, Paris (1924). 

j For a historical sketch as well as a bibliography see “ A Survey of Methods for 
the Inversion of Integrals of Volterra type,” H. T. Davis, Indiana University Studies, 
No. 76, 77; also two papers by the same author, American Journal of Mathematics, 
Vol. 46 (1924), pp. 95-109; Vol. 49 (1927), pp. 123-142. 

tJ. Hadamard, Annales de V’Ecole Normale Supérieure (1905), p. 122; R. D’Ad- 
hemar, Exercices et legons d’analyse, Paris (1908), pp. 150, 180. 

§G. H. Hardy, “ Notes on Some Points in the Integral Calculus,” Messenger of 
Mathematics, Vol. 47 (1917-18), p. 145. 
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oFalf(y)] = [1/F(2)] J. “(y — t)*14(t) dt, 


where the function f is summable throughout any interval of positive values 
of y, y= 0 included. Hardy, in the paper referred to below, shows that the 
expression exists for almost all values of y and is summable. It is to be 
noted that the lower limit of the integral is an essential part of the definition. 
Now * 
1¢==(y—2)*1/T (a). 


Hence we may write, putting / — f(y), 
oF al f(y) |] =fl*, 


the lower limit x being a parameter which hereafter we shall omit exhibiting. 
The whole theory of integrals of positive order may thus be treated by means 
of the theory of composition. It is immediate, for example, that the operator 
Fa[f(y)] obeys the index law 


FuF Uf (y)] = Ful f(y) 1, »>0,¥>0 
for Fytf(y)] =f’, 
and FuF'v[f(y)] =(fl") 14 


But composition is associative, and hence 
Puy [f(y)] =f(vl), 
which, by means of the theorem cited above on the order of the resultant, 
yields 
PuPy[f(y)] = fl" = Pool f(y) I]. 
Again, making use of the concept of fractions of composition it is immediate 


that 
lim Foff(y)] =F(y)- 


2. When two functions are of negative orders, the integral defining 
their composition may not exist. It has been found, however, that all the 
theorems valid for ordinary composition hold if we agree, that whenever the 
integral /'G does not exist, we are to take the finite part of the integral.+ 














i 


It is upon this that we base our definition of negative fractional order of\ 





*It is usual to place an asterisk above the ] to indicate the Volterra product. 
7 J. Pérés, “Sur la composition lére espéce: Les fonctions d’ordre quelconque et 
leur composition,” Rendiconti della Realle Accademia dei Inncei, (1917), p. 45, 104. 
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integration. Without introducing any new notation, it is understood that 
the finite part of all non-convergent integrals is to be taken. 

Let now «=—7,0<7< 1. We define the integral of negative order 
—yn by the expression 


y 
Palf =ViE(—)1 f° yo Fat. 


y 
3. Finite part of f. (y—t)-71f(t)dt. Let the function f satisfy 


a Lipschitz condition throughout any interval of positive values of y, and 
consider the expression 


I= iim [ f (y—)-r (at + oy—oer], 


€e>9 


where 


(1) f(y)=— no(y)- 


THEOREM. The limit I exists. 
We note first that J differs from 


— [ (Se at Preset) 


“ae $9 





by a finite term f(y)/n(y— 2)"; for 
r—iim[ f"(y—t-ry (tat + e(y—o) 


f(y) f(y) 
“ T (9) +a 
whence, using (1) 


(2) I’=I + f(y)/n(y—2z)". 


Now the limit J’ is readily seen to exist, for 


r— 1: v-¢ | f(t)—f(y)| | (y—«)— o(y)| 


and using the Lipschitz condition 








-€ 
I’ <k lim [ " (y — t)-dt + a | , k a finite constant, 
€e->0 72 


I’ < [k/(1— 1) ](y—2)*. 


Whence, from (2) we infer that the limit J exists. We call J the finite part 
of the integral 





















—— 
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fluor ods, 


and hence, by our definition 


Falf(y)]= lim {- (y— t)--1f(t) a+ ee—2}. 





I'(—) P(— 9)< 
If the function f is differentiable, this expression can be put in a more 
useful form. First we write F_»[f(y)] in the equivalent form 


“(eo — OT") 2 Fa. $(y1) 








(3) Palf(y)] = lim 














wy 2 —_ 
Now 

d ot) _ mo(t)+-4'(#) (y—t) 

dt (y—t)” (y—t)im 
whence 

(ys) (nb (t) +. (4) (y —8) $(z) 
e—eF J. G—pe Yt Gay 

Substituting in (3), and taking account of (1), we have 





$'(t) _ 1 a 4(t) 
+ Sete TH») wJ. w—p™ 


In general, if f is differentiable (p — 1)-times and its (p —1)-st deriva- 
tive satisfies a Lipschitz condition, 


fi gaara fy —o-rep(tae 
‘. dt, 0<p<l 


t) ptu 


where 
h(O=f(y—F(y) (y—)+ P’(y) (y —#)?/2! 
- + +t (—1)P1f@D(y) (y—t)?1/(p—1)!. 
Now 
fo (yt) redt 1-7 r (— p—p +1) —(y—2)*4/(1— pa). 
The first member of the right hand side of (5) is a sum of terms of the form 


OMAN Jy treat 


and hence may be written 


£'(— ») aed SH) 
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S (1) Fy) A] (y—2) H4/(1 +i p—p). 














Whence 
. S Ph a! citi Oe 
{Gant 2-) Gea Ge 
as) 3. A few examples of functions obtained by the use of the definitions 


used in this paper are given. In this table we have set the parameter x equal 
if to zero. The functions are obtained with a minimum of calculation. 


1S 
| Falk] =h-119=k- 129 = [k/1(1— 9) Jy, 


Paly*| = Yr + k)—= (P11 + &)/P(e—y + 1) I y*, 
F.[e¢] = at 1*]-7 = > y+ 71/T(t— n), also, from (4), 


Zz F_,[e’] = 7 as rts Ali 


| T'(1—n) a” 
F_y[sin y] = 30. 1)?-11271-9 —= 5 (— 1)?" [y?#-*1/T (2p — y)]. 
p=1 p=1 


For f(t) representable in a series 
j f(t) ao + ait + agt?/2! +++ + fantit/n!+-:--:, 
convergent for 0 = t= y, we have 
- = , 
Palflg) l= 2 las/Ps—4) Ig? 


4. Differentiation. The finite part of the integral 


f, gor iat 


. admits directly of differentiation with respect to y. It is performed by 
differentiating under the integral sign as though the integrand were con- 
| tinuous at y and ignoring the fact that the ba limit of the integral is a 
function of the parameter. Thus 


’ Palf(y=O/R(—a)] f° (yO F(a 
; dP a/dy = [(—1—1)/E(—n)] {- (y— 1) F(t) at, 


and since 





[(—1—s +) 1 =e 1 lb 


we have 


dP /dy =[1/C(—1—9)] f° (y—1) Ff ()dt—= Faslf(y)]- 
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It is readily seen that the operator satisfies the condition of linearity 
and the index law. The latter is immediate upon using the classical properties 
of the finite part, or may be even more readily seen by use of the theorems 
valid for composition of functions of negative orders. Thus 


PaP of f(y)] = Fy f= (FI?) # = fPL) = fl = Pe olf) 


Example. Let us apply our definition of fractional operator to obtain 
the solution of Abel’s equation: 


o(y)—= [°(y—t) u(t) at =u E17), ites, 


where the function ¢(y) satisfies a Lipschitz condition (and is therefore 
absolutely continuous) and is not necessarily zero for y—=0. Operating with 
the symbol 171, we have 


u(y)= [1/0 (1 — 9) ] $17? = [1/0 (1— 9) ] Poalo(y)], 


where, in accordance with our agreement we are to take the finite part of 
the non-convergent integral appearing in the right-hand member. But by our 
definition, the finite part of [1/f!(1— 7) ] Fxsl¢(y)] is readily given, almost 
everywhere, by the expression 


ions ae P(t) a]. 
(y—t)™ 


ied ed Ben + f° Gein at | 


almost everywhere. But L. Tonelli has shown that the function u(y) deter- 
mined for almost all values of ¢ by this expression satisfies Abel’s equation 
for all values of the variable y. Thus, substituting, we have 


y u(t) —_ 
\, ga $00) [Gap 
+ Sam . ¢ (2) 
fi gor, Ean* 
= $(0)+ nen # (2) f° (y—t)-t—2) dt de 
= ¢(0)+ f, ea 
= $(y). 


*L. Tonelli, “Su un Problema di Abel,” Mathematische Annalen, Vol. 99 (1928), 
p-. 191. 
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5. The Fractional Operator in the Complex Domain. If n is a positive 
integer and f(t) is holomorphic within a region S whose boundary C con- 
sists of a finite number of regular curves, and if the function f is continuous 
along C, then the n-th derivative of f at the point z lying within C is given by 


fo (2)—=(n! /2ai) f (t —z)-"-3f (t) dt. 
ce 

Consider the expression 
(6) f¥(2)—=[P(1—y)/2ai] f f(®) exp [(y—1) log (t—2)+ 2kmid] dt, 
where & is an integer and the point z is a point of S or on C. We prove 
the following theorem: 


THEOREM. f?(z)—= xine f(z), p, a positive integer, exists and differs 


from the tterated integral of order p by a polynomial (2) such that f(z) 
—(z) is zero at the point z—=a, together with its (p—1) derivatives, 
where a is a point within or on C. 


For 


lim f*(z)— lim r+ 2 —9) 


» i ~- 9) (eg) ** (p-- I — 9) 
(1/2i) f f(t)exp [y —1) {log (t —- 2) + 2hai}] dt 











ee 
1/2ni . 
sie (—. Wee 1)! J f(t) (t—z)?1 {log (¢ — z)+ 2kzi}dt, 
which is independent of k. 


Thus 
f-?(2)— lim Fv(z)—= [(1/2ni)/(—1)(p—1) 1] fF) (¢—2) log (t — 2) 
yp c 
of which the p-th derivative is f(z). Whence 


f?(z)— o(z)= f dt, fous: - SoU») at, a in 8. 


The operator f(z) defined in (6) is a mixed linear functional. For 
an integral index the functional is monodromic with monodromic indicatrix * 


v(z, t)—=— n! /(t—z)™1. 





*L. Fantappié, “I Funzionali Analitici,’ Sem. Matematico della Facolta di 
Scienze, Universita di Roma, Rendiconti, 1925-26, ser. 2a, Vol. 14. 








490 LEONARD M. BLUMENTHAL. 


For a fractional index the operator is a mixed linear polydromic func- 
tional with polydromic indicatrix. Now it is natural to define the positive 
fractional order of integration in the complex domain by the expression 


fo (2)—= [P(1 — n) /2mi] f. (t—2)-1#f(t)dt, O< p<] 


where the curve C has the origin as its initial and final point and incloses 
the branch point z, and an assigned branch of the multiform integrand is 
holomorphic in the region bounded by C. The choice of the curve C to pass 
through the origin is an essential part of the definition, since integration 
along two closed curves around z not both starting and ending at the same 
point will give different values to the operator. 

6. Development of f(z). The function f(t) being expressible in the 

co co 

form f(t)= > ant”, the series (t —z)“1! >} ant” can be integrated termwise, 


n=0 n=0 
and we have 


fo (z)—= [P(1 — p) /2ai] : in f i(t — 2)"1dt. 


Now for C we chose a loop from the origin around the branch-point z 
and back to the origin. Whence 


f e—artdt = — er) f(t neds, 
c 0 


where the integral may be considered taken along the straight line from the 
origin to the point z. If in this integral we put ¢ = &z, we obtain 


1 
f, et—ayetat =a — ry (— Aye taren fen(1— eyenat. 
c 0 


Whence 
fo* (2) =(1/2at) T(1 — p) (1 — et) erie De S anB(n + 1, m)2” 
n=0 


© anT(n + 1) i 
i=0 T(n+p+1)- 

Thus this definition of the positive fractional order of integration in the 
complex domain as a contour or loop integral is seen to yield the same Taylor 
development as the definition for this operator adopted by Hadamard.* The 





—Z 





* The Taylor development for the Hadamard definition is given in Mandelbrojt, 
“Modern Researches on the Singularities of Functions Defined by Taylor’s Series,” 
The Rice Institute Pamphlet, Vol. 14 (1927), No. 4, p. 291. 
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contour integral, however, fits into the theory of composition in the complex 
field and serves to make the theory of this operator a part of the already 
extensively developed theory of complex functionals of V. Volterra and 
L. Fantappié.* 

In defining the negative fractional order of integration we use a device 
entirely similar to that of the finite part of an integral. Some such device 
is essential, since in integrating a function i*(¢—z)*? with O<yp<l 
along C, a loop from the origin around the point z and back to the origin, 
the integral around the circle with z as center does not approach zero with 
the radius of the circle. We write, therefore 





Palfl Ceri P +4) f (ez) f(a, 
where, by definition 





fay 9p (t)dt = (1 — eo 2rh4) f(t — a) (tat, 
with the finite part of the integral in the second member being taken. Thus 
oF-yLf] =(1/2ni)E (A + a) (1— etry ersuen f° (a — tye if(t) dt 
wmaptma ticudon ee CO) 4 fF) 
“Tea A a ea [’ +f (2—t)# at] 
?.. The Index Law for fo*(z). 


THEOREM. fo’fo"4(z)—=fot'(z), O<pwv<1, ptvS¥i1. 
By definition we have 


| ferte*(2)—= Av) PA — a) /(2ni)?] f° (t— 2) tat f (w— 9 (u) du, 


where both C, and C2 have their initial and end-points at the origin and 
inclose the points z and ¢ respectively. 

Now choosing C, as a loop from the origin around the point ¢ in the 
positive direction and back to the origin, we have 


f (uO (udu = — 2) So (uw 4(u) du. 


Choosing C; as a loop around the point z, and applying Dirichlet’s 
principle, we obtain 





*L. Fantappié, loc. cit. 
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fo-?for® (2) —= (Yomi) 20 (1 — v) (1 —- w) (1 — 2") (1 — 24”) 
°Z 2 
J f(u) du f (t —2)"1(u — t) "db. 
0 u 
A change of variable in the second integral enables us to write 


fh) 1 — Pl —v) FO — Pel) 
(2art)?°E'(u + v) 


f° (u — 2)#*-1f(w) du. 
0 


for fo (2)— 





Writing the expression as a loop integral around z the above expression 
becomes, after some reductions, 


(1 





fo’ fo (z)= “ 


and hence 
fo*fo*(z) = fo#”(z). 


THE RIcE INSTITUTE. 














POTENTIALS OF GENERAL MASSES IN SINGLE AND DOUBLE 
LAYERS. THE RELATIVE BOUNDARY VALUE PROBLEMS. 


By G. C. Evans and E. R. C. MIzEs. 





1. Introduction. The potential due to the most general distribution of 
finite positive and negative mass deposited in a single layer on a closed sur- 
face S may be written in the form 


(1) v= ap duler) 


where the mass function »(e) is a completely additive function of point sets 
eon S. The most general distribution of mass in a double layer on S yields 


similarly the potential 


(2) u(M)—= f sd dv (ep) 


where v(€) is likewise a completely additive function; here np denotes the 
direction of the interior normal to 8 at P. In fact, for all the closed surfaces 
to be discussed the direction n is that of the interior normal to the surface, 
whether or not it may be interior to the region in question. 

In terms of these potentials, by means of Stieltjes integral equations, 
one can solve generalized boundary value problems of the first and second 
kinds. The first boundary value problem is solved by (2) when the limiting 
values are given of the quantity fuwdw, extended over an arbitrary portion o 
of S’, which is a surface neighboring S, as S’ approaches 8. In the second 
boundary value problem, limiting values of the flux fdv/dn dw are similarly 
given, and the problem is solved in terms of (1). Special cases of these 
problems are the Dirichlet and Neumann problems, respectively, with bound- 


ary values summable on S.* 


2. Differential geometry of S and of its neighborhood. We assume that 
S is a simple closed surface with a tangent plane at every point, whose orienta- 
tion changes continuously with respect to displacement of its point of tan- 





* A summary of this paper appeared‘in the Proceedings of the National Academy 
of Sciences, Vol. 15 (February, 1929), pp. 102-108. Subsequently, the special case of 
the Neumann problem, the «(e) being subject to the restriction of absolute continuity, 
was treated by M. Gunther, “Sur une application des intégrales de Stieltjes au 
probleme de Neumann,” Comptes Rendus de Academie des Sciences, Vol. 189 (Sep- 
tember, 1929), pp. 447-450. 
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gency on 8. A further restriction which is of importance for the potentials 
(1) and (2) is that there shall be a constant I such that 


| cos(MP, np) | dop <T 








(2.1) a UP? 
irrespective of the position of the point VM, and 
| cos(QP, ng) | 
2.2 < dw r 
(2. 2) 7 OP P< 


irrespective of the position of the point Q on S, dw being the element of 
surface area of S. A general type of such surface is furnished by the fol- 
lowing theorem.* 

LemMa. Let QP=s be the arc length of the curve of section of 8 
made by the piane which is determined by ng and P, and f(s) a positive, 


rs 
continuous, non-decreasing function of s such that J f(s)/sds is a con- 
0 


vergent integral. If there is a number & such that the inequality 


(2.3) | £ (no, np) | < f(s) 


holds for all Q, P on 8 for which s= 8, then there is a constant T such that 
(2.1) and (2.2) are satisfied. 

There is no loss of generality if we take & small enough so that f(s) < 1, 
sxe. 

We take p, 6, z cylindrical coérdinates of S in the neighborhood of Q, 
where p, @ are polar codrdinates, referred to Q, in the tangent plane at Q. 
Let w(8,Q) denote the portion of S containing Q which is bounded by the 
curve on § determined by p=6. 

For a point P; in w(8, Q), where 8 is small enough, we have p; > Ys. 


p 
In fact, since s= f sec(s, p)dp and sec(s, p)S sec(ng, ns), where nz is the 
0 


normal to § at the point whose parameter is s, this relation holds for s; = &. 
If, then, we let = 8’/2, g(p) =f (2p), we have f(s) g(p) for p=8, where 
g(p) is a continuous non-decreasing function of p such that 


2 dp = m(8) 
0 p 


converges. Then (2.3) may be rewritten 





* Curves in the plane that satisfy the relation analogous to (2.1) have been studied 
as “curves of class T.” See G. C. Evans, “ Fundamental Points of Potential Theory,” 
The Rice Institute Pamphlet, Vol. 7 (1920), No. 4, pp. 252-329. See p. 261. 
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(2.4) | (Me, Mr) | = 9(e), (p=8—= 8/2), 
and we have also the relations 
(2. 5) 2S 2pg(p) 
| cos(QP, ne) | = 29(p) (p <8) 
| cos(ng, mp, , ~> % 
| dw | < *pdpdé J 


With respect to the integral (2.2), then, we have 


| cos(QP, ne) | 
(2. 6) ie OP? dwp < 8rm(8). 


But the point Q is distant by a not zero amount A from the set of points 
comprising S—w/(8,Q). Hence 
f | cos (QP, no) | dop — f + f < 8xrm(8)-+ (1/A?) meas. S, 
S QP? w S-w 

and the theorem is proved with reference to the integral (2. 2). 

The integral (2.1) may be considered first in the particular case where 
M is a point Q of S: 

dius (ee OEY as ccia distie 

where Js is extended over (8, @Q), and Js’ = meas. S/A?. 

If we let Y= (QP, np)— <(QP, ne), we shall have | y|=g(p), 
and therefore 











| cos(QP, np) | S | cos(QP, ne) | + g(p). 


Hence Js < 122rm(8), so that 
(2. 7) I < 124m(8)-+ (1/A?) meas. 8. 


For the general case, M not on S, let A(M) denote the distance of M 
from 8, and [(M) the corresponding value of the integral (2.1). ‘Then 


T(M)< meas. $/[A(M)]?. 


If the [(M) are not bounded, for all M, there will be a sequence of points 
{M;}, with limT(M;)—oo. Then, since lim A(M;)—0, the points M; will 
have a limit point Q on S. Without loss of generality we may suppose 
(by taking subsequences if necessary) that Q is the unique limit of the 


sequence. 
On account of the continuity in the orientation of the normal, we know 
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that there is at least one normal to S in the neighborhood of Q which passes 
through M;.* We may therefore, writing Q, for the foot of one such normal, 
suppose that lim Q;—=Q, and accordingly lim M:Q;—=0. We have 
(2. 8) I (My)=Ts(Mx)+ Te (Mz), 
where the integrations are extended over (6, Q;) and S — (8, Qi), respec- 
tively. The second term on the right is evidently bounded, < K, for all My 
with & sufficiently large. 

As for T's(M;), we may write 

ft (AGP, npe)= f (MiP, no.) + y’; 

where 
IY lS] t(me, nr) | = 9(e), M;P = p, 


p being measured in the tangent plane at Qx. Hence as before 


| cos(MzP, ne) | 
w(5,Qx) M;P? 
But if we write { (MiP, ne)= t (MeP’, ne)+ y”, where P’ is the projection 
of P on the tangent plane at Qx, we have 
| cos(MiP, ne) | S | cos( MP’, ne,) | + | sin y’” | 
sin py” S z/p. 


dwp + 4xm(8). 





Ts(My)< 


Hence, writing w’ for the projection of (8, Qx) on the tangent plane, 





Ts(Mx) < gf Leste Mov) | do! +2 (2/0%)do! + 4m (8). 

















M;.P? 
But 
cet.) ae _ | MP+ MP’ | | MP’ — M,P | <(2z/p3) 
M,P2 M,P”? M,,.P?2M,).P” i ia lle 
and therefore ; 
J V4 | 
T's(Mz) < 2 | ee ~ dw’ + 4 f/08) do! + 4m (8) 


< 4a -+ 8rm(8)-+ 4xm(8). 


Hence, referring to (2.8), we see that ['(M;) is bounded, contrary to our 


assumption. 
It follows that r(M) is bounded for all M not on S, and since by (2.7) 
it is bounded for all M on S, inequality (2.1) is established. 





*In fact we may draw a small sphere with center Q and then choose M, close 
enough to Q so that it is nearer to Q than to any point of the surface of the sphere. 
There will then be a shortest distance from M, to points of § within the sphere, and 
this distance will fix a normal from M, to 8 hap foot is the desired point Q... 
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A particular form of f(s) which satisfies the conditions of the lemma 
is f(s)=C s*, O0< a. Hereafter tt will be assumed, except in §6, that 
f(s) < Cs, that 1s 


(2.9) | (ne, np) | < Cs < 2Cp, (pS 8— 8/2). 


Let now S’ be a surface neighboring to S, simple and closed, with a 
tangent plane at every point, whose orientation changes continuously with 
respect to displacement of its point of tangency on S’.* Let it be defined 
by normal displacement of the point P of S in amount n(P), | n(P) | Sz, 
where n(P) is a continuous non-vanishing function of P. If 7 is small 
enough there will be a one to one correspondence between the points of 9’ 
and those of 8. In fact, we see first that if P is a point of w(8,Q) and np 
and mq intersect at M, we cannot have MP and MQ <1/C. We refer S 
momentarily to rectangular codrdinates at Q, the z-axis being in the direction 
of ng through M, and consider the plane section determined by ng and P. 
We take z along the intersection of this plane with the tangent plane at Q, 
in the direction of P, and assume that np and ng intersect at M. 

For p < 6, so that s < &, we have the angle between ng and the normal 
to s at a point P” of s, in the plane section, = the angle ng, np, and therefore 
< Cs, by (2.9). Hence 


8 8 
[= J, cos(z,s)ds > f, cos C's ds ==(1/C) sin Cs 
0 0 


8 & 
Z— f. sin(z,s)ds, |z|< J sin Cs ds =(1/C) (1 — cos Cs). 
0 0 


Now for P in (8, Q) the angle (z,s) is less than 1 in numerical value, and 


accordingly zy >|2z|. Hence 


| zw —z| > | zw —(1/C) (1— cos Cs) | 
and 
MP? =(zy — 2)? + 2? 
MP? > zy? +(2/C)[(1/C)-- zw] (1 — cos Cs). 


From this inequality it follows that MP > MQ if zy—=MQ < 1/0. 

But similarly taking np as the z-axis, if MP < 1/C, we have MQ > MP. 
Hence both MP and MQ cannot be < 1/0. 

Moreover the distance A from Q to the set of points S—wo(8,Q) has 
a lower bound A,, for all Q, where A, >0. Hence if 7 is less than A,/2 





* The requirements on S’ are not stated with sufficient precision in Evans and 


Miles, loc. cit. 


17 
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no normal to a point of S—w(8,Q) can cut ne in such a way that both 
normals are in length < +. Consequently if r< A; and < 1/C at the same 
time, the correspondence is one-one. 

The orientation of the tangent plane to S’ has been defined, according 
to hypothesis, by functions which are continuous at every point of S’, and 
hence are uniformly continuous. The projection on the tangent plane at M 
of any element of arc ds on 8S’, through FR in the neighborhood of M is at 
least as great as ds-cos(ny, nr); hence there is a small neighborhood of M 
of radius greater than some constant, independent of M, such that: the pro- 
jection on the tangent plane at M of any rectifiable arc s on 8’, in this 
neighborhood, will be a rectifiable arc on the tangent plane of length = s/2. 

For the analysis of the boundary value problem we consider a family 
of surfaces S’ = 8S,’ where | n(P) | <7, and + approaches zero. In order to 
complete the description of the relation of the family S,’ to 8 we assume that 
there are positive constants C, a, 8” such that if ny denotes the normal to S’ 
at a point M on S’, and ng the normal to S at Q on S, the inequality 


(2.10) | (nu, ne) | << CMQ2 


will be valid, whenever MQ < 8”, irrespective of the particular surface 8’, 
of the family, involved.* As in the case of 8 and (2.9), the quantity 8” 
is assumed to be small enough so that the angle described in (2.10) is <1. 
It follows then that the projection on the tangent plane to S at Q of an 
element of are ds’ at M on S’ is = ds’/2 if MQ < 8”. 

In particular, the requirements for S,’ are satisfied if 9,’ is parallel to 8 
internally or externally, and in its neighborhood, that is, if n(P)—r. Also, 
if S’ is a surface with continuous curvatures, and if no(P) is a continuous 
non-vanishing function on.S, in absolute value = 1, with continuous deriva- 
tives with respect to displacement on S, the family of surfaces S,’, where 
n(P)=rno(P), satisfies the above requirements. 

A regular curve on § or on S’, for the purposes of this article, will be 
a simple closed curve on the surface, made of a finite number of arcs, each 
with a continuously turning tangent, the two branches which come together 
making a not zero angle with each other. Since any part of such a curve, 
contained in a neighborhood of diameter sufficiently small, say equal to some 
constant 8”, when projected on the tangent plane at any point of this neigh- 
borhood, is itself a portion of a regular curve, and the projection of the 





* This condition, rather than a slightly less restrictive one, is introduced in con- 
formity to (2.9). The condition (2.9) was introduced in order to generate a one to 
one correspondence between the points of S’ and those of S. 
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neighborhood is itself of diameter = 14 8”, we see that any regular curve 
on S or on S’ can be subdivided into regular cells of diameter uniformly 
small. Vice versa, given a small regular are in the tangent plane, there 
corresponds to it a small regular are on the surface. A simple closed curve w 
on the surface may then be described as a regular curve if it can be sub- 
divided into a finite number of cells of diameter arbitrarily small, each of 
which has as its image, on the tangent plane at one of its points, a closed 
regular curve. 

We define a regular net G on the surface, as a system of lattices Gn, 
corresponding to positive numbers 6, successively decreasing and approaching 
zero as a limit. Each lattice represents a partition of the preceding lattice 
into a finite number of cells win, each of which is a regular closed curve of 
diameter < 8,, and Gp» is the surface itself. In a similar manner we may 
define a net G for a regular closed curve w on the surface, with reference to 
its interior region », and given such a net, we may extend it through the 
complement of w so that it becomes a regular net for the surface itself.* 


3. Stieltjes Integrals. We may form the Stieltjes integral over S of 
any continuous function h(P) with respect to v(e) or w(e), and by means 
of the postulates (C’), (A), (Z), (MZ) of Daniell, generalize these integrals 
so that they apply to integrands h(P) which are not necessarily continuous, 
but may in particular be merely bounded and measurable Borel.t We may 
then define the two functions of regular curves 


v(w)— fi q(P, w)dv(ep), 
(3. 1) “ 
w(w)— f 9(P,w)du(er), 
where q(P,w) is the symmetric surface density at P of the region » bounded 


by w.t The functions v(w) and p(w) are additive and bounded functions 
of regular curves on VS. 





* Bray and Evans, “ A Class of Functions Harmonic within the Sphere,” American — 
Journal of Mathematics, Vol. 49 (1927), pp. 153-180. The definitions of lattice there 
given, on pp. 156 and 169 should be completed by making each lattice a partition of 
the previous one. 

7 P. J. Daniell, “ A General Form of Integral,” Annals of Mathematics, Vol. 19 
(1918), pp. 279-294. 


, 


t This density may be defined as tne (o, - 0") /mp?, where oho denotes the 
—* 


area common to the projection of w on the plane tangent to the surface at P and the 
circle ¢, in that plane of center P and radius p. Thus if P is an interior point of w, 
q(P,w)=1, if an exterior point, g(P,w)—0, and if a point on the boundary w, 
q(P,w)=W/2mr where WV is the angle from the forward to the backward tangent 
to w at P. 
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Moreover we may form Stieltjes integrals of the form 


(3.2) J, h(P)dv(wp), 


where h(P) is continuous, and evaluate the integral in terms of a Riemann 
sum based on arbitrary modes of division of S into regular cells of diameter 
< 6, where lim = 0, and the integral will be identical with {h(P)dv(ep).* 
The integral (3.2) may also be extended to functions h(P) bounded and 
measurable Borel, and in particular to h(P)—gq(P,w). Since then 


J, (Pow) aeler)— f° q(P, w)dv(wp) 


with a similar identity for the function p, we have 
| v(w)= f, q(P, w) dv(wp) 


| w(w)= f q(P, w)du(wp). 


Functions of curves which satisfy (3.3) are said to have regular discon- 
tinuities.t The functions defined by (3.1) are then not only bounded and 
additive, but have regular discontinuities. 

In particular, therefore, we may rewrite the integrals (1) and (2) in 


(3.3) 


the forms 
(3. 4) v(M= f (1/MP) dp (we), 
S ° 
__ ¢ cos(MP, np) 
(3.5) u(ie\— fe dv(wp), 
where the w(w) and v(w) satisfy (3.3). We need also to consider the 
integral 
(3. 6) 
P cos(QP, ne) 
v(Qy— f =n 2" du(wp) 
cos(QP, n 
—f. Saas @) dy (ep) 


where Q is on 8S. 





* Bray and Evans, loc. cit., p. 159. 

+ In analogy with regular discontinuities of functions of a single variable. See 
Bray and Evans, loc. cit., pp. 157, 170. Stieltjes integrals may also be formed with 
respect to functions of curves whose discontinuities are not regular, and evaluated by 
means of an arbitrary mode of division. See R. N. Haskell, “A Note on Stieltjes 
Integrals,” Annals of Mathematics, Vol. 29 (1928), pp. 543-548, 
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When J is not on S these integrals offer no difficulty. But (3.6), and 
(3.4) and (3.5), when MQ on S need special treatment. Consider the 
case of (3.5). In this case the integral is not defined as the limit of a sum, 
but is regarded as a generalized or improper integral.* That this integral 
exists for almost all Q on S and represents a summable function on S, and 


that the identity 


0.1), dg f MP. ae) — f° dowry f° 8PM) ay 


is valid, follow from the fact that the generalized integral 


| cos(QP, np) | 
f at(wr) f. OP? dwg 


is convergent, where ¢(w) is a bounded additive function of positive type, 
with regular discontinuities, say the total variation function of v(w).} 


Similarly, 


(3. 8) f. des of. re dp (wr) f, du(up) fC ne) dis 


is valid. These results may be summarized in the following theorem. 





THEOREM 1. The integrals (3.4), (3.5), when M is a point Q on S, 
and the integral (3.6) converge for almost all Q, and the identities (3.7), 
(3.8) are valid. In these formulae v(w) and p(w) are given in terms of 
v(e) and p(e) by (3.1), and have regular discontinuities, but the analogous 
formulae may be written directly in terms of v(e) and p(e). 


4. Boundary values of integrals. With reference to the correspondence 
between points of § and points of S’ with | n(P) | <r, as described in § 2, 
let w be a regular closed curve on S, and uw’ —w’(r), wo’ =w'(r) be the 
corresponding sets of points on S’. We indicate that 8’ approaches S from 


the interior or from the exterior, respectively, by the symbols lim and lim 
T=0+ T=0- 


and consider the quantities lim U(7,w), lim U(r,w), lim V(r, w), 
T=0+ T=0- T=0+ 


lim V(r, w), where 


T=0- 


U (7, w)= f u(M) doy, 
dv(M) 


Jw adny 


(4.1) 


V (7, w)= dwy, 





* Daniell, loc. cit. Also Evans, “ Fundamental Points of Potential Theory,” Rice 


Institute Pamphlet, Vol. 7 (1920), pp. 252-329, in particular pp. 257-260. 
7 Evans, loc. cit., p. 258. That the total variation function has regular discon- 


tinuities is proved as in Bray and Evans, loc. cit., p. 170. 
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the integrations being extended over the surface S’, and ny being the normal 
to S’ at M. Of course the quantity V(r,w) depends merely on the curve 
w’ and not on the particular surface on which it happens to lie, and represents 
merely the flux of v(M) through that curve. 


THEOREM 2. As S’ approaches S entirely from the inside or entirely 
from the outside of S the following equations hold: 


> =" 
(4.2) lim U (1, wa = 2rv(w) +f dv (ep) J ete.) due, 
S w QP? 


T=0* 
QI 
(4.3) lim V(r, w)—= = 2mp( w)t f. du(ep) f. cunts eal dag. 
T=0: 

Let w’(7,8,P) be the portion of w’(7) which is cut out by the normals 
to S in a small neighborhood (8, P) of P, where the projection of o(6, P) 
on the tangent plane at P is a circle with center P and radius 6. Indicate 
the respective boundaries of these regions by w’(r,8,P) and w(8,P), and 
their complementary regions in w’(r) and w respeciively by Q’(7,8, P) and 
(8, P). 

With P on S and M on 8’, let be the angle (MP, np), and ¢’ the angle 
(MP, nx), ny being the normal to S’ at M. If 8 is sufficiently small, we 
shall have, for M in o’(7, 8, P), 

| cos 6 — cos ¢’ | 2 lee) < <(ny, Np) 
r2 ~ 2 e 
md Crt-2 we Ce*?, 
doy < 2pdpdd, 











where p, the projection of r= MP, and 6 are polar codrdinates in the tangent 


plane at P. Hence 








(4. 4) 


w’(7,5,P) - 


— ene , | Y a 
f | cos £0 ¢’ | Baia 4rC8% 
: a 


Hence, given e, we may take 8(e), and then 7(8) so small that, by (4.4), 





Lf, P doy + 2nq(P, w) | me, 
w'(7,5,P) 1 


P,w) being the density function, and the or — sign being used ac- 
q ( , § , § 


cording as 9’ is interior or exterior to S. In fact, 


cos ¢’ 
2 doy 
Jw(7,5.P) TT 


is the measure of the solid angle subtended by o’(7,8,P) at P, prefixed by 
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the algebraic sign opposite to that of 7, and on account of the inequalities 
given for z in (2.5) and (2.9) differs from 27q(P,w) by less than 4rCp 
as r approaches zero. 

Hence 





(4. 5) f, dv(ep) a a ee f. q(P, w)dv(ep) | < eN(S), 
8 w'(7,6,P) T s 


, 





where V(S) is the total absolute mass on 8S. 


2 


On the other hand, given 8, the quantity f cos ¢/r*dwy is continuous 
2’(7,6,P) 


as t approaches and becomes zero. Hence, given ¢ and 8, we may take + 
so small that 


(4.6) | f. dv(ep) a a f dv(ep) OF duak ae 
S 0’(7,6,P) ~ S Q(6.P) 


v] 








But by (2.5) and (2.9) we have | cos(QP, np) | < Kp uniformly in P for 
Q on S in the neighborhood of P. Consequently 


cos d 
Fame dwg 
| o(6,P) i 
and 


(4.7) | f dv (ep) SS tie f dv (ep) f SS dis 
tes Q6,P) fT S a) oo 


if ’Se¢/[4r7KN(S)]. 
Hence, given e, we can, by combining the inequalities (4.5), (4.6) and 
(4.7), choose 8 small enough and then 7 small enough so that 


| f dv(ep) te f dv(ep) { on dog ++ 2av(w) | iia 
S w! (7) s Jw oe 





<= 44K8, 





<é 














| ca 7 


since v(w)—= f q(P,w)dv(ep). We have then finally 





cos 
“2 dwg, 


lim {_ aver) a Oe f dv(ep) f 
S w' (7) JS Jw 


T=0+ e * 


which is the equation (4.2), which was to be proved. 
Equation (4.3) is established in a similar way. We have 


(4. 8) V(r, w)=f do f. Si 2s) dp (ep) 


cos ¢’ 
= f dp.(ep) if dou 
S ve w! e 











and if we write w’ = w’(7, 8, P)+ ’(r, 8, P), the proof proceeds as before. 
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Moreover, if ng denotes the normal to S at the point Q which, on §, 
corresponds to M on S’ and we form V,(r, w) : 


dv(M) 


w! (7) dng 


cos(MP, n 
=f dn(er) f ee dex 


and again write w’ —w’(r7, 8, P)+ ’(7, 8, P), the quantity 


(4. 9) Vi(t, w)= doy 





Roane arr’, ne)/MP?| doy 
2’ (7,6: 
is continuous as rt approaches and becomes zero. But, denoting < (MP, ng) 
by ¢1, we have for M in o’(r, 8, P) 
oi— $ 


| cos 1 — cos ¢’ | = 2] sin oof =|¢.—¢' | S| t(ne, nw) | 


; 
< OMQ*< CMP 





by (2.10), if 6 has been chosen small enough. Hence we may substitute ¢’ 
for ¢,, as we substituted ¢’ for ¢ in the consideration of U(r, w), and we 
have the following corollary. 


CoroLttary. The function Vi(r, w) behaves in the same way as V(r, w) 
when + approaches zero, i.e., 
lim V,(r7, w)= lim V(r, w). 
T=0+ T=0= 
5. Generalized boundary value problems, and Stieltjes integral equations. 
Let F(w), G(w) be arbitrary bounded additive functions of regular curves 
on S, with regular discontinuities. We speak of functions, given by potentials 
of a single layer (1), as of class (1), and of those given by potentials of a 
double layer (2), as of class (2). 


THEOREM 3. There is one and only one function u(M) of class (2) 
for which 





(5.1) : am U(0 +, w)— Se (0—,w)—F(w), (A090), 


and there 1s one and only one v(M) of class (1) for which 


tA V(0—, w)— 1A V(O0+,w)—=G(w), (A¥#0) 





(5. 2) 
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unless A is a characteristic value of the kernel 


AL cos(QP, np) ji 
Qa QP? 


THEOREM 4. The value X\=-+ 1 is not a characteristic value. Hence 
the solutions of the particular problems 


U(0+,wv)—F(w), V(0—, w)= G(w) 
are unique in the respective classes (2) and (1). 


THEOREM 5. The value X\=—1 1s a characteristic value. For this 
value of A, condition (5.1) can be satisfied if and only if 


J $2(P)dF (er)~0, 
8 
where $2(P) is a solution of the homogeneous equation with kernel 


A cos(QP, ne) 
2 QP?” (A=—1), 


and is determined except for an arbitrary multiplicative constant. 

The mass function v(w) of (2) is then determined except for an arbi- 
trary additive term of the form Cw, which does not change the value of u(M), 
M exterior to 8. 


Condition (5.2) can be satisfied for \—1, if and only if 
G(S)=0. 
The mass function p(w) of (1) is then determined except for an arbitrary 
additive term of the form C f $2(P)dwp; the corresponding v(M) contains 
an arbitrary additive constant if M is interior to 8. 


The value A==— 1 in (5.1) corresponds to the exterior Dirichlet prob- 
lem, in (5.2) to the interior Neumann problem. 

On account of (4.2), (4.3), the conditions (5.1) and (5.2) may be 
rewritten as Stieltjes integral equations: 


(5.8) v(w)——-P(w)-+ © f° dv(er) f° TE) dag, 


(5.4) p(w) 3% G(w)— © f° du(en) f EE") 
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If v(M) is a function of class (1) which satisfies (5.2), the function 
p(w), bounded and additive, with regular discontinuities, must be a solution 
of (5.4). Conversely, if 4(w) is a solution of (5.4), bounded and additive, 
and having regular discontinuities, the function v(M) given by (1) will 
satisfy (5.2). Similarly, for the functions w(M) of class (2). 

Each of the equations (5.3), (5.4) has a unique solution which is a 
bounded additive function of curves, with regular discontinuities, unless 2 is 
a characteristic value of the kernel 
A cos(QP, np) ; 


Qa QP? 


Equations (5.3), (5.4) are solved by means of Fredholm equations, by 


means of the substitution 


(5.5) v(w) + ~ F(w)—= R,(w), 
(5. 6) p(w)— a G(w)= R.(w). 


The possibility of reducing (5.3), (5.4) to Fredholm equations’ depends 
on the fact that R,(w) and R.(w) are absolutely continuous, on account of 
(3.7). Consider (5.3). Substituting the value of v(w) from (5.5) into 
(5.3), we have 


R, (w= — 5 3 f. dF (wp )f ae ities 


— =i. dR; (wr) SS ee Svante dwg. 


The derivative nearly everywhere of R,(w) is 


a2 s(QP, np) 47, 
n(Q—— ff Ries 








cos(QP, np) 
+ ae Ss OF 


2a Js 


dR,(wp), 


or 
yi ip) 
(5.7) m(Q)—=FQ)+ & fC 1 (P) dor, 


since R,(w) is absolutely continuous, where we have placed 


HO—=— F3 f, Se dP (wp). 











In the same way, we have 





is 
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(5.8) r(Q)—=9(Q)— ef 1 (P) dor, 


where 





A2 (cos (QP, 
H(Q)—=— Fa J, ee dG (we). 


Hence if v(w) is a solution of (5.3), bounded and additive, with regular 
discontinuities, 7:(Q) will be a solution of (5.7). That is, (5.7) is neces- 
sary for (5.3); and (5.4) implies (5.8). Conversely, if 7:(Q) is a sum- 
mable solution of (5.7), then the v(w) given by (5.5) will be bounded and 
additive, and will satisfy (5.3). Similar statements may be made with 
regard to (5.8), (5.6)-and (5.4). 


LemMMA. Unless X is a characteristic value, i.e., unless for this value 
of A there is a continuous solution of the homogeneous equation with kernel 


A cos(QP, np) 


emo oe 


9 


on | QP? 
each of the equations (5.7), (5.8) has a unique summable solution. 


Suppose A not to be a characteristic value. Then (5.7) has a summable 
solution. In fact, this equation is equivalent to that which is obtained by 
twice repeated substitution of (5.7) into itself, the resulting equation having 
a bounded continuous kernel.* Since the known function in this equation 
is summable, the solution, given in terms of the resolvent kernel is summable. 
The solution moreover is unique. For, suppose there were two different sum- 
mable solutions of (5.7). Then their difference, say $:(Q), would be a 
summable solution of the homogeneous equation 


» A cos(QP, np) 
(5.9) $:(Q)= a $:(P) dep. 


But every solution of this equation is a solution of the homogeneous equation 
with twice iterated (and continuous) kernel, namely, the equation 


e A3 E 
(5.10) (Q—= sr |, K;(Q, P)$:(P) dep. 


If ¢:(Q) is summable, it is continuous in virtue of (5.10). But this means 





* Goursat, Cours d’Analyse, Vol. 3, Paris (1915), pp. 355, 364; Kellogg, Founda- 
tions of Potential Theory, Berlin (1929), p. 301. Goursat shows merely that the 
twice iterated kernel is bounded, and Kellogg, that it is continuous on the basis of 
proper assumptions on S. The assumptions on S in the proof cited are slightly more 
restrictive than (2.9), but the proof remains valid merely under (2.9). 








508 G. C. EVANS AND E. R. C. MILES. 


that (5.9) has a continuous non-zero solution. Consequently 4 would be a 
characteristic value, contrary to the assumption. The lemma is proved. 
Since the kernels 


A cos(QP, np) __ A_ cos(QP, ng) 
Qa QPp= ” Qa QP? 


of (5.7) and (5.8) respectively are associated, and have the same character- 
istic values, we may consider both equations at the same time. It is known 
that A==—1 is a characteristic value for these kernels, while A 1 is not.* 





* These statements are usually proved on the basis of slightly more restrictive 
assumptions on S, as in Kellogg, loc. cit., p. 311. Accordingly we indicate a brief 
proof on the basis of our hypotheses with regard to S, of which the characteristic 


assumption is (2.9). 
Suppose \=1 were a characteristic value. There would then be a continuous, 


not identically vanishing solution ¢(Q), of the homogeneous integral equation corre- 
sponding to (5.8), namely 


(2) O—p(Q)t ge f ST) g(P)der, (A= 1), 


The function v,(M), given in the infinite region exterior to S as a potential of a single 


layer (1) on 4, 
1 
(M)—= ( =, $(P) dor, 
vo(M)—= fi app o(P) dor 
would then satisfy the boundary condition (4.3) with 


w(w)=—= f- $(P)dor, 


that is, 


lim Vo(s,w)— f (2n6(Q)-+ f HUE") 6(P) dor} doo —0. 


T=0- 
If now we apply Green’s theorem to the infinite region 7’, exterior to S’, we have 


if, { (Av, /dx)2 + (8v,/dy)2 + (Avo/92)2}dT = { 0 (80,/8n) deo’ 
a s’ 
= (_%(M)dVo(r, om), 
Bat of 
since v)(M) vanishes canonically at ©. But since v,(M) is a continuous function of 


Q and 7 as M approaches Q along No, and the total variation of V,(7,w) is bounded, 
we have by a well known theorem 


(B) lim 9(BL) dV or, ae lim Vo(r,0)] =0. 





T=0- 
In fact, the total variation of V,(7,w) does not exceed the quantity 
cos(MP, nu 
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As to A>=—1, (5.9) has obviously the solution 7:(Q)—1. Hence the 
homogeneous equation corresponding to (5.8) has a not identically vanishing 
solution ¢2(Q). Both of these homogeneous equations have the same number 
of linearly independent solutions. It is known that for A-=—1 there cannot 
be two linearly independent solutions of (5.9) or of the homogeneous equation 


corresponding to (5. 8).* 
For the value A==— 1, a necessary and sufficient condition that (5. 7) 


have a solution is that 
f, #2(P)F(P)aP = 0 


which, on replacing f(P) by its equivalent in terms of F(w), and reversing 
the order of integration, takes the form 


(5.11) f, $2(P) dF (wp)= 0, 


¢2(P) denoting a solution of the homogeneous equation with kernel 





and if we write 


— + ’ 
£ | | 


the first of these integrals is < 4m and the second is <(const.) (meas. 8’) < (const.) 


X (2 meas. 8). 
Hence if 7 is the region exterior to S, we have, from (8), 


J, { (v/a)? + (Avo/dy)? + (Av0/d2)?}4T = 0. 


But this means that v, is constant outside S, and since it vanishes at © and is , 


continuous across 8, it vanishes outside and on S. Hence it vanishes identically also 
inside S. The condition (4.3) yields now the fact that 


f {— 2ag(Q)+ fa $(P) dwp}dog = 0, 


which with (a) and the continuity of ¢(Q) implies that ¢(Q)=0. This is contrary 
to the hypothesis. Hence \=—1 is not a characteristic value. 


* Suppose in fact that we apply Green’s theorem to the region interior to S,~ 


in the same way as we applied it in the previous footnote to the region exterior to S, 
taking as v(M) the potential of a single layer associated with a continuous solution 
¢2(Q). This potential v(M) will be constant within and on S and will vanish canoni- 
cally at co, The potentials defined by two such solutions ¢,(Q) will therefore be 
linearly dependent in all space. The functions ¢.(Q) will also therefore be linearly 
dependent, by means of the relation 


lim V(x, w)— lim V(r, w)—— te f $2(P) dup, 


T=0+ T=0- 


which is a consequence of (4.3). 


ES sia eee eae ee 


~ other toe 
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__ A_ cos(QP, ne) iden te, 


2Qar QP? : 
Suppose the condition (5.11) is satisfied. Then the general solution 


of (5.7) is 
r1(Q)=71(Q)+ CG, 


since ¢:(Q)=C is a solution of the homogeneous equation 


_ _1 ¢ cos(QP, ne) 
$:(Q i a $1 (P) dwp. 


Hence by (5.5), we have 


v(w)= =F (w)+ R,(u) 


Q 7(Q)doo + f Cdue 





=v, (w)+ Co. 
If we substitute this value of v(w) in (2), dealing as we are here with the 
exterior Dirichlet problem, the contribution due to the term Cw is zero, and 
u(M) is given simply by the formula (2) with v(e)—v,(e). 
For the value 4\==—1, and the interior Neumann problem, a necessary 
and sufficient condition that (5.8) have a solution is that 


J, 9(Q)4:(Q)doo—O f" 9(Q)doo—0. 
S S 


But this is equivalent to the condition 


0—— 5 f dG(w ve) ee na) dog — 5 dG(w)= G(S). 


Hence we have the condition 

(5. 12) G(S)=0. 

But, since the steps may be retraced, this condition also is both necessary 
and sufficient in order that the interior Neumann problem be solved by means 


of a potential of a single layer. 
If (5.12) is satisfied, the general solution of (5.8) is in the form 


12(Q)=72(Q) + C$2(Q) 


where C is an arbitrary constant, and ¢2(Q) is a solution of the homogeneous 


equation 


1 s(QP 
b(Q)—= gm fe ba(P)dor, 
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and is a continuous function. But as we have seen [in the preceding footnote | 


the potential (1) where r(w)—= f $2(P)dwp reduces inside S to a constant. 
Hence the effect of the term C'¢2(Q) is merely to change v(M) inside S by 
an arbitrary constant. 


6. Boundary values of u(M) and v(M). For simplicity, we consider 
merely approach in the narrow sense, letting M approach Q on S along the 
normal ng (limM-—@Q-=+). We shall show that u(M) and dv(M)/dne 
approach definite boundary values wherever y(w) and w(w) have derivatives, 
that is, nearly everywhere on S; and for S we may take a surface which 
satisfies merely the conditions of the Lemma of § 2, with no assumptions about 
the curvature. We say that v(w) [or v(e)] has the derivative A at Q if 
lim v(w) /w = A, where the regions » form a regular family about Q. 
w=0 


THEOREM 6. Let S satisfy the conditions of the Lemma of § 2, and let 
Q be a point on S where v(w) has a derivative /(Q)—=A; then 


(6.1) lim u(I)— = 2nd +f we debe). 


Tf w’(Q) exists, = A, then 





dv(M) | cos(QP, ne) 
(6.2) ie = ert OPE dn (er). 


So far, in dealing with integrals over the whole of 9 it has made no 
difference whether we used the differential dv(e) or the differential dv(w). 
For integrals over a part of 8, however, the symbols may involve some am- 


biguity. Hence for the integral f f(P)dv(wp), extended over a region w 
w 


bounded by w, where f(P) is integrable in the Borel sense, we, introduce the 
definition ' 


f. f(P)dv(we)—= f  q(P,w)f(P)dv(we)— f, q(P, w)f(P) dv(ep), 


in which q(P,w) is the density function for » bounded by w. The integral 
is thus an additive function of curves w. 
We indicate integration over the region 2 complementary to w by the 


symbol f f(P)dv(we), W being the same curve as w, regarded, if we like, 


as having opposite sense. We have 


f. f(P) dv(wp) + f, H(P)av(we)— f i(P)dv(wp). 
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It may be noted that given v(w) there is one and only one v(e) such 
that v(w)—v() for curves w where v(w) is continuous in the sense of Vol- 
terra; conversely, given v(e) there is one and only one v(w) corresponding 
to it in this sense, provided v(w) has regular discontinuities.* 

Since v(w) and »(w) are independent, we may as well assume that the 
hypotheses for each of them are satisfied at some point Q, and prove both 
identities at once. We must first examine the integral 


_ f cos(QP,-np) _ ¢ cos(QP, np) 
Tm fy gre Mle f Gp deer 


and the similar integral J, with ng instead of np. We may write 
v(w)= Aw + on(w) 


where wy(w) is a bounded additive function of regular curves on S, with 
regular discontinuities, such that = n(w)==0 when the regions » form 


a regular family about Q. Without “Tose of generality we may assume that 
n(w) is of positive type.t 

Let I, be that part of I referring to Aw, and J, to wy(w) ; the convergence 
of I, is a consequence of the fact that S is of class T. The convergence of I, 
will be established as a generalized integral, if it can be done when cos(QP, np) 
is replaced by | cos(QP, np) | , and the convergence of the latter integral will 
be established if 


lim , vim. P)d[wn(w) | 





moO 
exists, where 
hm, Pm LOGE 2) | (QP >1/m), 
QP? 
=m?! cos(QP, np) | , otherwise. 


In fact the h(m,P) form an increasing sequence of functions of P, with 
lim h(m, P)=| cos(QP, np) | /QP?. Finally we need only consider the 


m—-0O 


neighborhood (8,Q) of Q, so that | cos(QP, np) | < 3g(p), p being the 
projection of QP on the tangent plane at Q, and g(p) being the continuous 


5 
function of § 2 such that m(8)— f [9(p)/p] dp converges. In fact, 
0 





* Bray and Evans, loc. cit., p. 159. 

7 Bray and Evans, loc. cit., p. 173. In the analysis there given, the case where 
one or the other of the two families p,’, P; ” may contain merely a finite number of 
elements should be considered; but in this special case the proof is immediate. 
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| cos(QP, np)— cos(QP, ne) | 
<S 2| sin{(QP, np sin (np, ne) /2 |S g(p). 


We may therefore substitute for the h(m,P) the dominating increasing 





sequence 
hi (m, P)= 39(p) /p? if p>1/m, 
== 3m7q(1/m) otherwise. 


The function oy(w) being of positive type is a non-decreasing function of p 
if w= w(p,Q). If we represent this function by B(p) and remember that 
h,(m, P) is a function of p alone, we have 


; 6 
ha(m, P)d{on(w)]—= f h(m, P)dB(p) 
w (5,Q) 0 


and this by an integration by parts is equal in absolute value to 
5 5 
| [8(e)h(m, P)] — fB(e)dha(m, P) | 
ih ee +| f'era Pl 
Mo * 


9 (8) n[w (8, Q)] + 3xn[w (3, Q)] | Sie ° | 


The Stieltjes integral in the last expression is however, by a wii integra- 
tion by parts, the same as 


| 9(8)—g(1/m)—2 FP ap | < g(8)-+ 2m(3). 
Hence 


f/_hy(m, Pylon (w)] < Grn (w (8, Q))L9(8)-+ m(3)]. 


But this bound is independent of m, so that the point is proved. Similar 
considerations apply to the integral J. Incidentally, this bound may be made 
as small as we please by taking 6 small enough. 

It is well to emphasize the following results, implied by the analysis 
which has just been completed. 


LemMA. The integrals 


J g(e)/e®] do, f° [o(0)/e°] d Lon(w) ] 
w(6,Q) w(6,Q) 
are convergent, and may be made arbitrarily small with 8, if g(p) 1s @ 


5 
positive continuous increasing function of p such that f, [g(e)/p] dp is 
0 


convergent. 
18 


on a: Sentra 


a Te se eT 


wee 





f 
i 
i 
; 
i 
iy 
q 
4 
¢ 
i 
i 
We 
i] 
i 
7 
WH 
ie 
uy 
" 
Ai 
fi 
tt 
t 
it 
fe 
i 
4 
i 
i 
5 
t 
bid 
ae 
i 
oe 
i 
4 











514 G. C. EVANS AND E. R. C. MILES. 


CoroLLary. We have, under the hypotheses of Theorem 6, 


: cos (QP, np) * cos(QP, np) 
6.3 lim f a —|{ —a Ae, 
siaiae &=0 J 905,Q)0P? : s QP? 5 


(6.4) im fT ) dy(wp)— f EM) anu), 
with similar relations if np is replaced by ng and v(w) by p(w). 

If we let @ be the angle (MP, np), ¢’ the angle (MP, ne), y= o—¢’, 
r== MP, we have 
(6.5) u(M— fi _— dv(wp), ots) if a 

:r dng 2s 

We evaluate the limits of these integrals first by comparing them for the 
portion (8,Q) of S, then with corresponding integrals over the projection 
of (8, Q) on the tangent plane at Q, and finally by noticing that the integrals 
over the portion 2(8,Q) are continuous as M approaches Q. 

Accordingly, we show first that given e we can choose 8 small enough so 
that for all smaller values of 8 we have 


(6. 6) f. 7 
(6.2) 7 


independently of the position of M. We have in fact, if P is in w(8,Q), 








cos d — cos ’ 





| do <e 





cos ¢ — cos ¢’ 
id 





| dfon(w)] <6 

















cos ¢ — cos ¢’ 2 , - . . 
72 oe} = a | = ot? sin y/2 | S y/r? S 9(e)/p?, 
applying (2.4) and making use of the fact that |y|<|np,ng|. The 


desired inequalities follow then immediately from the lemma. 

Let r, be MP, and ¢, be the angle MP,,n@ where P, is the point, on 
the tangent plane at Q, at the foot of the perpendicular from P. We show 
now that, given e, we can choose 6 small enough so that for all smaller 8 
we have 


om = 


independently of the position of M. In fact, using the symbol z of § 2, 





cos EH | a(fon(o)] <2, 


> 


r i | 





cos¢’ cosd; 
72 1," 


S 29(p)/p? + 22/p3 S 29(p)/p? + 49(p)/p? = 69(p)/p”, 


the last inequality being a consequence of (2.5). Consequently, here again, 
the desired inequality follows immediately from the lemma. 


cos ¢’ — cos 4, rs cos ¢1(7; + ©) (11 — 7) 


2 r2 r,? 
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Moreover if 8 is small enough we can show that 


| f/,(c0s du/rt)dfon(w)] | <«/2, 


whence, from (6.8), 


(6.9) | _f- (cos 67/12) dlon(w)] | =« 
w(6,Q) 
independently of M. 
For this purpose we introduce again the notation B(p), and write, in- 
tegrating by parts, 


| f Sarno [=| f SE aw | 
<= B(8)/# + | f- B(e)d(cos d/r.2) |, 


of which the first term of the last member may be made as small as we please, 
with 8. The function cos ¢,/r,2 is a monotonic function of p, since for a 
given M the numerator decreases in numerical value, without changing sign, 
and the deneminator increases, as p increases. In the second term, then, 
we introduce 5 as the upper bound of »(w) when w is the circle of radius p, 
0 <p S65, and obtain 


| f B(p)a(cos du/r2) | < 2mm | f° p*4(c0s dr/r?) |, 


for, since | (ng, np) | <1, o(p)< 2ap?. But by performing again the in- 
tegration by parts, the right hand member of this inequality is 


< Qarys + 20 | f (cos 1/11?) d (mp?) | 


S 2s + dans = Cary, 


and this also may be made as small as we please with 8, independently of M, 
since ys approaches zero with 8. Thus the desired inequality is established. 

The rest of the proof is not difficult. In accordance with (6.4) we can 
take § small enough so that, given e, 


(6. 10) | wee nr) arwe)— ie OP dv(wp) 


Also, if we denote by y the limit of the absolute value of the solid angle 
subtended at M by w(8,Q) as M approaches Q, we can take 8 small enough 


so that, given e«, 


(6. 11) | Ay — 2rd | Se. 


So far we have dealt merely with inequalities depending on 8. When 8 
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is fixed, however, we may choose M close enough to Q on ng so that the fol- © 
lowing inequalities hold, when «, is given: 


COS d cos(QP, np) 
. pee —~>—_ dv — 
ar? | es r2 eke) i= QP? (wp) | =a 


(6.13) | f ee aie + Ay | = a, M on + ng. 
@ ) 


7 


Consider now the inequalities: 


PP cont J cos $ $ 1 (uw»)—f. ee np) iileniidsiias | 
, | 


ae tae Ye cos(QP, np) as 
J, —op: wer) fo QP? ene) | 


cos d mM cos ¢” ali 
oso. 2 Hon) r pe ALon(w)] | 


r2 








fan S$ etc | 


r2 


| Ay — 2A | 


cos a cos(QP, np) 
| = q hee) -_ QP? doleen) 


ra lf SF hibit hey | 
w(5,Q) 


72 
where with the notation + the + sign is taken if M is on + ng, the — sign 
if M is on —ng. By taking 6 small enough each of the first four expressions 
in absolute value signs, of the right hand member, may be made Se, by 
means of (6.10), (6.7), (6.9), (6.11), independently of the position of M; 
with 6 so fixed, M may be taken on + ng near enough to Q so that each of 
the last two expressions may be made =e, by means of (6.12), (6.13). 
Hence, given ¢ and ¢, arbitrarily small, we can choose M near enough to Q 


so that 
RS 4e + 2. 


But this establishes the equation (6.1) of the theorem. 
By means of similar inequalities, taking account also of (6.6), we estab- 
lish (6.2). This completes the demonstration of the theorem. 
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